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Lecture 1. Reminders Re BCS Theory

References: Kuper, Schrieffer, Tinkham, De Gennes,
articles in Parks. AJL RMP 47, 331 (1975); AJL
Quantum Liquids ch. 5, sections 3-4.

Notations: &= absolute value of kinetic energy for free
gas, i.e., h?k%/2m,
& = &~ ()

E; reserved for something special to BCS theory.

— 1fdn _ . .
N©O) = P (d_S)aF = density of states of one spin at

Fermi surface,
vg = Fermi velocity.

1. BCS model
N (= even) spin —1/2 fermions in free space
(=Sommerfeld model) with weak attraction.
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2. BCS wave function

Fundamental assumption: GSWF ground state wave function in
class

U(rioy...ryon) = A [@(r101;1202)d(rs03,1404) ... PEN_10N_1;TNON)]

/l

Antisymmetrizer. Note all pairs have the same ¢.
Specialize to
(a) spin singlet pairing;
(b) orbital s-wave state;
(c) center of mass at rest.
Then

p(rio1;raos) = 2712 (11] — [1T2) % é(r) — o)
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deveninr,—r, FT.

$(rs —r2) = > x(k)e™T ) (k) = x(/k]), so that x(—k) = x(k)
k

Then

¢(rioy;ra0) = % (T1lz — J1T2) Zx(k)eik(“_rz) =
k

Z\[ (TllQ erimra) |19, 6ik(r1_r2)) =

— (k — —k in the second term) =

% S x(0) ((k Da(—k L)s — (~k Dk 1)2)

=

Z akTa kl\vac) Qf [vac)
k

'The N-body wave function above is just

N/2
Ty = (QN)2vac) = (kX (k)ama_m,) lvac

Note: automatically eigenstate of V.
Note: normal ground state is gpecial case! since

: o N/2
norm __ T 1t Fermi statistics '
Uy Il ukTa;_k_l__vaﬂ) — ( ) ak'i'a—klj w,r;
k<kp k<kp

which is special case with y(k) = 8(kp — k|).
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3.BCS method

Relax particle number conservation and minimize not Hbut H —;m“i’"
(Bogoliubov, 1948). One obvious way:

N/2 2
(Q1) "> expQ _Z( ) IR 2)
Jhufﬂ.:ﬂ

Thus up to normalization,

— exp { Z v(k akTa kl}\vac Hexp akTa kl} vac)
or since(f:aa;f:T.cff_ka)2 =

Go over to representatlon in terms of occupation spaces of k, -k:
|00>,, |10>,, |01>,, |[11>, Then

U=]]® @k =1[00)k+ xk/11)k
k

To normalize multiply by (1 + [y, /22
Pu = ukl00)k + w1k, ok + [ =1, o/ =xic (e vk =xi/v/1 1 [xkf?)

Normal GS is special case with u, = 0 and w= 1 for k<k- and u, = 1, w=0
for k > ke. Thus, general form of N-nonconserving BCS wave function is,

Upog = H (uk‘00>k + "Uk‘11>k) = H (uk + UkaLTCLJ[_kl) [vac)
k k
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Notes:

a)  very general (for spin singlet pairing), €. g. #y and v
can be f(k).

b) u > w expi@, w—> w exp i@, has no physical
effect = choose all u to be real.

r‘\ —» . A¥YN 1‘I.Ilr nmn nh\mn‘nl P#P
wy V=7 Yk WAL LW LIV RFIL YWl Wil

1

same for all k&
d) hence, to obtain N-conserving MBWF,

1 2T

Wy = g dep 1113435(@5) exp—iNg /2

where

Upcs(d) = H (uk + (viexp icf)}aLTaikL) |vac)
k
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4. The ‘pair wave function’

Role of the relative wave function of a Cooper pair played at T=0, by
Fi = upvi

or its Fourier transform F(r) = X, F, exp ikr.

E.g. e.v. of potential energy <V> given by

1
V= 9 Z Vpp’q<a;[a+qf2,cra;—qu,afapUqu?,J’a‘p—q/?»”>
PP'q

For BCS w.f. only 3 types of term contribute:

(1) Hartree terms: (g = 0).

