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Nonlinear 
Finite Element Method

• Lectures include discussion of the nonlinear finite element method.
• It is preferable to have completed “Introduction to Nonlinear Finite Element Analysis”

available in summer session.
• If not, students are required to study on their own before participating this course. 

Reference:Toshiaki.,Kubo. “Introduction: Tensor Analysis For Nonlinear Finite 
Element Method” (Hisennkei Yugen Yoso no tameno Tensor Kaiseki no 
Kiso),Maruzen.

• Lecture references are available and downloadable at http://www.sml.k.u-
tokyo.ac.jp/members/nabe/lecture2004 They should be posted on the website by the 
day before scheduled meeting, and each students are expected to come in with a 
copy of the reference.

•Lecture notes from previous year are available and downloadable, also at 
http://www.sml.k.u.tokyo.ac.jp/members/nabe/lecture2003 You may find the course 
title, ”Advanced Finite Element Method” but the contents covered are the same I will 
cover this year.

• I will assign the exercises from this year, and expect the students to hand them in 
during the following lecture. They are not the requirements and they will not be 
graded, however it is important to actually practice calculate in deeper understanding 
the finite element method.

• For any questions, contact me at  nabe@sml.k.u-tokyo.ac.jp

http://www.sml.k.u-tokyo.ac.jp/members/nabe/lecture2004
http://www.sml.k.u-tokyo.ac.jp/members/nabe/lecture2004
http://www.sml.k.u-tokyo.ac.jp/members/nabe/lecture2004


Nonlinear Finite Element Method 
Lecture Schedule

1. 10/ 4 Finite element analysis in boundary value problems and the differential equations
2. 10/18 Finite element analysis in linear elastic body
3. 10/25 Isoparametric solid element (program)
4. 11/ 1 Numerical solution and boundary condition processing for system of linear 

equations （with exercises）
5. 11/ 8 Basic program structure of the linear finite element method(program)
6. 11/15 Finite element formulation in geometric nonlinear problems(program)
7. 11/22 Static analysis technique、hyperelastic body and elastic-plastic material for 

nonlinear equations (program)
8. 11/29 Exercises for Lecture7
9. 12/ 6 Dynamic analysis technique and eigenvalue analysis in the nonlinear equations
10. 12/13 Structural element
11. 12/20 Numerical solution— skyline method、iterative method for the system of linear 

equations
12. 1/17 ALE finite element fluid analysis
13. 1/24 ALE finite element fluid analysis



Differential Equations With Boundary 
Value Problems

• Consider the following boundary value problems for differential equations.
[B] Find u that satisfies following condition.

• [B] is equivalent with following [V ] .
[V ] Find u that satisfies the following. v is an arbitrary function with v(0) = 0, v(a)

= 0



Approximate Solutions for Weak Form— Dividing 
the Integration Interval

• Obtain the approximate solution for weak formulation by finite element method.
• First, divide the domain of u ,[0, a] into n sub-intervals (i = 1～n) without any overlaps.
• (i = 1～n + 1) is called nodal point.
• Then,

Reform the integration, and  gain the following.

• Approximate solution takes the value     (i = 1～n + 1) at nodal point  (i = 1～n + 1) and the 
solution we assume to change linearly between the nodal point xi and xi+1. We use a similar 
function for v.



Finite Element Interpolation
• With the starting point and the end point +1, we express the  integration intervals as               , 
and change the variables for each interval to have -1 for and 1 for . 

• Upon using a parameter r (−1 ≤ r ≤ 1),  x in                  is expressed by

• is called the finite element method interpolation function, or simply the interpolation function.
• For       ,we may define them to be                                        and using the 
parameter r (−1 ≤ r ≤ 1)  to be expressed as,



Differentials in Discrete Expression

Differentials for         about x ,which  included in the left hand side integrand can be gained 
with using chain rule,

• An inverse number obtained for        appears in the equation above.

• Reformed expression for  weak formulation in approximate solution.



Element Matrix 1

• Approximation of weak formulation is expressed as,

And its left hand side integrand can be expressed in matrix form.

