Prime Numbers
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AN ~ Write Prime Numbers With a Serene Mind
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1489 1493 1449 (\74B)
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| (1448 )
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1901 1907 (413 1931 1933 (949 \as) 1973 1979 1987 1993 1997 1999 (1348)

Prime numbers are infinite. (B. C.3 Proved by Euclid in "TheElements"

Prime number theorem (1896 Proved by Hadamard and de la Vallee Poussin. )
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An+| type primes 13 AR 29 33 4diSs 61 13 89 11

4n+X type primes 3 1 11 19 23 3 gana 59 6% 1 19 &3
3

3 +| type primes 7 13 19 31 27 43 €} &7 13 19 17

Sl tyoe primes 2 5 ML WAL 23 44 53 59 M) %3 89

T nt\ type primes W A B
S n+3 type primes 3 3L 6 B3
$ n+5 type primes & (3 el 31 5E ol

¢ n+'7 type primes 7 230 30 4% M Y

Dirichlet's Prime Number Theorem

(mid-19th Century)

When o. . 4. CoPrimes, _

Ant+4~  type primes exist infinitely.

Green-Tao Theorem (2004 )

They are arbitrarily long arithmetic progressions of prime numbers.

arithmetic progression of prime numbers
with common differenre 4 b, 0 23, 29
arithmetic progressions of prime numbers 7, 37, ¢7, 97. 127, \SY

with common difference 30



N +\ type primes S=Zal, S22l 0 AN dked, 2S5
loh= 0% 41, (47= 145+, -

e 2" —\| type primes o L IR SRR I L
(Mersenne primes)

s 2"4 | type primes 3=2"+1, 5=2"+1, 7=+, 257T=2%4],-
(Fermat primes)

An n-sided regular polygon can be constructed with a compass and a straightedge

2 s i
S N = (power PR = the product of 2 distinct Fermat primes.

- Iwin primes (p & p+2 are both primes)

385, S &7, 11&\3, \7 &\q, 29& 31\, -----

* . Prime quadruplets (p, p+2, P+L. P+® are all primes

U8, - 13y, K, 43, 19, 18). (el 1e3, %en, o )

(191,183, 199, (99) , (321 %23 §29 §29) ({48!, 1483, 1487, 1$89)

CI3Tl, 1873, \877, \899) (2081, 2083, 2087, 2039) + ---

These numbers could exist infinitely,

but it is not yet proved if they do.



The Mystery of nature is condensed into the mystery of numbers.

The Mystery of numbers is condensed into the mystery of nature.

mysterious relationship between

circle ratio ™ and prime numbers

T l \ \ l I
-LT_: v X \ 7 * ‘ TX\ \ X'.—-___—-L
b= ~% Ty R R
\
¢ l\ ” \\ - = e o

For a prime number p whose remainder is 1 when divided by 4, \
multiply fie i

For a prime number p whose remainder is 3 when divided by 4,

\
multiply 71
P



Prime Numbers Song

The song of prime numbers sounds Tonnkarari,
Tonkara rinrin rurirurero
We can hear if we keep our ears open,

We can hear their joyful song.

The song of prime numbers sounds Chinnkarari,
Chinnkara rinrin rurirurero
Prime numbers sing together in harmony

The song of love in the land of prime numbers.

The song of prime numbers sounds Korokorori,
Kororin kororin korokoror i
Star child with a kind heart

The song is pure like his wish in the heart.

The song of prime numbers sounds Piihyarara,
Piihyara ranran rarirurero
Rabbits and deers are listening the song.

Mysterious sound of whistle in the woods.

The song of prime numbers sounds Ponnporori,
Pororin pororin poroporori
Prime numbers are seeing dreams,

They sing the dreams for tomorrow



Pierre de Fermat ( 1¢ol- [£65)

el el (nz3)

Had no solutions in non-zero integers.

| have a truly marvelous proof of this
proposition which this margin is too

narrow to contain.



Fermat’ s other theorems (Entrance into class field theory)

Theorem | A prime number p whose remainder is 1 when divided by 4

o= ks (%x. Y :integer )

could be written as above.

g = 52 4 {79 1'3:32+22 \“I:‘sz\letc.

This does not stand for a number whose remainder is 3.

Theorem A prime number p whose remainder is 1 when divided by 4

2

pE = P+ u> (x, 4 :integer )

satisfies the formula above. This means that
p could be a hypotenuse of a right triangle

length of whose 3 sides are integers.

&% 7

c
This does not stand for a prime whose remainder is 3.