1 1
(V) Hartree = 5 Z Vopo {nponiplo’) (= EVO(Nz) ForV = V(r))

pp’
oo

(2) Fock terms, corresponding to ¢ = ¢’, p — p’. These give

1
<V>Fock — _§ Z Vppq <ﬂ“p+q/20’np—q/20’>

Pdo

Because of the uncorrelated nature of the BCS wave function we can
replace the right hand side by
| ss

. X l — . 5 i
B Vbpa {'”'p+q;’:zu-”p—q;'icri' = H L Vbpa t'p.-+.:l_,f".?:| Up—q/2
= P i P
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(3) The pairing terms: p + g/2 = - (p’ — 9/2), o’ = - . Writing for
convenience: p + /2 = k’, p-g/2 = k, we have

|
<V> = 5 Z Vi <a'Jl[{’JaJ[—k‘—Ja—k—Ja’kJ>

kk'o
where Vi = Viciq/ak—q/2k—k: for a local potential V'(r) this is just V(k — k')
1\:!\‘rhere ‘/{]{\ 'IC‘ '|'|'|C‘+ + n11'r'"|a'r' +T‘Q'|"1C‘ TAPTTY ﬁ'F T/('I"\ r\+m + ;C‘ OV T Al T ;C‘ ?\r=
\I\} 12 J [W B} ¥} Ullb LUl iC L LN o 1) e SN B N S L IS L4 1\1. } . LNLUL Villo UAPL RN e BN N R e R |
congerving!

Because of the factorizable nature of the BCS wave function this reduces (except
for the O(N~1) case of k = k’) to the expression

(Vpair = 5 Z Vide (@00 1 _o )@ k—o0ko)
kk'e

or using the spin singlet nature of the wave function

{V pair — ? Vi {lakf k’_L}{a' kJ,“kT}
kk’

[t remains to evaluate the quantity

(a_kjakt) = (Ppcs|e—k ak|PBcs)
= {qbk|a_klam|¢5k} = “E“k{00|ﬂ—kiﬂk‘r|11} = ui?_a]{ — ULV

since uy taken real, and similarly {aLTaT_k,l} = up'vy,. Hence

<V>pajr — Z ka*’FkFltf , Fk = UkVk
kk/

In the case of a local potential V(r), we can write this in terms of the Fourier
transform F(r) = >, expikr Fj:

(V) paie = / dr V(1) [F(r)|?
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Compare for 2 particles in free spaceV(r) = /dr V (1) [y(r)[2
Thus, for the paired degenerate Fermi system, F(r) essentially
plays the role of the relative wave function y(r). (at least for the
purpose of calculating 2-particle quantities). It is a much
simpler quantity to deal with than the quantity ¢ (r) which
appears in the N-conserving formalism. [Note however, that
F(r) is not normalized.]

We do not yet know the specific form of u’s and «’s in the
ground state, hence cannot calculate the form of F(r), but we
can anticipate the result that it will be bound in relative space
and that we will be able to define a “pair radius’ as by the
quantity E=(/r2|F|2dr/ /|F|? dr)Y2.

Emphasize: everything above very general, true independently
of whether or not state we are considering is actually ground
state.
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5. Quantitative Development of BCS Theory
Ref: AJL, Quantum Liguids, ch. 5, zections 4 and 3.

Recap: ‘fully condensed’ BCS state described by N-nonconserving wave function:
U=]]®  Px= w00+ w11}k
k
Juk[® + ok [* = 1.
We need to determine the values of uy, up in the GS, i.e. the state which minimizes
{H) ={T — N+ Vi

In the following, we ignore the Fock term in (V') until further notice (we already saw
the Hartree term just contributes a constant, 1Vo(N)?). Then (V) is just the pairing
terms

{V} — ZVI(](’FI{FL:’: Fk = UgVk.
kk'

Vi = matrix element for (k |, —k 1) — (k' 7,—k" |).
Now consider the term

T—pN = Zﬂka[’ik — ) = Zﬂlmﬁk
ke ko

[t is clear that |00} is an eigenstate of ny, with eigenvalue 0, and |11}y with eigenvalue 1.
Hence, taking into account the »° .