• With each integration interval                    , then,



Element Matrix 2

• represent  values at nodal points, and since integration variables r are 
constant numbers, we can pull them out of the integrations.

• , which defines                   is called element matrix.

• この要素マトリックスはどのように積分するのか？



High Order Interpolation
• Approximate the function u by quadratic function.
• Divide the domain [0, a] for u into n subdivisions of intervals Ii(i = 1 ∼ n). We need three points in 
order to define the quadratic function thus, we take 2n + 1 nodal points.

• The nodal points included in the interval :                          ,are expressed by 
so, we can obtain the interval .



High Order Finite Element Interpolation 1
• In each integration interval, conduct coordinates transform for x(i,1) to be−1 and  x(i,2) to be1. 
Using a parameter r (−1 ≤ r ≤ 1), x ∈ [x(i,1), x(i,2)] can be expressed by,

• Do the same for u with parameter r (−1 ≤ r ≤ 1), with conditions provided by 
by                       , .

Only if

• Using chain rule, following is obtained.

• may be obtained as an inverse.



High Order Finite Element Interpolation 2
• We have obtained ， . Based on this we have,

• The above represents the interpolation function under linearly changing x within the interval, and which 
basically implies that the same results are obtained by the two points interpolations.
• For those coordinates interpolation function with lower order than the displacement, are called 
sumparametric element, while those with opposite condition are called super parametric element.
• Anyhow, most commonly, isoparametric elements are being used in practical sense.



Element Matrix
• If we take to correspond with each integration interval                  , 

• represent the values at nodal points, and they stay constant about r , 
thus they can be pulled out of the integrals. The following equations define                   .



Numerical Integration
• It is necessary to conduct either volume or area 

integration in obtaining the matrix.
• However, it is almost impossible to analytically conduct 

integration because the integrand becomes complicated.
• Thus we conduct numerical integration instead, and 

Newton-Coate integration along with Gauss integrations 
are among the most common methods.

• Both integrations approximate the integrand by Lagrange 
polynomials based on the characteristics of  Lagrange 
polynomials to obtain integration numerically.



Lagrange Polynomials 1
• Approximate f(x), (a ≤ x ≤ b) by polynomials.
• Lagrange polynomials take the sampling points including both extremes of  domain:              

to be approximated by following,

• is n − 1th order function that takes 1 at the sampling points, and 0 at any other points.

• Thus the sampling points     ,

is n − 1th order function, which coincides with f(x) with n sampling points i(i = 1, ・ ・ ・ , n).
• For example，when n = 2 we have                        

This represents a straight line connected by the end points.
• If we take                     ,   

Then we obtain the above, which coincide with the previous interpolation function in the single order.



Lagrange Polynomials 2
• Basic facts：When two nth- order polynomials f(x), g(x) coincide with another n + 

1 points xi(i = 1, ・ ・ ・ , n + 1) , then f coincide with g, as well.
Proof：Suppose we have h(x) = f(x) − g(x) then h(x) takes n th order polynomials. 

Now, under xi(i = 1, ・ ・ ・ , n + 1) , if f(x) coincides with g(x) ,

Where a is an arbitrary coefficient．Hence, h(x) becomes n + 1 th order function 
and there appears a contradiction.

• If we take f(x) as n th order polynomials to approximate by Lagrange 
polynomials. For each Hk(x) n th order function is taken with n+1 sampling 
points,  Qn+1(x) becomes n th order function. Based on the facts, f(x) and 
Qn+1(x) coincide regardless of how the sampling points are taken.



Approximation of Low-level Function by Lagrange 
Polynomials 1

• We need two points when f(x) is the first order function.

• Consider now for approximation of first order function with three points.

Using the end points           ,
Be careful that sampling points differ from usual Lagrane polynomials.

For ,

Substitute the above into ,



From above, obtained by following.

When approximate f(x) by , becomes the first order function thus coincides with the 
approximation by .



• Three points are needed for quadratic f(x).