Th eorems (The entrance into the class field theory that Fermat discovered)

For a prime number P,

(1) = s Integers x,y that satisfy the expression exist
= remainder is 1 when P is divided by 4, or P=2
equivalent
(2} = xb=29 Integers x,y that satisfy the expression exist
— remainder is 1 or 7 when P is divided by 8, or P=2
equivalent
(3) P =x*+24> Integers x,y that satisfy the expression exist.
s remainder is 1 or 3 when P is divided by 8, or P=2
equivalent
%) P=ax2429

Integers x, y that satisfy the expression exist
= remainder is 1 when P is divided by 3, or P=3
equivalent
(5 ) b = 32—t y? Integers x,y that satisfy the expression exist

= remainder is 1 or 4 when P is divided by 5, or P=5
equivalent
Ex.

A prime whose remainder is 1 when divided by 4

e ————

L 2
KK+ Y
somehow could be expressed as

S=4® . 1Bs e, (EeRwiE, 295t
it Al = BRYE, B ET. B ST
3= 90 B9 g2 50, IS eY

A prime whose remainder is 1 or 7 when divided by 8

2
somehow could be expressed as ¥X* -2

JE G U R 23 = 52 =2 |®
Bl=T—2%3™,  #l=Team® | 49 =4F=2a
= (7= 2x6*

¥9 =

R A T =g g *
(*=2x4", 91

I35 356"



A prime whose remaider is 1 or 3 when divided by 8

Pl
G e
could somehow be expressed as L

/

3=+ 2x\2 e M=2"4v2:0°

fo= AR+ 223% |, 4(=3"1+2x4?,

LR 5—1+ ?.)(31
. e 2 et _ 2 2 =1 2
FU=3"% 2x5" |, CIEHERERL SR e | g il

9= 97+ 2x2%, 99=%>42.¢*

A prime whose remainder is 1 when divided by 3

could somehow be expressed as X+ 3 4y*

M=ot PN | S a0 ot SR s 2
3 = 27 %33> =5 ¥3x2Y, 430> 33"
Cile= " e, B=2r4 3=\ "R=5"3 244"
A= 224 3252, AN ==+ 304

A prime whose remainder is 1 or 4 when divided by 5

could somehow be expressed as X =t 4Y*

=gt =5x1> , 19=3"=%wz" 4.9 5"

3l = 62— 5%\ | AV =ut-5x47 F9=3%"- 5%t
Cl=8"~5%2°, Mi=kF=546" ma=g*= 5ua*
8= 13"~ 5x4?



The Stream of Class Field Theory

Fermat's studies, from the 1630s

Law of quadratic reciprocity (Gauss, 1796)

!

\ contribution by Kummer, Hilbert

\L

Completion of class field theory Sadaharu Takagi (1920)
Actions to exceed class field theory were taken

using modular theorems such as

“Taniyama—-Shimura conjecture”

Non-commutative class field theory was formulated.
(Langlands, around 1970)

Entry into the period of development (1994~)

1994. Wiles solved most of Taniyama-Shimura

conjecture and proved Fermat’ s last theorem

2006. Taylor proved most of Sato-Tate conjecture

(,___.

Non-commutative class field theory is yet to be completed.



Remainders when divided by 5: D:[;

B = 4o 2.3 4

B L ®\j‘

O
w1\ / +
O

+ |

In T
i 5=, bl =g, et oe-

\Q:O} S

A 2=k = ( S0 1=~ 2=¢4)
4%x2=%=3 B g5 3 ¥2s 4 )

The world of remainders when divided by

a prime P: G}

H:P = %U,'{.'Z, Sy ?_"}

Four arithmetic operations are possible here.



Theorems (one of the law of quadratic reciprocity,

the entrance into class field theory)

() ﬁ? has a square-root of -1.
<= The remainder is 1 when P is divided by 4, or P=2
equivalent

AT has a square-root of 2.

<> The remainder is 1 or 7 when P is divided by 8, or P=2
equivalent

(3) F% has a square-root of -2.

<« The remainder is 1 or 3 when P is divided by 8, or P=2
equivalent

4) W has a square-root of -3.

« The remainder is 1 when P is divided by 3, or P=3
equivalent '

(5) 'W} has a square-root of 5.
< The remainder is 1 or 4 when P is divided by 5, or P=5

equivalent

For a prime P whose remainderis 1
when divided by 4,

2t = -} med 5 5%z —\ wod |3

Ex. f, has a square root of 1.

I

For a prime P whose remainderis 1 or 7 when divided by 8, @} has a square root of 2.