T ¥ 2
-y =2 el
k
(note: has finite negative energy in normal GS!)

and so;

(H) =2 adul+ > Viae (wevn) (urvly)
k KK/

and this must be minimized subject to constraint |uy[? 4 |0 % =1
One pretty way of visualizing problem:

uy (= real) = cos 6y /2, vk = sin(fy/2) - expidy

Then, apart from a constant,

(= Z(—sk cos by ) + 412 Vi sin Gy sin Gy - cos(gy — i)

k Kk
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Anderson pseudospin representation of BCS Hamiltonian: use Pauli vectors o such
that (‘classically’) |ox| = 1 and take 6y, ¢ to be polar angles, then (up to a constant

>k k)

1
(H) = —Zk:Ekffzk + Zé;vkk@u‘ffm - —Zk:ffk - Hx

(ok1 = component of oy in xy= plane)

where pseudo-magnetic field Hy given by

(— sign introduced for convenience)

v
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Rather than representing Ay and oy as vectors, it iz actually very convenient to rep-
resent them as complex numbers Ay = Ay, + iAgy, Okl = Ok: + i0ky. Evidently the
magnitude of the field Hy is

[Hy| = (6 + |Ax[2)Y?2 = B

and in the ground state the spin k lies along the field Hy, giving an energy —Ej. If spin
1g reversed, this costs 2E (not E!). This reversal corresponds to

O — m — b, P — P+ T

and up to an irrelevant overall phase factor this corresponds to

uy, = 8in % exp —igk = vy,

v = — COS % = —quy
i.e., the excited state =0 generated is
B = 1|00 — uy[11)

which may be verified to be orthogonal to the GS @ = uy, |00} + 1|11}, (remember, we
take wuy real)
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Since in the GS each spin k must point along the corresponding field, this gives a set
of self-consistent conditions for the Ay: since oy | = —Aypr/Eys, we have

By o= z Vi Aw /2B | «— BCS gap eqn.
k.f

Note derivation is quite general, in particular never assumes s-state (though does
assume spin singlet pairing).
Alternative derivation of BCS gap equation: Simply parametrize vy and v by Ag
and E) = (ef + |Ax|?)1/2, as follows:
Ax _ By + ex

Uk = U

1Ak + (B + a)?)*/? “T (A2t (Bt a2

This clearly satisfies the normalization condition: |uy|? + |uk|? = 1, and gives

1 € 1 € A
2 _ L[ & 2 _ 1], & _ A

The BCS GS energy can therefore be written in the form

<H> Zek(l — €k/Ek —+ Z 2B, QEkr

k

The various Ay are independent variational parameters: varying them and using 8 Fy /A =
Af /Fyx, we find an equation which can be written

AL
= Vs

Cancelling the prefactor and taking the complex conjugate gives back the standard gap
equation.
[Assume s-state until further notice, i.e., Ay = function of only |[k|.]

2
“k

3
Ek

=0
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Behavior of (ny) and Fy in groundstate

Let’s anticipate the result that in most cases of interest, Ag will turn out to be ~ const =
A over a range > A itself near the F.S. Then we have (my) = | |* = 1(1 - %

VAT

and Fp = upvg = 2%;_:
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BCS theory at finite 7'

Obvious generalization of N-nonconserving GSWFE: many body density matrix g is prod-
uct over density matrices referring to occupation space of states k T, —k |:

p =116
k
The space k is 4-dimensional, and can be spanned by states of the forms
$ap = uy|00) + v|11), “ground pair”

Ppp = vy [00) — uy|11), “excited pair”

o) = [10), 2 =

pp = |01}, “broken pair”

Ag regards the first two, they can again be parametrized by the Anderson variables
O, dk: the difference, now, is that there is a finite probability that a given “spin” k
will be reversed, i.e., the pair iz in state ®pp rather than ®gp. There ig also finite
probability that the pair in question will be a broken-pair state, in which case it clearly
will not contribute to (V) and thus not to the effective field. Thus, we can go through
the argument as above and derive the result.