•Approximation by 4 points,

Pick the three points other than （same argument for ）

When

Substitute above into 

Approximation of Low-level Function by Lagrange 
Polynomials 2



So,

Approximation by  becomes quadratic thus coincide with the approximation by .



Basics to Numerical Integration
• Newton-Coate integration and Gauss integration are the method of numerically obtaining the 

integration based on the approximation by Lagrange polynomials.

• The following integration value is gained regardless of f(x), but rather gained based on the 
information of the sampling points, and which is called the heaviness corresponding to the 
sampling points xk.

• Therefore, we can obtain the approximation by multiplying the heaviness, corresponding to the value 
at sampling points f(xk) and the point xk, to the integration of f(x) then add them all together.

• Since integrand is approximated by Lagrange polynomials, we gain more accuracy with greater the 
number of the sampling points.

• However when integrand is n th polynomials, the solution coincides with analytical integration by 
taking the n + 1sampling points. And we observe no difference by taking more than n + 2 sampling 
points.

• then,



Thus,

Discussion follows with a set integration interval from−1 to1.



Newton-Coate Integration 1
• In Newton-Coate integration, the end points are included in selecting equal intervals of n sampling 

points.
• For n = 2 it is commonly called the trapezoidal rule, while n = 3, it is called Simpson integration.
• For the Trapezoidal rule，

Therefore obtained by following,



Newton-Coate Integratoin 2
• In Simpson integration，

Therefore obtained by following 

• Obviously, when we obtain the integrand with n − 1 polynomials, the integrals can be achieved by 
taking more than n sampling points.

• In considering the odd function to have its integrals 0, (2n− 1) polynomials can be accurately obtained 
if (2n −1) sampling points are taken.

• Thus in conducting Newton-Coate integration, often odd numbers of sampling points are taken.



Gauss Integration 1

• In Gauss integration, integrand is approximated by (2n − 1) order function.

ak takes an arbitrary  coefficient, and q(x) expresses the following n polynomials.

• At sampling point xk: Qn(xk) = f(kk, ), q(xk) = 0 thus, 

• Here the position of sampling points xk(k = 1, ・ ・ ・ , n) is expressed by



In order to satisfy the above,

• Implying that integral of the integrand f(x) is approximated as an integral of 2n − 1 th 
order function at n sampling points.



Gauss Integration 2
• Let us now find the specific positions for sampling points.
• When n = 1 

From which to obtain the heaviness that corresponds to = 0,

• When n = 2 ,



Then obtain heaviness corresponding to                          ,



Gauss Integration 3
•When n = 3,

Find the heaviness that correlates with                         , 





Sampling Points in Actual Numerical Integration
• Obviously，the more we have the sampling points, the more accurate the solution we obtain.
• However，the more we have the sampling points, greater the amount of time spent on the calculation.
• Usually, in the first-order element, 2points taken by Gauss integration and 3points by Newton-Coate

integration. In the second-order element，3points used in Gauss integration and 5points used in 
Newton-Coate integration.



Proper Use for Newton-Coate and Gauss 
Integration

• Generally, Gauss integration should be used in the case where we have the 
same number of integration points because the integration possesses more 
accuracy.

• However,Gauss integration may be applied only when we have simple shapes 
such as rectangular.

• For a difficult cross section including a cylinder( even though its shape is not 
complicated ), there is no choice but to use Newton-Coate integration 
(because in this case, Gauss integration does not work out).

• In finite element method, the interior element information is estimated only by 
the integration points. In elastic-plastic body, for example, the undulation in 
the material occurs within the surface, yet Gauss integration will not be able 
to deal with the integration points on surface, thus an accurate estimation 
cannot be carried out. In such cases, Newton-Coate integration is 
considered to be more suitable since the integration contains the integration 
points on surface.



4 Noded Quadrilateral Solid Element

• In one-dimensional space, divide the domain of integration into n-interval then conduct the coordinate 
transformation at each interval of x coordinates in a linear segment of line to r(−1 ≤ r ≤ 1), using 
interpolation function.