35 =2 mea N 6= 2 mod \T]

For a prime P whose remainderis 1 or 3 when divided by 8, U:‘\:'has a square root of -2.

hll'_—:-—?_ moc\_3 311_:—2 'r‘\’\b(,l.\"

For a prime P whose remainderis 1 when divided by 3, W; has a square root of -3.

21 = ”‘3 ‘f‘ncdw 'Tl = —-—3 '.’Y[Ob\ ]3

For a prime P whose remainderis 1 or 4 when divided by 5, 'U? has a square root of 5.

422 5 o H Cil = 5 moed \JC]



Law of Quadratic Reciprocity

When p and g are different primes and not 2,

(D ﬁ}} has a square root of g

(2) Biihas a square root of p

Suppose these conditions above (which seems indifferent to each other)

Except in case Ofk*)’

we have (1) &  (2)

equivalent

When both remainders of p divided by 4 and
q divided by 4 are 3.

(%)

In case of (x) )y == (Kll not )
equivalent

(1) ot &= (23)

equivalent



Class Field Theory Expresses How Primes are Split
When the World of Numbers Enlarges.

When the world of enlarges oy o "
: : - _ [T containing world, ,
rational number & into L = y-\ Q ()

A prime whose remainder is 1 when divided by 4 splits into 2 numbers.
{ Ex % =R = o)=L, \37132+21:(3+1tH3~2{)
IT=4°+1" = (&+0) (4 =)0 R, 2?2 =(5+2¢)(5-2¢) )

A prime whose remainder is 3 when divided by 4 does not split.

When enlarges
Ql into @Q(JE:)

a prime whose remainder is 1 or 7 when divided by 8 splits into 2 numbers.

( B M= = ErEIBSE), =522 = (52 BNs2R)

23 =1 2x12= (G4 5=E), 31 =T —2x3%= (74332 (1-342))

A prime whose femainder is 3 when divided by 8 does not split.

-, TR
- [ = ™ . S
e . a ;

N> = i

N 77
= (7}

Now, |’ m ok.

This time, | got split.



LS‘ = 11+ \1:: (2*?'L)(2“L)
From splitting of 5,

3 4, > right triangle is born.

[2%0) =3 +4y




The world of

In the world of
W

N

\
NG
H
1
—

the hrime whose remainder is 1 when divided by 3

splits into 2 numbers, and the prime whose remain-
der is 2 when divided by 3 does not split.

N = 2 - C«J)(z-c“’z)
I3 = {2 - wil3= w?)
==

(3-2w) (3 —sz)



V= (1—-ou)(2-w2)

From the splitting of 7,

‘_/] o 3trlangle with 1200 /s Borh

an angle of

A prime whose remainder is 1 when divided by 3

appears at the opposite side of \‘21)0 angle

of a triangle with |2 ¢ angle and whose sides are integers.

This does not happen with a prime whose remainder is 2 when divided by 3.



The World Behind The World Behind

LN e et S e
/\/_/ —
! law of universal / class field theory
| gravitation /
\ o
\"‘W ........ -

expression expression ?
{
/

f
\V
\20>-angle 7,5, 3

The earth and an apple .
triangle appears.

pul | each other.

4 {

Therapnlcnaillis From The Seven-Five-Three

i Festival
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KYOTO

RN (Kyoto Prefecture)

JEEF R e 1
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AT ERX IR R
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BEAD LICHIOREEDNEDIN, ZOREORTE UIEnh SRAEAD—HHIH 5hbN T
5.

ZER R OFEM DO Y RE] KREEXNE 1992

http://www.wasan.jp/kyoto/kitano1.html (1/2)2007/04/23 18:05:29
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KYOTO
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AR50 HAR AR A ahdiil 18Eoc

&= OB s U B4
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http://www.wasan.jp/kyoto/yasaka.html (1/2)2007/04/23 18:09:01



http://www.wasan.jp/kyoto/yasaka.html (2/2)2007/04/23 18:09:01
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EHIME

DATA:
Karlms MR IR et
G654 (1873)12H =B RERIEZHI] 234
75.2X91.1cm
ZEGR - BROFEE RIS - KE=THEE] B50k 1982
JUN - UEIOBRFE A O TF] BEHMR  FERkdE