1
k=" Vie({oL)
k.l'
but the (o)) is now given by the expression
K k')
(o110) = ~(Pgp’ = Pep') i/ 2 By

and thus the gap equation becomes

Z Viae (P&P)) — Pp’)Aie /2 Bi

We therefore need to caleulate the quantities Péli}}, {k . (Since the states |10} and
|01) are fairly obviously degenerate, we clearly must have P{ K+ P{ D+ Eng = T4
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Since we are talking about different occupation states, there is no question of Fermi or
Bose statistics, and the probability of occupation of a given state is simply proportional
to exp —pBE, (8 =1/kpT) where E, is the energy of the state. Thus,

Pélg : Pélf,) : PE(}IE,) —exp —BFEqp exp—8Epp : exp—SBEERp

we already know that Erp— Egp = 2Ek, (but Ex = Ex(T)!). What is Egp— Egp? Here
care ig needed in accounting. If all (MB) energies are taken relative to the normal-state
Fermi sea, then evidently the energy of the “broken pair” states |01} or |10) is ek (which
can be negative!). In writing down the Anderson pgeudospin Hamiitonian, however, we
omitted the constant term )7, ex. Hence the energy of the GP state relative to the
normal Fermi sea is not — Fy but ¢ — Fj. Hence, we have

Epp — Egp = Ex
Egp — Ecp = 2By

Hence tempting to think of BP states |10} and |01) as excitations of a “quasi-particle” and
the EP state as involving excitations of a 2 “quasiparticles.”

Anyway, this gives!

] i ] a 1 : 1
39 P P = 1: exp—f B : exp—26Ex

and

(k) (k) 1— 25
— P _ AEL 2
PL:_I:- Pl,:l:.l ]_ i _‘Ef_I?Ek i’ E_L?E:E TH[]}][,‘)L]{}"*]

Therefore, the finite-T" BCS gap equation is:

My
Ap=—3 Viw K tanh BE [2

Note: Also possible to derive by brute-force minimization of free energy as F(Ay), see
e.g. AJL. QL app. 5D] This may or may not have (one or more) nontrivial solutions,
depending on form of Vi and value of T, see below.

Finite-T' values of (ny) and Fy: Fy [E{cr_k:}_'l is simply reduced by factor
tanh GEy /2. {ny) is given by a more complicated expression which correctly reduces to
the Fermi distribution for A — 0, T" non zero

'Note that in the normal state, where “GP” is simply |11} for ex < 0 and |00} for ex > 0, this gives
for ex > 0 {nk) = 2(Pep + Pap) = 2/(e”** 4 1), and similarly for ex < 0, i.e. the correct single-particle
Fermi statistics.
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(1) Independently of form of Vs, equation always has trivial solution Ax = 0 (N
state)

(2) If all Vi positive, no solutions.

(3) for T'— oo, no solution.

[reduces to — > " Viw A = kT Ay, and — Vi must have maximum eigenvalue.]
Hence, if 4 nontrivial solution at 7" = 0, must d critical temperature T, at which
this golution vanishes.

(4) Reduction to BCS form (Vi = — Vo = const with cutoff); see AJL, QL, appendix 5F

(5) Solution of BCS model:
Rewrite using >, — N(0) fde  N(0) = 1(%)

1 [‘tanhBE/2 _ _ 1 dn
% _fo e, A==-NOWo=—5 (- | V()

[Factor of 2 cancelled by fic de — 2 ;° de]
Obvious that no solution exists for Vi > 0. For Vy < O:
Critical temperature: put 8 = 8., A — 0, hence E — |¢[:
yE / L e B In(1.148,¢,)
0

€

= kpT, = 1.14e,exp—A"1 = 1.14¢, exp—1/N(0)|Vp|

This expression is insensitive to arbitrary cutoff energy e, since |Vj| ~ const +1n e,
i.e. cancels dependence. So, plausible to take value e, ~ wp, (as in original BCS
paper): since w, ~ M‘l/z? predicts T, ~ M~12 and helps to explain isotope effect.
Also, assures self-consistency since experimentally, T, <« w,. (we = €,/ F)

Zero-T solution:

