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Nonlinear
Finite Element Method

e Lectures include discussion of the nonlinear finite element method.

* It is preferable to have completed “Introduction to Nonlinear Finite Element Analysis”
available in summer session.

* If not, students are required to study on their own before participating this course.
Reference: Toshiaki. ,Kubo. “Introduction: Tensor Analysis For Nonlinear Finite
Element Method” (Hlsennkel Yugen Yoso no tameno Tensor Kaiseki no
Kiso),Maruzen.

* Lecture references are available and downloadable at http://www.sml.k.u-
tokyo.ac.jp/members/nabe/lecture2004 They should be posted on the website by the
day before scheduled meeting, and each students are expected to come in with a
copy of the reference.

sLecture notes from previous year are available and downloadable, also at
http://www.sml.k.u.tokyo.ac.jp/members/nabe/lecture2003 You may find the course
title, "Advanced Finite Element Method” but the contents covered are the same | will
cover this year.

* | will assign the exercises from this year, and expect the students to hand them in
during the following lecture. They are not the requirements and they will not be
graded, however it is important to actually practice calculate in deeper understanding
the finite element method.

» For any questions, contact me at nabe@sml.k.u-tokyo.ac.jp



http://www.sml.k.u-tokyo.ac.jp/members/nabe/lecture2004
http://www.sml.k.u-tokyo.ac.jp/members/nabe/lecture2004
http://www.sml.k.u-tokyo.ac.jp/members/nabe/lecture2004
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Nonlinear Finite Element Method
Lecture Schedule

10/ 4 Finite element analysis in boundary value problems and the differential equations
10/18 Finite element analysis in linear elastic body
10/25 Isoparametric solid element (program)

11/ 1 Numerical solution and boundary condition processing for system of linear
equations (with exercises)

11/ 8 Basic program structure of the linear finite element method(program)

. 11/15 Finite element formulation in geometric nonlinear problems(program)
7.

11/22 Static analysis technique. hyperelastic body and elastic-plastic material for
nonlinear equations (program)

11/29 Exercises for Lecture?
12/ 6 Dynamic analysis technique and eigenvalue analysis in the nonlinear equations

10. 12/13 Structural element
11. 12/20 Numerical solution— skyline method. iterative method for the system of linear

equations

12. 1/17 ALE finite element fluid analysis
13. 1/24 ALE finite element fluid analysis



Differential Equations With Boundary
Value Problems

» Consider the following boundary value problems for differential equations.
[B] Find u that satisfies following condition.

_(j-_e; = f(2) (0 <z <a) (1)
dx-
u(0) = a, ﬂ(nf) =3 (2)
dx

* [B] is equivalent with following [V ] .
[V ] Find u that satisfies the following. v is an arbitrary function with v(0) = 0, v(a)

=0
o dxdz ;
l
U(()) — ¥ ﬂ(({) = j (_H

dx



Approximate Solutions for Weak Form— Dividing
the Integration Interval

 Obtain the approximate solution for weak formulation by finite element method.

* First, divide the domain of u ,[0, a] into n sub-intervals [z;, zi11] (i = 1~n) without any overlaps.
*Ti (i=1~n +1) is called nodal point.

* Then,

[ 4
S’

“ du dv
ﬂi dr = / f(l) vdx (
J0

Jo dxrdzx
Reform the integration, and gain the following.

Tit1

n *Ti41 ([Zf ([(‘ n )
= = v dr C
; /: drdr ! ; , /] | frvda ©

g

* Approximate solution takes the value g; (i = 1~n + 1) at nodal point z; (i=1~n + 1) and the
solution we assume to change linearly between the nodal point xi and xi+1. We use a similar

function for v.
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Finite Element Interpolation

» With the starting point*i: and the end point Ti+1, we express the integration intervals as *(i.1). T(iz2)
and change the variables for each interval to have -1 for x;;;) and 1 for .2

@2 du dv
———dr = v dr 7
Z T(i,1) (h(h(l Z/zl) - ({)
« Upon using a parameter r (=1 <r <1), xin [T Z@)lis expressed by
o le‘(;‘.l) I A,r(?);r“m (8)
. 1 _ 1
N = (1 — )y, T =1 Ju) (9)

N'is called the finite element method interpolation function, or simply the interpolation function
e For i,7,we may define them to be %i1) = Ui, U2y = Uit1, U1y = Ui U2y = Uin and using the
parameter r (—1 <r 1) to be expressed as,

T ;N"T{l)l.i{jll) + ;’?\‘r(j)'ll.(i'.g). Ny 2 (10)



Differentials in Discrete Expression

* Reformed expression for weak formulation in approximate solution.

2) du dv
Z/ a%dm Z/ - dx (11)

Differentials for u, © about x ,which included in the left hand side integrand can be gained
with using chain rule,

du (
5 ( (i.1) & \T (3.2 )
dr  dx :
dNU i dN2)
= u 1 U;
d:z;'_ (8:1) dy 2
dNW dr N AN dr 12)
= — Uy — Uy
dr dx Y dr do "% '
dr
* An inverse number obtained for ;.. appears in the equation above.

dx & 7. (2
— e s (1\*( )9:('5..1) + i\"(d)ff(,'_g))

dr dzx
dN() dN?) ‘
=~ Ly + T L62) (13)



Element Matrix 1

» Approximation of weak formulation is expressed as,

n T I n Tl
(i.2) du dv (4,2)

E / T dr = E f-vdx (14)

i=1 7 *(1) Latr i=1 “ (1)

And its left hand side integrand can be expressed in matrix form.

dids (dN® _ dN@ AND _ gN@
drdr Ui,1) + U(i,2) Ugi,1) + U(i,2)

dx dx dx dx
[dANWD dND  dND gN@)T

L dr dxr lr dx Ui 1
= {7,1)Tu2)} ( : {“ )} (15)

dN@) dN1)  dN@) N2
L dxr dz der dx A

dr
» With each integration interval [:t:{i_,”, :1:[;,-193] Jay = d—then,
T

AND gND  gN D gy e
S e o dr dx dr dx U(i1 e n el N@) £ d -
U(i,1) Y(i,2 i i i e l Jopy Ar = Us.1Y Vi Y Jpy ar )
Z/ e Tead | Ve vo gne ave | Vags [0 ;/1{ (08621 e (fJodr (16)

1)
U(,2)
dr  dx dr dz




Element Matrix 2

* Tua)s Do) Gy, Gz EPresent values at nodal points, and since integration variables r are
constant numbers, we can pull them out of the integrations.

[ANW AN N NE@)

n 1 _
L dr  dr dr dxr U 1) o
Z;./_l{““” ek | Ne aN D gNe aye) { }J“’ o
P :
L dr dx dv  dr

CAND AN N N

n 1 _
- _ - lr dx dr  dr _ U(i1)

= E {06.1) U2 }/ o (- e o | Jwdrg
DT T AN aN ) aN@ g e | g,

L dr  dx dr dr (17)

! 1 - - :\*( l) n - - 1 :\,(1 )
Z /1{““‘” Ui2) b N (@) fduydr = Z{.’E(rﬁl) Uii2) /1 N I Ty dr (18)
i=1 "~ ‘ i=1 SO G

o [KY] which defines[K™], {F}is called element matrix.