@ Home Page = P 17 = e e 19

http://www.wasan.jp/ehime/isaniwal8.html (2/2)2007/04/23 18:10:06
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HEHHN S, LAFEICHALDERCTERORNE - BEHEED. HEL
FLEHED. BREZNMREBHOE S LZEHE. F-LTZOERZE .
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FER, UACHENEROMICEE 2T EA. ENERAT ENLMIC
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A mysterious Fact Which is a Part of Non-Commutative Class Field Theory

__ number of .
Ex 1 inside B_F’ answers for X< = %

i T T 3
P l2]3|5 |7 [ W{E W] |23]29])3
number of answers NP | L\ | OB [ ORNENO | | L ’é_
Ne-1 | 0 lofo |- [o|-1]o |10 0|2
( Wy, is3
3

4% = (4= 31524222 meadl, TP=20722 wod 3l )

The very mysterious thiﬁg S o0

suppose 4 T7 (1-42°") (1-1'"°")
h=\
9 (1-4%)0-2"%) (1-2%) (- 0-2") (1-¢7) -

= 9 - g7 = it gl 4 925 -2 g3

i

2
= G4 a9 +64:; 3 +
(A=), Q=0 &Tr—l

)

etc.

stands for all primes p.



ex.2 in@]v . how many 4% = 53+ ( are contained?

answers to _
b [ AR AR RRTRSEY  REY l‘fiZi
# of answefs;qp ‘ g 1 51 iU LR oty 23 | 29 \35
P--NPt 0 1 O Ol-¥t 0121l 1% 10 V0 \*‘z‘
When N5 is 5

%) 3
answers in G:':T are, for example, 2 = 2~ %
(2.2), (2, 3), (0, 1), (0, %), (4, o) D answers are

contained.
The mystery .

1 _lft_o (l—ie’“)q = 9-42"+ TR
n=

(o =]
- n
Express above as 5; An T :

P=Rpi="Gp

This stands for all primes P.



, how man are there?
B3 U Y gtsy = mie

anseres for

k 7 \ BT il gl 23

5
number of answers N, 9 \ o/t \ (9119 | 2¢

e -2 |-t 2] 4] o |-2|

The mystery:

o2 2.
q Tﬂ{(i—i“)(t*i““)\f
g2 _g® 429495+ 28%-28"-29"-22"+ 4"

-29% +4 9% + gg'* =gl - n gl s gy o g By 5 g*°

e

n

If above is expressed 2. Q, 1
=l

P_NP:aP

Is true for all primes P

8 2 elliptic curve

. - 3
When the equation - 3_ o { u*_ 34\, Y +Y=x"—-X
%N =2, Y ,
cross the sea of prime numbers, a mysterious music is played.
Gl &

o2 EnG o v .
= g e ) L LU (=27, iIE]ﬁ(! ) (-1

\ L £
: automorphic form

=g



Non-Commutative Class Field Theory:

(xz‘:z ’ );1'22 jl: 13‘1_\ ] @{[L‘) ' @(Vﬂi) etc_ )

like listening to mysterious music that

algebraic subjects play as they cross the sea of primes.

mysterious correspondence

algebraic subject <—— automorphic form

s

zeta function
(correspondence sharing zeta function)

(analytic subject)

Various things cross the sea of primes.

The sea of primes is our home.



Fermat’ s last theorem was proved by Wiles in 1994 by solving most of

Taniyama—Shimura conjecture.

B 1A strange relationship between

elliptic curve and automorphic form

"+ 2 = C" Suppose n = 3 had an answer.

Then, an elliptic curve
4 = e—ol) x ()
becomes an irregular elliptic curve
4 = (x= A ) (x-R) (x=C)

which c¢~-A, c-B, B-A are all power of n.

This elliptic curve .5 Automorphic form
Taniyama-Shimura conjecture

This elliptic curve is so abnormal that
the automorphic form becomes an abnormal form that does

not exist.



Sato-Tate Conjecture (Mikio Sato, March, 1963)

Suppose an elliptic curve with a rational coefficient,
and its N,, a,=p-N,

Then, |a, | < 2Jp (Theorem of Hase)

at,zzJF cbs(el,) =8, =
Suppose an angle,eP that satisfies conditions above, e for various
IS distribut?gii? a shape of P primes P

when P moves.

Sl‘nz(}()

VLR

In 2006, a large part of this conjecture was proved by Taylor et al.

in supposition of the relationship below.

— (GLuy o) automorphic form

non-commutative

product of n elliptic curves

(n=1, 2,3, )class field theory



A big tree of e

Fermat’ s last theorem ‘ N

Mt. Non-commu
tative Class

law of quadratic Field Theory

b= Aot 112 reciprocity

Mt.Class Field Theory