• Now, what do we find under two-dimensional space?
• First, divide domain of integration by rectangular with its apexes at (−1,−1), (1,−1), (1, 1),and (−1, 1), 

then conduct coordinate transformation using two parameters .
• Therefore, in physical coordinate systems, the nodal points under such configuration in the figure on 

the left is made to correlate with what it shows in the figures on the right. This implies that a 
tetrahedron in the physical coordinate system is being projected to a square in coordinate 
system. 



Interpolation Function
• Interpolation functions takes forms in the following,

• In respect with one-dimensional space,

• Values at corresponding nodal points are found as 1, but in other nodal points, found as 0.



Differentials in Discrete Expression 1

• Differentials of ui about xj, which are needed in calculating a strain, can be evaluated with chain rule 
in the following.

• can be obtained also, with chain rule.

• Jacobian matrix [J] may be found as,



Differentials in Discrete Expression 2
• Each component of this Jacobian matrix       is given by,

• is evaluated as,

• In addition, the regional integration can be expressed by,

• This integration is usually conducted by numerical integration method such as Gauss integration. 
Here, we use a doubled Gauss integration in one-dimensional space.



8 Noded hexahedron Solid Element

• In one-dimensional space, divide the domain of integration into n-interval then conduct the coordinate 
transformation at each interval of x coordinates in a linear segment of line to r(−1 ≤ r ≤ 1), using 
interpolation function.

• What do we find in three-dimensional space?
• First, divide the domain of integration by hexahedron with its apexes shown in the chart below, and 

conduct coordinate transformation for three domains using parameters and        



Physical Coordinates System and Natural 
Coordinates System

• In the physical coordinates system, the nodal points configuration in the left figure should correspond 
to the figure on the right hand. Where it implies the hexahedron of being projected to a cube with 

coordinates. This coordinates system is called natural coordinates system. 



• Shape functions are expressed by,



Differentials in Discrete Expression 1
•Differentials of ui about xj, which are needed in calculating a strain, can be evaluated with chain rule 

in the following.

• can be obtained also, with chain rule.

• Jacobian matrix [J] may be found as,



Differentials in Discrete Expression 2
• Each component of this Jacobian matrix        is given by,

• is evaluated as,

• In addition, the regional integration can be expressed by,

• This integration is usually conducted by numerical integration method such as Gauss integration. 
Here, we simply use a summation triple Gauss integration in one-dimensional space.



Lagrange Group
• In order to obtain more accuracy in single-dimension problems, the following interpolation functions 

are introduced by taking its nodal points within the segment of line.

• Instead of r(−1 ≤ r ≤ 1), use two variablesr1 and multiplied by the 
interpolation functions to obtain 9 noded quadrilateral element.



Correspondence of Physical Coordinates System 
and Natural Coordinates System



Interpolation Function
• Specific forms in interpolation functions as well as its differentials are systematically expressed by 

considering single dimension.



Origin of Lagrange Group
• In the discussion, it is verified that there is no difference in using hjgher-order functions as basis of single dimension 

interpolation function, and even an expansion to the three dimensions can be done easily. Such elements are 
often called Lagrange group.

•The name “Lagrange Group” originated in the common use of Lagrange polynomials in evaluating interpolation 
functions.

• To actually obtain the single dimension interpolation functions by Lagrange polynomials, 
Where n = 2

Where n = 3

Where n = 4

• However, in general, the interpolation functions under two- and three- dimensional spaces with n = 3< are rarely used 
for its complication in calculation.



Serendipity Group
• Consider now for an element that includes nodal points only on the sides of a rectangular.
• This element is called serendipity group. 8 nodal points are found in rectangular with the specific 

forms in the interpolation functions to be the following,



Interpolation Functions in Serendipity Group 1

• Because the way this interpolation function was found so accidentally, it is called this way since then.



Interpolation Functions in Serendipity Group 2
• Consider now, with the interpolation functions for 4 nodal points, for obtaining the interpolation 

functions for 8 nodal points. For the 4 nodal points, the functions are expressed by,

Value being found as 1 at corresponding nodal points, while 0 is found in other nodal points.