ANW IND  gND gNE

IXVU) ]X"_(f'] i : F(‘") 1 [ (1)
B 11 B2 dr dx dr  dx TS () W A e il [k
S P 8% _./1 AN dN®  dN® gN©@ Todr W) =4 pe - J | N® I dr (19)

o . & - - < (-




High Order Interpolation

» Approximate the function u by quadratic function.
* Divide the domain [0, a] for u into n subdivisions of intervals li(i =1 ~n). We need three points in
order to define the quadratic function thus, we take 2n + 1 nodal points.

Lopn+1

X 1: 2 KPR K A HliR

» The nodal points included in the interval 7,: Z2i-1, T2i, T2i+1 ,are expressed by T(.1): T(i3): T(i.2)

so, we can obtain the interval [, = [z, ), z(;5]

@2 du do .2)
Z/ Ezdz —Z/m cvdr (20)

T(,1)



High Order Finite Element Interpolation 1

* In each integration interval, conduct coordinates transform for x(i,1) to be—1 and x(i,2) to bel.
Using a parameter r (—1 <r <1), x € [x(i,1), x(i,2)] can be expressed by,

r=NO p v + N r2) o (i.9) + NG 4 2(i.3) (21)
Only if
A7(1) 1 NC. AT(3) 2 >
NY = —57 (1—r), NY= 57 (1+r), NY=1-r (22)

* Do the same for u with parameter r (—1 <r <'1), with conditions provided by ;1) = ;1
U 2) = U2i41, U;3) = Ui .

u = im.r(l)'u,(.ill) + i\?(g)u(_ 2) + V )U, (1,3) (23)

 Using chain rule, following is obtained.

du AN AN AN ~ dNW dr AN dr AN dr
dr dy @D " dr 0 - dr 00T Tgr dp 0D " dar dz 2 N dr dr 9
dr (24)
* g may be obtained as an inverse.
dx (Lf\f(l) (LN(Q) (LN(S) |
_ (i1 + 77 T (;,2) + T (;.3) (2’))

dr  dr



High Order Finite Element Interpolation 2

« We have obtained , x5 = (z1) + z2)/2 . Based on this we have,

(I(z 1) T 1’(:‘.2))

I
/_/H/_/H
I\Dlr—*
H
\
<
H,_/
~
—_ T
P N
[Nl I
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dr  dNW dN?) dN®)
dr — dr T T dr Tiz) dr T3)

(26)

» The above represents the interpolation function under linearly changing x within the interval, and which

basically implies that the same results are obtained by the two points interpolations.
* For those coordinates interpolation function with lower order than the displacement, are called

sumparametric element, while those with opposite condition are called super parametric element.

* Anyhow, most commonly, isoparametric elements are being used in practical sense.



Element Matrix

dx . . ..
* If we take J;) = ‘E to correspond with each integration interval [(.1)- T2 |
n 1‘(?"_2) ([U. ([l‘ n I(i,?)
Z ——dr = Z f-vdr (28)
— [ drdx — |
i=1 Y "GE1 i=1 (i,1)
AND dN@)  gND) gN@) gN @) gNG)
n 1 dr  dx do  dx do  dx s n 1 N
NAN@ N gN R gNE aN R NG (3.1) ,
Z/ {vn vae) vas) NN AN AN AN AN ug2) ¢ Jeydr = Z/ {01 vy vagt § N o f Ty dr (29)
— /1 dr — dx do  dx dy  dx s - = /1 N(3)
‘ ANG) AND  gNG) N dNG) NG (8:3) :
dr  dr dr dr dr dr

* V1)s Uz) Va)s Ui), U2)s Yes):represent the values at nodal points, and they stay constant about r
thus they can be pulled out of the integrals. The following equations define [K™], {F"},

[dNWAND dNW IN®  dNW N |

_Kﬂ) KS ng dr  dr dr  dr dr  dx
: : : - LUVAN@ gD gN @) gN @) N @ N G)
[[{(l )} — I{éfl ) I{rgz)] I{é? — / d;\ d:\ d;\ d:\ d:\ d;\ ] ](I) ( i‘)‘ (30)
_ - ) J-1 dr  dr dr dx dr dx
Ky Ky Ky AN® AND NG GNE) NG gNG)
| dr  dx dr dx dr  dr |
s (N
{FO} = By / 1 NS f Ty dr (31)

Fg(l ) : NG



Numerical Integration

* Itis necessary to conduct either volume or area
Integration in obtaining the matrix.

* However, it Is almost impossible to analytically conduct
Integration because the integrand becomes complicated.

* Thus we conduct numerical integration instead, and
Newton-Coate integration along with Gauss integrations
are among the most common methods.

* Both integrations approximate the integrand by Lagrange
polynomials based on the characteristics of Lagrange
polynomials to obtain integration numerically.



Lagrange Polynomials 1

» Approximate f(x), (a <x <b) by polynomials.
« Lagrange polynomials take the sampling points including both extremes of domain: {#n}: (a =21 < 2 <
-+ < 1 = b) t0 be approximated by following,

f(z N(.)n Zf xy ) Hy(a (32)
(x—x1)(x—x2) ... (x —2im1) (T — xis1) . (T — Tp) N
Hz' xr) — 33
@) = @) (T — )@ = o)) . (@ — ) (33)

» Hris n —1th order function that takes 1 at the sampling points, and 0 at any other points.
Hyw) =4 7 (34

T o ki '
» Thus the sampling points T, , .

PAng p ’ F(a) = Qulav) (35)

O.(z)1S N —1th order function, which coincides with f(x) with n sampling points i(i=1, - - -, n).
» For example, when n=2 we have z:1=a,12=5

Tr—0b T —a

Hl(;l‘) = a0 Hg(l) = — (3(;)
n T — I)
~ Ol Zf 7)Hi(2) = fla )a—b+ f(())z)_fz (37)
k=
This represents a straight line connected by the end points.
cliwetake = -1Lm=1,  p)_ %(1 — 1), Ha(z) = %(1 + ) (3%)

Then we obtain the above, which coincide with the previous interpolation function in the single order.



Lagrange Polynomials 2

- Basic facts:When two nth- order polynomials f(x), g(x) coincide with another n +
1 pointsxi(i=1, - = -, n+ 1), then f coincide with g, as well.

Proof: Suppose we have h(x) = f(x) —g(x) then h(x) takes n th order polynomials.
Now, under xi(i=1, - = -, n+ 1), if f(x) coincides with g(x) ,

=@l — &y (B —gg) - (= Bpuy ) =10 (39)

Where a is an arbitrary coefficient. Hence, h(x) becomes n + 1 th order function
and there appears a contradiction.

o If we take f(x) as n th order polynomials to approximate by Lagrange
polynomials. For each Hk(x) n th order function is taken with n+1 sampling
points, Qn+1(x) becomes n th order function. Based on the facts, f(x) and
Qn+1(x) coincide regardless of how the sampling points are taken.