= sinh (e, /A(0)) 2 In(2¢,/A(0))

/\,1 _/EC de
0o VeEFI[AO)F

= A(0) = 2¢,exp—1/A = 1.75T, (175 = 2/1.14)

Since A(0) measured in tunneling experiments, can compare with
experiment. Usually works quite well, but for “strong-coupling” superconductors
where T, /w, not very small, A(0)/kgT, usually somewhat > 1.75.
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At finite temperature, T’ < T, gap equation can be written
Ee
/ {tanh BE(T)/E(T) — tanh Bee/e} de = 0
0

and [ extended to oo (since it converges) = A(T) is of form

Near 7, exact results obtainable, cf. below:

A(T)

AO) 10— T o AT~ 8060—T/E)Y*

(6) Back to the question of the Fock term

We earlier neglected the Fock term in the energy, namely,
1
(H — pNYposk = —5 Y Ve (ke Mnido)
2 kk/o

equivalent to a shift in the single particle energy:

€k — o Z kaf <'Tl,kf> = :c_-':k
K/

= to extent Vy, approx. constant over € » A, §,same in S as in
N state
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(7) Generalizations of BCS

(a) Sommerfeld — Bloch: = A may be f(i), but qualitatively unchanged.
(b) Landau Fermi-liquid: to the extent }°, (nk) unchanged on going from N to
S, the “polarizations” which bring the molecular field terms into play do not

occur = only effect is m — m*: molecular-field terms do not affect the gap
equation. But they do affect the responses, just as in the normal state.

(¢) Coulomb long-range terms: have no effect on gap eguation, do affect the
responses.

(d) Strong coupling: crudely speaking, effects which vanish for A /wp — 0. (e.g.
approximation of constant renormalized V' not exact). Need much more com-
plicated treatment (Eliashberg). Generally speaking, this treatment provides
only fairly small corrections to “naive” BCS. (e.g. ratio A(0)/kgT,, 1.75 in
naive BCS, can be as large as 2.4 (Hg, Pb)).
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The pair wave function

Most important expectation value characterizing the S phase is the ‘pair wave function’

F(r)= <¢i(r)¢T(0)> =Y Frexpikr, Fx = (a—klakT>'
We saw that

Fi = ukuk tanh ,BEk/Q = (Ak/QEk) tanh ,BEk/Q

and so
Z 2E, tanh(8Ey/2) expikr

In the cage of s-wave pairing, Ay ig not a function of k and we can write

Zexpékr = N(0) /dek /@ expikr = N(0) /dek sin kr
= 47 kr
~ kr A
_ B sinkr Ak
F(r) = F(r) = N(0) f dac T K tanh (5B

For the moment, no restrictions on fdex (though lower limit cannot be < u!). We will

aggume in what follows
T, < ep

and hence kpg > 1 where £ ~ Fivp/A(0) (see below), as found experimentally.

Normalization: Consider the quantity:

A2
= ‘/ F(r)Pdr=Y —kf tanh®(8Ey /2)
k

e

k

[t is clear that the main contribution comes from || < A(T), kgT,, where we can ap-
proximate A(T) ~ A(0). Thus N = |A(T)[2N(0) [ (de/4E?) tanh® BE/2. For T — 0,
this is ~ N(0)A(0) ~NA(0VE§; for T — T,, it is ~ N(O)A(T)[*/" %’T;EF
(Interpretation as ‘number of Cooper pairs’).




TD-20

General behavior of F(r)

A. Forr S kg1, some of above approximations break down, but
clear that F(r) « ¢(r), relative wf of 2 interacting electrons in
free space with E~Er.

B. For kz! «r « Aivg/ A(0), can evaluate explicitly,

F(r) oc Qpee(r). (w.f. of two freely moving particles w. zero
com mom. at Fermi energy)

C. Forr = hAvg/A(0), F(r) falls off exponentially, F(r) «c e with
§ ~hvg /A(0) and only weakly T-dependent.

The bottom line;

1. Cooper pair radius always ~ hivg /A(0), ind. of T
2. “number” of Cooper pairs ~ N(A(o)/Eg) atT=0, — 0 as
T—-T..