Interpolation Functions in Serendipity Group 3
• As for the 5 th nodal points, consider now the points (0,−1) in natural coordinates system.

At point 5, we find the value to be1, while the points 1 - 4, the value is found as 0.  In 
the point 5 will not be 0, thus we can write the interpolation functions in new way.

・Here ,                  takes the value 1 at corresponding nodal points while in the rest of the nodal 
points including 5, the value is found to be zero.



Interpolation Functions in Serendipity Group 4
• In the same way,  consider the 6th 7th and 8th nodal points (1, 0), (0, 1)and (−1, 0). The 

corresponding interpolation functions are in the following.

• Then,

At corresponding nodal points, we obtain 1, but for the rest of other points, we obtain the value 0. To 
actually calculate this fact, which is expressed by,

Which coincides with the shape function stated in the 8 noded element.



Interpolation Functions in Serendipity Group 5
• Furthermore, we can obtain 9 noded element through 8 noded element. When we take the 9th nodal 

points at (0,0),

Then, obtain 1 at corresponding nodal points but in the rest of other points, we obtain 0. Define  
to write as the following so, we can obtain the interpolation function for 9 nodal points in Lagrange 
group.



Interpolation Functions For Triangle Element 
1

• Interpolation functions in triangle element are expressed in the area coordinates defined by the 
following.

• Area coordinates represent the coordinates consisted of the area of element A ,and the given points 
within the element. In addition, the area of triangles are given (triangles made by the 
corresponding opposite sides of nodal points and its points)



Interpolation Functions For Triangle Element 
2

• Interpolation functions in single dimension with 3 nodal points

• Interpolation functions in the two-dimensional 6 nodes,

• We can obtain the 6 nodes interpolation functions through 3 nodes functions.



Interpolation Functions and Numerical Analysis for 
Triangle Element 1

• In actual calculations for element stiffness matrix, the numerical integration is necessary.
• Numerical integration is conducted by reflecting the area coordinates and the natural 

coordinates system in the way shows in the following.

• Domain for the triangle internal corresponds to the domain for the natural coordinates system 
appears in the figure below.



Interpolation Functions and Numerical Analysis for 
Triangle Element 2

• Under physical space, integral               transforms into the natural coordinates system by Jacobian
matrix, in the same way we evaluated for the rectangular element.

• Thus,

• Jacobian matrix component becomes what we obtained for the rectangular element in the 
following.



Interpolation Functions and Numerical Analysis for 
Triangle Element 3

• Here, a differential             for shape functions by natural coordinates appears,

Based on the functions above, reflect with the area coordinates to obtain,



Interpolation Functions and Numerical Analysis for 
Triangle Element 4

• In respect, conduct .  

Apparently in the form                                        .



Interpolation Functions and Numerical Analysis for 
Triangle Element 5



Interpolation Functions for Tetrahedral Element 1

• Interpolation functions for tetrahedral can be expressed in the volume coordinates defined by the 
following.

• Volume coordinates represent the volume of triangular pyramid made by the element 
with volume A, with its internal points given to form a triangular pyramid with corresponding nodal 
points opposite sides and its points, and which is defined as following,



Interpolation Functions for Tetrahedral Element 2

• Linear 4 nodes interpolation functions are,



Interpolation Functions for Tetrahedral Element 3
• The second 10 nodes interpolation function



Interpolation Functions and Numerical Integrations 
for Tetrahedral Element 1

• In actual calculation of element stiffness matrix, numerical integration become necessary.
• Numerical integration is conducted by reflecting this volume coordinates to the natural 

coordinates system              ,

• Integral            in physical space can be transformed by Jacobian matrix in the same way with 
hexahedral element.

• Jacobian matrix components becomes as following.



Interpolation Functions and Numerical Integrations 
for Tetrahedral Element 2

• Differential            for the shape functions by natural coordinates appears,

Based on above, reflect them with the area coordinates,



Interpolation Functions and Numerical Integrations 
for Tetrahedral Element 3

Conduct numerical integration in the form above.