Approximation of Low-level Function by Lagrange

Polynomials 1

* We need two points when f(x) is the first order function.

f(x) = Qa(x) = fla1) H () + [(a2) H{ ()
» Consider now for approximation of first order function with three points.
f(@) = Qa(x) = fle) H{ (@) + fla2) H{ (@) + f(zg) HS (x)
Using the end points =, z3 ,
Be careful that sampling points differ from usual Lagrane polynomials.

f(x) = Qalx) = fla) HP (x) + f(rs)HP ()

For x3, o

T — T

H? () =

r1 — T3 ' . ' T3 — I

H?(z) =

Substitute the above into fiz) = Qs
f(r2) = Qalra) = f(ar))H{D (w2) + f(3) H (i)
fl@) = Qs(z) = fla)) HP () + Qa(a) HP () + flag) HY ()
= fa) HP (@) + {fla1) HP (09) + flag) HS (o) VHE (@) + faa) HE ()
— ) {HD (@) + HP (00) HS (2)})
+fm{H“ )+ HP (29) HEY (1)}

3), ), @), (o—x)(x—ux3) ro —as (o —xq)(x —x3)
Hl (1) - Hl (‘I 2)H2 (J ) N (1’1 — .1‘2)(.1’1 — 13) €£r1 — &3 (.1‘2 - .1’1)((1’2 — 1‘3)
o (r —x3) (11 — 72) T — 3

- [(x—wy) — (x— 1)} = =

(1 —x2) (21 — x3) (x1 —x2)(21 —x3)  T1 — I3

(x —x1)(x — 29) n 9 — 1 (7 —27)(xr —3)
(1’3 — .1‘1)(.1’3 — .1’2) £r3 — I (.1‘2 — .1’1)((1’2 — 1‘3,)
T — 2 (v —x1) (22 — 73) T — 1

= — {(x —x) = (z—a3)} = =

(Ig — .1‘1)(.1‘3 — ‘1’3) (‘1’3 - 1’1)(.1’3 — .I’Q) Iy — I

HYY (2) + B (22) HYY () =




From above, obtained by following.

T — T3 T — 1

flx) = Qs(x) = fr1) ——— + f(e3) ——
] —Is s — I

= f(x)HP (2) + f(as) HP (x) (48)

When approximate f(x) by g,(x) , gs(=) becomes the first order function thus coincides with the
approximation by @a(=z) .



Approximation of Low-level Function by Lagrange
Polynomials 2

» Three points are needed for quadratic f(x).

flo) = Qa(x) = Flan) H{ (@) + flaa) H (x) + f(as)HS () (49)
*Approximation by 4 points,
f(x) = Qa(z) = Fla)H{P(2) + fe2)HSD (@) + f(aa) HD (2) + flag) H{ () (50)
Pick the three points other than =2 (same argument for =z )
f(z) = Qs(x) = fa) HO (@) + f(23) HS (2) + Fz) HY () (51)
When =
f(w2) = Qalw2) = f(a)H{ (wa) + f(wa) HSD (w2) + f(a) H{ () (52)

Substitute above into fiz) = Qa(z)
F@) % Qala) = Flen) HO @) + Qslaa) H{ (@) + flzg) HY () + Flan) HY (@)
= f{ ll)H(4)( )
L) (@) + fr) B () + () B (2}

+H(4> +f r3)H{(x) + (a0 H{Y (2)
= fla{H V(@) + Hm() e,
+f13{H z)+ HiP (w2) HYY ()}
+ f(ra){H] 4) r) + H (22) HY ()} (53)
T8 () + H® (ag) H{Y ()
(r—mo)(x — x3) (T — 1) (1o —x3)(re —y) (v —a1)(x — 23)(T — 1y)
(1 — z2)(r1 —23) (21 —24) (71— 23) (21 — 74) (w2 — 21) (72 — 73) (72 — 74)
B (r—a3)(x —x4) _— 3 (z—x3)(x —x4) .
(a1 — wo)(ay — a3) (g — 24) e (17 —x3)(11 — 14) (54)
T () + H () H{V ()
_ _(w—w)(e—wp)(r — x4 (rg —xy)(wg —wyq) (v —@y)(x —3)(T — 14)
(3 — x1)(ws — xo)(w3 —wa) (w3 — a1)(23 — 24) (22 — 21) (w2 — w3) (22 — 74)
_ (r— 1) (2 —2q) (2= ) — (1 — 23)} = (r—x1)(x—1q) (55)

(r3 — z1)(w3 — 22) (1 — T4) (z3 — 1) (23 — 24)



H®(z) + B(22)H(2)
_ _(r—m)(@ = my)(x — x3) 4 (22 —z1 )2 —23) (2 —2z1){z —&3)(z —24)
(‘1"4 =t ._'!‘1)(.1‘4 = .1’2)(;}!'4 = ;'1'3) (;1“4 = ..2‘1)( L4 — 13) (12 = 11) Lor— ‘1‘3)(.‘7‘2 = ;1‘4)
_ (& — # )L~ Ba) A — T (2 — 21 )(z — 23)
(g — 1 ) (T — o) (Fs— 23) ' (g — &y &y — i)

So,

7o)~ Que) = oy T,
yx—x)(x —xq)

+ f(JSJ (IS == ;1’1)(1'3 - I4)
(x —z1)(x — 23)

+ f(x4) (x4 — 1) (24 — 23)

Approximation by @i(=) becomes quadratic thus coincide with the approximation by @Qsiz).



Basics to Numerical Integration

» Newton-Coate integration and Gauss integration are the method of nhumerically obtaining the

integration based on the appro» / b
fla)da ~ / Qn(a)dr
b n
/ Zf ap ) Hy(x)dx
i A 1
:Zf{fﬁ|f Hy(x)dx (58)
k=1 sa

» The following integration value is gained regardless of f(x), but rather gained based on the
information of the sampling points, and which is called the heaviness corresponding to the

sampling points xKk. b
u.'k—f Hy(x)dz (59)

» Therefore, we can obtain the approximation by multiplying the heaviness, corresponding to the value
at sampling points f(xk) and the point xk, to the integration of f(x) then add them all together.

b b n
/ fla)de = / Onlx)dr = Z flag)wg (GO)
o Ja k=1

* Since integrand is approximated by Lagrange polynomials, we gain more accuracy with greater the
number of the sampling points.

» However when integrand is n th polynomials, the solution coincides with analytical integration by
taking the n + 1sampling points. And we observe no difference by taking more than n + 2 sampling
points.

e I=8(1-r)+31+r) then,

iy bh— R
/ J(@)dr / S(a( h—rf: / (e (r))——dr = - P F / S(@(r))dr (61)
2 J5




Thus,

Discussion follows with a set integration interval from—1 tol.



Newton-Coate Integration 1

* In Newton-Coate integration, the end points are included in selecting equal intervals of n sampling
points.

* For n =2 it is commonly called the trapezoidal rule, while n = 3, it is called Simpson integration.
* For the Trapezoidal rule,

Hy(z) = %(1 _2), Hylz) = %(1 ) (63)

Therefore obtained by following,

1 e
wy = Hy(x)dx = E/ (1 —a)dr =1

-1 Jo1
1 1
1
Wy = Hs(x)dx = E/ (1+2x)de =1 (64)
J-1 J



Newton-Coate Integratoin 2

* In Simpson integration,

Bilx] = %I(l —-1)
Hy(z)=1—2?
Hila) = %;1‘(1‘ + 1) (65)

Therefore obtained by following

1 1 |
wy = / Hi(x)dx = / 5;1‘(;1‘ — 1)dx = 3
J-1 J_ X

1

-1 1 _l
Wy = / Hs(x)dr = / 1 —2%de ==
Jo /., 3

1

3 3
wy = Hy(x)dr = / %;z‘(;r + 1)dx = % (66)
J-1 J- :

1

» Obviously, when we obtain the integrand with n —1 polynomials, the integrals can be achieved by

taking more than n sampling points.

* In considering the odd function to have its integrals 0, (2n—1) polynomials can be accurately obtained
if (2n —1) sampling points are taken.

» Thus in conducting Newton-Coate integration, often odd numbers of sampling points are taken.



Gauss Integration 1

* In Gauss integration, integrand is approximated by (2n —1) order function.

n

flx) = R,(a Zf o) Hi(x) +q(x) ) apz™™!

k=1

Qn(- )

ak takes an arbitrary coefficient, and q(x) expresses the following n polynomials.

g(z) = (r —x1)(x — 22) - - (x — )
» At sampling point xk: Qn(xk) = f(kk, ), q(xk) = 0 thus,
flzp) = Ry(xyp)

» Here the position of sampling points xk(k =1, = - =, n) is expressed by

1
/ q(z)z"tdx =0
" |

(68)

(69)



In order to satisfy the above,

/ f(z)dr = / AE el

1 n 1
/ Zf xy) Hy(x)dx +/ q(tz‘)Zag.tz‘i’*l(l‘r

k=1 i k=1
1 n

- [ 3 A mzm/
71111 “

 Implying that integral of the integrand f(x) is approximated as an integral of 2n —1 th
order function at n sampling points.



Gauss Integration 2

* Let us now find the specific positions for sampling points.
*Whenn=1 1 . 1
/ (z — )t tde = / —x1dx
J -1 J-1
— 2T1 =0

From which to obtain the heaviness that corresponds to £1=0,

hle) =1

= %
/ hilzjdr = / lde = 2
J1 sy

Whenn=2,



Then obtain heaviness corresponding to T1 = —\/gi Ty = \/% ,

— |z —/=1, hi(x)dr =1
) L

ho(z \;j'\(%[ \é_( \/g) ./‘llip( pldr= 1l




Gauss Integration 3

*When n =3, 1
/ (x —z1)(x — 22)(x — 23)t Lo

2
= —§($1 + a9 + 13) — 2(x120203) = 0

1

/‘l (x —x1)(x — x29) (2 — rs)x? e

-1
2
,.\3

| bo

+

3

(1‘11‘2 + Loy + Igl‘l) = ()

Lo

1
/ (x — 21)(x — 22) (2 — 23)2° Ldx
J-1

2
= ——(@1 + T2 + 23) — 5(¥12223) =0
J )

— 3 _ - 3
Find the heaviness that correlates with *1 = —\/; Ty = 0,23 = \/; ’

(76)



hi(x) = - (m - \@) /11 hi(z)dx = 5

fia(@) = (I B \/:f) (m . \/§> /1 ho(z)dx =
— J—1

e

hs(z) = - (5’5 - \/E) /‘1 ha(x)de = 2



Sampling Points in Actual Numerical Integration

» Obviously, the more we have the sampling points, the more accurate the solution we obtain.
* However, the more we have the sampling points, greater the amount of time spent on the calculation.

» Usually, in the first-order element, 2points taken by Gauss integration and 3points by Newton-Coate
integration. In the second-order element, 3points used in Gauss integration and 5points used in
Newton-Coate integration.

Y7 T 5 w;
0 2
+0.57735 02691 89626 1
1+0.77459 66692 41483 | 0.55555 55555 55556
0 0.38888 88888 88889
4 +0.86113 63115 94053 | 0.34785 48451 37454

)
+0.33998 10435 84856 | 0.65214 51548 62546
)
).

Wl —

+0.90617 98459 38664 | 0.23692 68850 56189
+0.53846 93101 05683 | 0.47862 86704 99366

0 0.56888 88388 88839
6 +0.93246 95142 03152 | 0.17132 44923 79170
+0.66120 93864 66265 | 0.36076 15730 48139
+0.23861 91860 83197 | 0.46791 39345 72691

(ab §
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Proper Use for Newton-Coate and Gauss
Integration

- Generally, Gauss integration should be used in the case where we have the

same number of integration points because the integration possesses more
accuracy.

* However,Gauss integration may be applied only when we have simple shapes
such as rectangular.

 For a difficult cross section including a cylinder( even though its shape is not
complicated ), there is no choice but to use Newton-Coate integration
(because in this case, Gauss integration does not work out).

* In finite element method, the interior element information is estimated only by
the integration points. In elastic-plastic body, for example, the undulation in
the material occurs within the surface, yet Gauss integration will not be able
to deal with the integration points on surface, thus an accurate estimation
cannot be carried out. In such cases, Newton-Coate integration is

considered to be more suitable since the integration contains the integration
points on surface.



4 Noded Quadrilateral Solid Element

* In one-dimensional space, divide the domain of integration into n-interval then conduct the coordinate
transformation at each interval of x coordinates in a linear segment of line to r(—1 <r <1), using
interpolation function.

Lo 2 _ 1
N =51=r)., N¥=g(l+r) (78)

[

* Now, what do we find under two-dimensional space?

* First, divide domain of integration by rectangular with its apexes at (—1,—1), (1,-1), (1, 1),and (-1, 1),
then conduct coordinate transformation using two parameters r,, r, (-1 <r <1,—1 <r, <1).
» Therefore, in physical coordinate systems, the nodal points under such configuration in the figure on

the left is made to correlate with what it shows in the figures on the right. This implies that a
tetrahedron in the physical coordinate system is being projected to a square in r;- r, coordinate

system.
Iy
@ (—1,1) | (1,1)
- @ Q)
M) 2“ @
™
@D Q2
D (—1, 1) 1, -1)
I

(a) PP R (b) HIAPERESR



Interpolation Function

* Interpolation functions takes forms in the following,

N® = 2(1—r)(1— 1) (79)
N® = %1+1M1—w) (80)
N® = %(1+u)(1+rg) (81)
NW = %l—uM1+@) (82)

* In respect with one-dimensional space,

73 1 (2 1 2
NO =(1—7), N® = (1+7) (83)

 Values at corresponding nodal points are found as 1, but in other nodal points, found as 0.

ry

3 . _
(=1,1) 1)
To @/\ S b
/ \\ ;ff @
\\\ /f/ ™
'\_\\ /f/f @ Q
D (—I, =17 (1.-1)

Iy



Differentials in Discrete Expression 1

» Differentials of ui about xj, which are needed in calculating a strain, can be evaluated with chain rule
in the following.

Ou; ONM (81\"(”)8}“1 ON () Or'g) (n)

— = i = - + - U, 84
0% or; ory Ox; Ore dzj) (8)

ON™
can be obtained also, with chain rule.

ILj

 Jacobian matrix [J] may be found as,

_([)A}r(”) | [Oxy 01 HN () |
8?"1 a'}“l 87"1 ajjl -
- %)
(K)A*T(”) 8:{:1 8”1‘2 (f)i\r(n)
L Ors ] | Ory Ory i 019 i
_E)N(”) |
= [J] i (86)
E)N(”)
| Oz |




Differentials in Discrete Expression 2

C}I{

» Each component of this Jacobian matrix a'r IS given by,
i
(f);l’g B (E)A"T(n] (n) 87
or:  Or: T (87)
j J
aN™
« — is evaluated as,
dIi
(AN [ON )]
Oxy ) ory (88)
ON® [ 9N
| Oxy | | Ory |

. In addition, the regional integration can be expressed by,

. 1,1
/ d? = / / det[J|dry drs (89)
J 0, J-1J-1

* This integration is usually conducted by numerical integration method such as Gauss integration.
Here, we use a doubled Gauss integration in one-dimensional space.