• Integration points and the weight



Drawing the Stiffness Matrix– ４Noded
Quadrilateral 1

• In finding element stiffness matrix for two-dimensional 4 noded quadrilateral element by 2×2 Gauss 
integration,

• Transform the domain of integration of the element stiffness matrix.（transformation of the domain of 
integration by isoparametric element)

• Introduce the numerical integration to yield,



Drawing the Stiffness Matrix– ４Noded
Quadrilateral 2

• In specific, components of Jacobian matrix can be evaluated by setting each sampling point  
in the following,

• Clarify all components in the matrix and again, draw out the Jacobian matrix, then follow through the 
steps to complete the calculation.



Drawing the Stiffness Matrix– ４Noded
Quadrilateral 3

• [B] Matrix components are obtained by following

• [B] Substitute each value into the corresponding part in matrix.

• From above,                                     is gained,

Calculate the above then multiply the weight then plug them into the configuration of the total 
stiffness matrix,



Drawing the Stiffness Matrix– Triangle 1
• For the triangle element, basically, we can take the same steps.
• Domain of integration in the element stiffness matrix is transformed as the figure indicates]
（transformation of integration domain by isoparametric element)



Drawing the Stiffness Matrix– Triangle 2
• Introduce the numerical integration

• Evaluate the values for each sampling point to draw the matrix, then plug them into the total stiffness 
matrix.

• Evaluate the values for each sampling point to draw the matrix, then plug them into the total stiffness 
matrix.



Drawing the Stiffness Matrix– Triangle 3
• Interpolation functions for ３ noded triangle element can be written by,

• Base on this relations, reflect it to the area coordinates system in the following,

• For the calculation detail,



Drawing the Stiffness Matrix– Triangle 4
• Jacobian matrix components, are,

• Thus the determinant becomes twice the area of triangle element.



Drawing the Stiffness Matrix– Triangle 5
• [B] Matrix components are consisted of the series of , and evaluated by following,

•Since are all invariables, then automatically can be considered as invariables as well,



Drawing the Stiffness Matrix– Triangle 6
• Therefore,[B] matrix components are specifically described as,

• Moreover, in realizing [D] matrix of being invariables, then automatically integrand all becomes 
invariables as well. There is no more need for the numerical integrations.



Element With Bubble Node
• In using a mixed type formulation such as fluid and incompressibility solid, distinct interpolation 

functions are used: function not necessary coincide with change and pressure. Proper combination 
should be determined by inf-sup condition and the experiences.

• For triangle and tetrahedral element, the interpolation functions for the displacement is represented 
by following.Junctions in the center of force are called  bubble nodes.（since the function becomes 0 
on the sides of element）.

In specific, interpolation functions for triangles that correspond to this nodes are expressed by,



• Introduce the bubble node in 3 nodes.

• Introduce the bubble node in 6 nodes.



Tetrahedron With Bubble Node

• In tetrahedral, the interpolation functions for the bubble node in the center of mass of an element 
may be,

• In 4 nodes： Modify in order for the center of mass                    to be 0.



• In a case of 10 nodal points, bubble the total 5 points at the center of force in each plane and 
element.

Bubble up the center of force at each plane for 10 nodes.





Modify                       for now.

• Bubblc the element of the center of mass,



• Modify                         .



2004 Advanced Nonlinear Finite Element Method 
Exercises 3

• Verify that the element matrix becomes (30) when x and u are discretized
respectively as we can see in (21)and  (23).

• In equally taking the nodal points in single dimension, verify (26)and (27).
• Verify (57) through(39).
• Verify (60) from(58).
• From the basics to the Gauss integration(67),verify (71). Also, find the weight 
and the coordinates of sampling points when n=3.

• Start with 4 noded quadrilateral shape function, increase the number of nodes 
to obtain the shape function for 9 nodes.  Verify from (133) to (161). Verify 
that from (154) to(161), and from (112)to (119) coincide with each other.

• The correspondence of area coordinates and natural coordinates for triangle 
is expressed by(173) to(175). Now, verify if this relationship can be 
established.

• Complete the attached programming exercises.
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