S
/ / flr,y)dedy = Z Z wiw; (i, y;) (90)



8 Noded hexahedron Solid Element

* In one-dimensional space, divide the domain of integration into n-interval then conduct the coordinate
transformation at each interval of x coordinates in a linear segment of line to r(—1 <r <1), using
interpolation function.

o o 1 ~
NW =2 (1-7), Nm:§(1+r) (91)

* What do we find in three-dimensional space?

* First, divide the domain of integration by hexahedron with its apexes shown in the chart below, and
conduct coordinate transformation for three domains using parameters 1, ™, and 73
(-1<m<1,-1<m<1,-1<r3<1)

"ﬁ‘j .‘.fi r o Iy
1 -1 -1 -1
2 -1 -1
3 1 -1
4 | —1 1 -1
5 -1 -1 1
6 —1 1
7 1
8 —1 1

# 2: Hisioxf)s



Physical Coordinates System and Natural
Coordinates System

* In the physical coordinates system, the nodal points configuration in the left figure should correspond
to the figure on the right hand. Where it implies the hexahedron of being projected to a cube with
"1-T2-T3 coordinates. This "2 "3 coordinates system is called natural coordinates system.

I
(1,114 (1,1,1)
6 @ @ )
@ 2
' © Pt
(—1.-1,1)
0 -
o1, —1) ©
. @ @) (1 1. —1)
ﬁ (=l o~ =1y  (1,~L,~1)
(a) TIPSR (b) HZAMEAER

X 2: PSR & H IR O X i



» Shape functions are expressed by,

1
NO = 10 )1 = o) (1 = 1)

N2 — —(1+7r)(1—1r9)(1 —r3)
N® = (1 +7)(1 +r)(1—173)
N® = Z(1 —r)(1+r2)(1 — 73)

i?\.-*(-r)) — _(1 — 71)(1 — 1’2)(1 + I’S)

|~ |~~~

. 1
JF\T(G) — §(1 + ”)(1 - ]2)(1 + '?’3)

oy 1
N = (14 )1+ 72)(1+15)

S
N® =21 =)L+ r2)(1+73)



Differentials in Discrete Expression 1

Differentials of ui about xj, which are needed in calculating a strain, can be evaluated with chain rule

in the following.

ON™ dr

U

Ou; B ON™ n) (é‘k\'f{“) ory  ON™ 9ry
e T i
i j ()lj'

ON™

o can be obtained also, with chain rule.
3

» Jacobian matrix [J] may be found as,

dry Ox; - dry Ox;j -

drs Ox;

[ON] Oz, Oxs O3 [ONM™]
ory Iry Ory Ory dxy
ONU || Oxq Dxg Oy HN ()
Ory | | Ora Ory Ory D+
ON (1) dxry Oxs Dy ON ™)
L Ors LOr3 Ors Ors - L Jxy

[ON ()]
é‘);z‘ 1
ON®)
=[J] =
T
ON ™)
L (3(1’3 _

)

(1)

i

(100)

(101)



Differentials in Discrete Expression 2

dr;
« Each component of this Jacobian matrix gy, is given by,

ox,; N . )

= = 102
()?i ()]1, : : ( )

N
* ~5,. Isevaluated as, FON )T FON ™
i

(‘:)‘1‘1 (")I‘l

aNm | ]! ON™ (103)
a.l‘g ' (':)I‘Q

AN AN

L ()13 o L 01"3 o

. In addition, the regional integration can be expressed by,

. 1,1 sl
/ df? = / / / det[J]|dry dry drs (104)
J o, Jo1J-1/-1

 This integration is usually conducted by numerical integration method such as Gauss integration.
Here, we simply use a summation triple Gauss integration in one-dimensional space.

1l gl
/ / / fle,y,z)dedydz ~ Z Z Z wiwjwy f (i, Y5, 21) (105)
J—-1J-1J-1 i j 3



Lagrange Group

* In order to obtain more accuracy in single-dimension problems, the following interpolation functions
are introduced by taking its nodal points within the segment of line.

NO = —5r(1=7) (106)
o 1

N® = S5r(L+7) (107)

NGO =1 42 (108)

« Instead of r(—1 <r <1), use two variablesrl and 7.72(—1 <r < 1,—-1 <r; <1) multiplied by the
interpolation functions to obtain 9 noded quadrilateral element.

s | om0 s
1 —1 -1
2 1 -1
3 1 1
4 —1 1
5 0 -1
6 1 0]
T 0 1
8 —1 0
9 0 0

# 30 His ks



Correspondence of Physical Coordinates System
and Natural Coordinates System

-
@ @ &)
(=11 (0,1) (1,1)
T
i ©) ©(1,0)
(—1,0) (0,0) r
@ ® O
_ =i -1 i1

1

X 3: VIR & F APRER R DX I



Interpolation Function

 Specific forms in interpolation functions as well as its differentials are systematically expressed by
considering single dimension.

N = —zr(1-1) (109)

Np=1-1} (110)

Niy = 5r(1+7) (111)
NY = N,_N,_ = i?"l'f’z(l —r1)(1 —ry) (112)
N® = N N, = —%T‘lf’g(l +71)(1—72) (113)
N® = Ny Noy = irl?’Q(l +71)(L+72) (114)
NW = N,_Ny, = —i‘r‘“ﬂ’z{l —71)(L+72) (115)
N®) = NyjpN,_ = —%?"?(1 — ) (1 —ry) (116)
N© = N1y Ny = %rl(l +71) (1 —73) (117)
ND = NigNoy = %-rg(l —71)(L+12) (118)
N® = N;_Ny = —%'?"1(1 —r)(1—73) (119)

f\-’r(g) = J'?\"rl();'\'rg{] = (1 — T’f)(]_ — T‘g) (120)



Origin of Lagrange Group

« In the discussion, it is verified that there is no difference in using hjgher-order functions as basis of single dimension
interpolation function, and even an expansion to the three dimensions can be done easily. Such elements are

often called Lagrange group.

*The name “Lagrange Group” originated in the common use of Lagrange polynomials in evaluating interpolation
functions.

() (z—z))(@ —2)) ... (2 — 2 ) (T — Ziy) - - - (& — Zwy)

N (e — z))(ZE) — @) - - - (@ — Te-—0)(ZTe) — ZEr)) - - - (ZE — T@))

* To actually obtain the single dimension interpolation functions by Lagrange polynomials,
Where n=2 (), — —1, @) = 1)

H(x) = %(1 —x), Hs(x)= %(1 + )

Where n=3 (xp) = —1, 22 = 1,23 = 0)

1 1 ‘
H, = 5:17(:1? — 1), Hy,= 5;1’(:1’ +1), Hy=1—2a?

_ 1 1
Where n=4 [:;:{]} =—lzp =1xg = _g'-'"r[*i] — E].
: i 5
H; *ﬁ(r — 19z —1), Hs= E(I + 1)(9z2 — 1)
9 = 0 " i
Hs = 7o —1)Bx — 1), Hi=—J:(@" —1Bxr+1)

for its complication in calculation.

(121)

(122)

(123)

(124)

* However, in general, the interpolation functions under two- and three- dimensional spaces with n = 3< are rarely used



Serendipity Group

» Consider now for an element that includes nodal points only on the sides of a rectangular.

» This element is called serendipity group. 8 nodal points are found in rectangular with the specific
forms in the interpolation functions to be the following,

1 -1 _'_]_ '3 0 —]_
) 1 -1 6 1 0
4 -1 1 8 —1 0
r2
@ ® O
(—17T) ©, 1) (L1
€ra
@% ©(1,0)
(-1]0) 3

('iDL 1) (9*1) (1@4)
T

(a) VIR (b) SRR



Interpolation Functions in Serendipity Group 1

NI —

[S]
S—

N

NG —

N@ —

[y 4
S—

N® =

[=p)
—

N
N —

N®) —

» Because the way this interpolation function was found so accidentally, it is called this way since then.

~(L=r)(I =7r2)(=1 =11 —ry)
(L4 7)1 =7ro) (=147 —1y)
—(L 4+ r) (1 +ro) (=1 4+ry+1r)
T(L=r) (L4 7o) (=1 =711 +71)
~(1—ry)(1—r})
(L)L = 1))
(1 +7r2)(1 = r7)

—(1 —7r1)(1 —73)

[\_;I *—‘t\.al *—‘E\.AI H[\.»I +—L4—I HA—I +—*»LI +—*+J—I =

(125)
(126)
(127)
(128)
(129)
(130)
(131)

(132)



Interpolation Functions in Serendipity Group 2

» Consider now, with the interpolation functions for 4 nodal points, for obtaining the interpolation
functions for 8 nodal points. For the 4 nodal points, the functions are expressed by,

NO =
N®
NG =

NW =

1
71 =)l =) (133)
1
I(lJr?l)(l*I’Q) (1‘34)
1
1(1+71)(1+7’2) (135)
1
7L =)L +72) (136)
@ @ @
(-1, 1) (0,1) (1, 1)
®7 © (1,0)
(—1.0)
@
(—1.=1)  (0,=1)  (1,=1)

Value being found as 1 at corresponding nodal points, while 0 is found in other nodal points.



Interpolation Functions in Serendipity Group 3

* As for the 5 th nodal points, consider now the points (0,—1) in natural coordinates system.
+EN 1 ¢
A“t—§u—rgu—w@ (137)
At point 5, we find the value to bel, while the points 1 - 4, the value is found as 0. In (1) ., p(4)
the point 5 will not be 0, thus we can write the interpolation functions in new way.

NH =@ — - N (138)
N@ _ N@ _ %A.’(-B) (139)
NG® = NG (140)
N® =N@ (141)

‘Here , N . N takes the value 1 at corresponding nodal points while in the rest of the nodal
points including 5, the value is found to be zero.

@ @ &)
(-1 (0,1) (1,1)
®T ® (1,0
(—1.0)




Interpolation Functions in Serendipity Group 4

* In the same way, consider the 6th 7th and 8th nodal points (1, 0), (0, 1)and (—1, 0). The
corresponding interpolation functions are in the following.

-6 1 .
NO — S+ - r) (142)
(7) 1 .
N z(1+:>)(1 — 72) (143)
. 1
* Inhen,
N — y@O _ i N©®) _ %4\7(8) (145)
N©@ = N©@ _ i NG iN(ﬁ) (146)
N® — y® _ é;\f(ﬁ) _ éy(?) (147)
N@ — N@ _ %N(?) — %‘_\-‘(8) (148)

At corresponding nodal points, we obtain 1, but for the rest of other points, we obtain the value 0. To
actually calculate this fact, which is expressed by,

N = é(z— ) (1= 72) (=1 — 11 — 79) (149)
N® = 211 = ) (L 4y = 7) (150
NG = é(i +11)(1+ r2) (=1 +r1 + 72) (151)
N = 20 =) ) (-1 =y 7 (152)

Which coincides with the shape function stated in the 8 noded element.



Interpolation Functions in Serendipity Group 5

» Furthermore, we can obtain 9 noded element through 8 noded element. When we take the 9th nodal
points at (0,0),
N = (1 =3 (1=r3) (153)

Then, obtain 1 at corresponding nodal points but in the rest of other points, we obtain 0. Define N ~ N®
to write as the following so, we can obtain the interpolation function for 9 nodal points in Lagrange

group.

1 1«
N = I(1 — 1) (1 = 1) (=1 — 1y — 1) + ZA-’(-” (154)
o 1 1.
N® = T )L =) (L =) +Z£\=(‘” (155)
: 1 1.
N® = I(1+H)(1+?‘2)(—1 + 71+ 72) +I\"(‘q} (156)
i 1 1
N = 2(L=r)(1+ ) (=1 =1yt rg) + N (157)
1 . 1
N® = (1 —=ry)(1 =13 — =N® (158)
2 2
S 1 . 1
NO =L — 5N (159)
BT . 1o
N = SL+72)(1- ) - §N(*’) (160)
NG = %(1 — ) (1 —12) - %j\:’(g) (161)



Interpolation Functions For Triangle Element
1

* Interpolation functions in triangle element are expressed in the area coordinates defined by the
following.

» Area coordinates represent the coordinates consisted of the area of element A ,and the given points
within the element. In addition, the area of triangles are given 4, 4, A, (triangles made by the
corresponding opposite sides of nodal points and its points)

Iy = AgfA
B — AufA
Lg = 443/44 (162)
/Ci)
7
V2R
// B |
//f// a LS\\“‘“\\
) @

Lit+ilg+Lz=1 (163)



Interpolation Functions For Triangle Element
2

* Interpolation functions in single dimension with 3 nodal points

NY = 1, (164)
N = L, (165)
N®) = [, (166)

* Interpolation functions in the two-dimensional 6 nodes,

N =L,2L; —1)

* We can obtain the 6 nodes interpolation functions through 3 nodes functions.



Interpolation Functions and Numerical Analysis for
Triangle Element 1

* In actual calculations for element stiffness matrix, the numerical integration is necessary.
* Numerical integration is conducted by reflecting the area coordinates Ly, La, L3 - and the natural
coordinates system 71,72 in the way shows in the following.

™M = L1 (173)
ry = L (174)
1 — ™ — I = Lg (175)

« Domain for the triangle internal corresponds to the domain for the natural coordinates system
appears in the figure below.

4 ®
112

® B @ @
0 | R '

X 4: = EERD FIZAREER & (R PR AE



Interpolation Functions and Numerical Analysis for
Triangle Element 2

» Under physical space, integral f;,,- dV' transforms into the natural coordinates system by Jacobian

matrix, in the same way we evaluated for the rectangular element.

_aﬁ,f(i)_ _852?1 6):1“2_ _8N(")_
dn_ _ {9-)"1 ‘87'1 ():131. (176)
ONW Oxr1 Oxa AN () \
| Ory | LOr2 Oral | Ozy |
1
i
» Thus, L7
[ ON® | [ ON@]
8281 L — i 8?"1 ——
on® | =V one 177
| 8((’2 ) U 8'}"2 ]
5'.1";-
» Jacobian matrix component 5,.. becomes what we obtained for the rectangular element in the
following. g (n)
dw;  ON" .
OV ) (17

8-)"(_}- af] !



Interpolation Functions and Numerical Analysis for
Triangle Element 3

 Here, a differential ﬂé"v’“} for shape functions by natural coordinates appears,
A r = Iy (179)
ro = Lo (180)
1 =y =Ls (181)

Based on the functions above, reflect with the area coordinates to obtain,

ON ) a\ VoL, ONYDIL, ONWDIL,

_ 4 + 182
87”1 8L1 8}"1 aLQ 8r1 aLg 8r1 ( )
IN 9N ) .
_ g ¢ (183)
8L1 0Ls
ONY  ONWAL, ONWAL, ONWAIL
- Ly 2 4 ’ (184)
8?“2 E)Ll (()'I"Q 8L2 (()I"g aLg (()?“2
AN AN
g ¢ (185)

0L OLs



Interpolation Functions and Numerical Analysis for
Triangle Element 4

r 1 1—
 In respect, conduct [, dV = [; [y det J drydry

Apparently in the form [ F dridrs = 33 wiF(z;, y;)

o 4 @
1|2

- Ol @ ®
0 1

[ 5 = B AEOD (1 R e i R



Interpolation Functions and Numerical Analysis for
Triangle Element 5

Integration | Degree of r-coordinates s-coordinates Weights
order precision
r1 = 0.166606 66666 667 51 =71 wy = 0.33333 33333 333
3-point 2 rg = 0.66666 66666 667 S22 =711 we = w1
s =11 s3 =719 ws = un
r1 = 0.10128 65073 235 §s1 =1 wp = 0.12593 91805 448
ro = 0.79742 69853 531 So =T wo = 1N
ra. =T S35 —7Ts Wy = U1
7-point 5 rg = 0.47014 20641 051 sS4 =T¢ wy = 0.13239 41527 885
s =Ty S5 =Ty ws = wy
g — 0.05971 58717 898 S¢ — T4 Wwg = Wy
r7 = 0.33333 33333 333 ST =717 wy = 0.225
r1 = 0.06513 01029 002 s1 =1 wy = 0.05334 72356 008
ro = 0.86973 97941 956 S92 =1 wo = w1y
rgs =T S3 = T3 wy = W
ry = 0.31286 54960 049 sS4 =Trg wy = 0.07711 37608 903
rs = 0.63844 41885 698 S5 =714 Wy = Wy
re = 0.04869 03154 253 S¢ =T5 we = Wy
13-point 7 ry =75 s =g Wy = Wy
rgs =—=T4 S8 —1T5 wg — Wy
a9 =Tg Sqg = T4 Wwg — Wy
rio0 = 0.26034 59660 790 $10 =710 wio = 0.17561 52574 332
r11 = 0.47930 80678 419 s11 = T10 w11 = W10
12 =T10 S12 =T11 w12 = W1
ri3 = 0.33333 33333 333 §13 =713 wis = —0.14957 00444 67




Interpolation Functions for Tetrahedral Element 1

* Interpolation functions for tetrahedral can be expressed in the volume coordinates defined by the
following.

» Volume coordinates represent the volume of triangular pyramid Ay, As, A3, Ay made by the element

with volume A, with its internal points given to form a triangular pyramid with corresponding nodal
points opposite sides and its points, and which is defined as following,

Fij = Ay
Fig— AafiAl
By — Aafill
Fiop = A (186)

X 6: (AR R R

I+ Lo+ L3+ Ly=1 (187)



Interpolation Functions for Tetrahedral Element 2

e Linear 4 nodes interpolation functions are,

NWY =, (188)
N = [, (189)
N© = [ (190)
NW =L, (191)

?3 A




Interpolation Functions for Tetrahedral Element 3

» The second 10 nodes interpolation function

I
6 ¢
o
1
NS
[&] 17’1
N® =4I,L, (192)
N® =4[,I4 (193)
N = AT515 (194)
NG =41,L, (195)
N Al9L4 (196)
N9 = 4T, (197)
N = NO - LNE 4 NO + N®) = Ly (2L - 1) (198)
\(2?:_.\-'(2)—1){\ )+ NO + NO)) = L,(2L, - 1) (199)
. 1 7 _
N® = N® — (N® + N+ N0 = [4(2L5 - 1) (200)
) |
VW =NW - (N® + NO) + NU9) = [,(2L, - 1) (201)



Interpolation Functions and Numerical Integrations

for Tetrahedral Element 1

* In actual calculation of element stiffness matrix, numerical integration become necessary.
« Numerical integration is conducted by reflecting this volume coordinates L1. L2. Ls. ls to the natural
coordinates system 1,72, 73 |

L,=1mr
Lo =19
Ly = ry
L, =

* Integral [, dV in physical space can be transformed by Jacobian matrix in the same way with
hexahedral element.

FoN @]
ary
AN®
Ira
ON®

L tf')?'g i

For Oy 8z [ONO@] [ON @]
x Iry E daq Oy
dr dy 0Oz AN (@ AN (@)
Bra Brs Bra| | 0z | | 0z
Gz Gy O | | aNe AN ®
| Org  dry Org | | x5 | | "3 |
1
[/]
dr; AN 1) (n)
or;  Or; i

—

ON (@)
ary
AN @)
Ira

AN (9

« Jacobian matrix components dx; becomes as following.

d]‘"_r'

L drsg |

(206)

(207)



Interpolation Functions and Numerical Integrations
for Tetrahedral Element 2

* Differential 2 for the shape functions by natural coordinates appears,

AT (i)

ﬁ-r j

Ly
Lo
Ls
L,

= T3

=1 —ri—7ro—rs3

Based on above, reflect them with the area coordinates,

ON®  aN® oL,

()_\.(1) ()Lz ().\'“) L)LQ, ().\'(Ej ()L_1

C)?‘l N C)Ll (")."1
ON @)

AN ()

+ — +
(jLQ (',')'I‘l C)Lg U:"l (jL_l (',)?‘1

N L4

B 0Ly
ION@  gN@ 9L,

ON® AL, ONWAL; ONWAL,

C)'f’z N (',)Ll (")1‘2

(jLQ UI'Q ()Lg i')!'g (j[q U?‘Q

ON@ N @)

T 9L, 0L,
ON®  oNWaeL, ONWHL, ONWDOLy ONW L,
drs B dLy Org OLy Org b dLs Org + dLy Ors

ON®  gN(@)

0L

0Ly

(212)



Interpolation Functions and Numerical Integrations
for Tetrahedral Element 3

Jv

1
PKm,y;ﬂdV’::Ezzzunﬁwxﬁy“zﬂ

Conduct numerical integration in the form above.

* Integration points and the weight

(213)

N M Weight W o 3 v )

2 4 0.25000 00000 000000F990 () 5854101966219G85 000 0.138198601I9501 5+000 0.138196680119501 (5 +000 0.1381956011950)1 05000

3 1 —0.80000%0909%00000T000 0.25000°000000 000000 0.25000°00000000OO 000 0.25000%0000000p 00 +000 0.25000°0009000 00O +090
4 0.45000°00000000pOT000 0.500009009°00pp0p+000 0.1666655696666667+00° 0.166665696%666667 000 0.1666655596666667+000

4 4 0.50373 79410 0122827901 (. 77164 29020 67237170990 (76119 03264 425430~%01  (0.76119 03264 4254307991 (0.76119 03264 425430~001
12 0.66542 06863 3292397991 (.11970 05277 9780197990 0.71831 64526 7669257201 (0.40423 39134 6726447990 0.40423 39134 6726447000

51 018841 85567 365411799 (.25000 00000 000000799 0,25000 00000 000000799 0.25000 00000 000000 0,25000 00000 000OOOT0
4 0.67038 58372 6042757991 (0.73163 69079 5761801 (0.89454 36401 412733791 0.89454 36401 412733*991 0.89454 36401 4127337901
12 0.45285 59236 3273997091 (),13258 10999 3846571990 (1.24540 03792 9030007991 0.42143 94310 6625221000 () 42143 94310 6625221000

6 1 0.90401 29046 014750799 (.25000 00000 00000071999 025000 00000 0000001999 (.25000 00000 0000009 (.25000 00000 D00OOO 00
4 0.19119 83427 8991247901 () 82771 92480 4792951000 (). 57426 91731 735683791 0.57426 91731 7356837901 (.57426 91731 7356837001
12 0.43614 93840 6665687091 (0.51351 88412 5563417901 ().48G05 10285 7060721000 ) 23129 85436 5191471000 () 23129 85436 519147+000
12 0.25811 67596 1991617001 (.29675 38129 6902607000 (0.60810 79894 0152811990 ) 47569 09881 4722007001 () 47569 09881 472290001




Drawing the Stiffness Matrix— 4Noded
Quadrilateral 1

* In finding element stiffness matrix for two-dimensional 4 noded quadrilateral element by 2 x2 Gauss
Integration,

 Transform the domain of integration of the element stiffness matrix. (transformation of the domain of
integration by isoparametric element)

. SRS
(K] = / [B]T [D] [B]df2 = / / (BT [D] [B] det[J]dradry (214)
@ J s
[ Oz1 O]
| Or Or 215
[J] o dry 0o (_1.))
| Ora Ora

* Introduce the numerical integration to yield,

/l /l [B)! [D] [B] det[J]drsdr
J-1J-1

= Z Z wWo Wy [B(ra, 1)) [D] [B(ra, rs)] det[J (rq, 7)) (216)

a=1 b=1



Drawing the Stiffness Matrix— 4Noded
Quadrilateral 2

* In specific, components of Jacobian matrix can be evaluated by setting each sampling point 7a, T
in the following,

811( ELV(”) ) (n)
TasTp) — TVa, Ty) X
or l or; b
AN AN (2 AN ) AN
:—(ra«,'r'b) 1(1 + (ra rb)l )+ (ra rb) $(3)+—(ra r’b)l 4)
or or; or; or;
(217)
AN 1 AN 1
= —(1—13) (218) = —=(14+19) (222)
af'l —ll ;_}} \ a?'l —l—l: +-'r_.] | )
a_;\.-'lil 1 a_;\.-'idl
= —(1—1r1) (219) = —(1 223)
o, 1o Irs G
oN'2 1 oNW
— (1 —19) (220) — )) (224)
B J,ll T9) ) B (1+1m9) (224)
AN ONW 1
o (it (221 = ) (225)
1o | Ors

* Clarify all components in the matrix and again, draw out the Jacobian matrix, then follow through the
steps to complete the calculation.



Drawing the Stiffness Matrix— 4Noded
Quadrilateral 3

* [B] Matrix components are obtained by following

AN DN
G L B (226)
ON DN

a;l’g ()?2

* [B] Substitute each value into the corresponding part in matrix.

ON (k) '|

(3.1’1 (ke
[B®)] = o @ (227)

oN®  aN G

dDro drq
(B] = [[B(l)]. (B@)], ..., [B("ﬂ (228)

« From above, [B(ra,ms)]det[J(rq,m)] is gained,

(229)

[B(7a,7)]T [D] [B(ra,7s)] det[J (ra, 15)]

Calculate the above then multiply the weight “a™b then plug them into the configuration of the total
stiffness matrix,

-1 -1
ro (<) T ot| T iy dis
| XY 77/71 t/l[‘BJ | D] | B det|J|dridr

2 2
= Z Z W wy, [B(ra. )Y [D] [B(ra. m)] det[ T (ra. 7)) (230)

a=1 b—1



Drawing the Stiffness Matrix— Triangle 1

* For the triangle element, basically, we can take the same steps.
» Domain of integration in the element stiffness matrix is transformed as the figure indicates]
(transformation of integration domain by isoparametric element)

(K] = [ (B [D][B]ds2

S
_ / l / (B)" (D] [B] det[T]dradr, (231)
32 r 3 ®
1|{@
® o o @
0 1 ™

X 70 = fO I EEER0 FIZAMEAR & A A

Ory Oxo

E)rl ()];_
Oxri Oz
Ors  Oro




Drawing the Stiffness Matrix— Triangle 2

* Introduce the numerical integration

1— 11
/ / [B] det[J]drodr

=5 Z Wap [B(a, 1)’ [D] [B(ra,ry)] det[J(rq, ry)] (233)

» Evaluate the values for each sampling point to draw the matrix, then plug them into the total stiffness

matrix. -
71
/ / | B] det[J]dradr

= = Z Wap [B(ra, 1)1 [D] [B(rg, rp)] det[J (rq, 13)] (234)

 Evaluate the values for each sampling point to draw the matrix, then plug them into the total stiffness
matrix.



Drawing the Stiffness Matrix— Triangle 3

* Interpolation functions for 3 noded triangle element can be written by,

NO = 1, (235)
N® — L, (236)
O (237)

» Base on this relations, reflect it to the area coordinates system in the following,

ON B OND L, N ON AL, N ON AL B ONU  ONW) (238)
or, 0Ly Or OLs Ory OLs dry  JLy OLs ’
ONG  ONWAL, ONWIL, ANDAL; OGN  INO)

Oro OLy Ors OLa Ory L3 Ory OL> OLs .

* For the calculation detall,

ory orq Ary
ON ) 0 ON (2 1 AN )

|
|

|
—

8?"2 81“2 o a'?"g (240)



Drawing the Stiffness Matrix— Triangle 4

H'Ii

 Jacobian matrix components, 5, e,
i

iy OAﬂUTu) é%VQyHm OA“MTw)gﬂﬂﬂ 23
Iry ory ! ory 1 ory 1T
Or _ NG 1y ON® o) OND o o
Ay ory 2 ory = ? ary 2 2
Ory  ONW ) ON2) 2 ONG) NG I e I C)
()Ig ()72 ol ()Ig ol a'?‘g ! ol ol
Ory ONW OO ON®) ng) n ON) WO CIRC
s Ary ~ ° Ory - dre = o

dry  Oxs

] = 71 d?l _ [Ii“ — ;1:3?3) ;1?.(2'1} — ;1,‘.(;)]
Dy O s o)
Ore  Oro

» Thus the determinant becomes twice the area of triangle element.

dxry Oxs

ODrs Oy

det|.J] 5. o1y

JO JO

- (f)?’l 0:’2

(1) 3) 2 3 (1) (3) 2 3
(xy’ — ;z.‘-(l )(1(2 ) _ ;1?.(2 N — (a8 — 25 )(xﬁ ) _ ;1?5 3!

/-l /ln{BF [D] [B] det[J]

-1 1—m
draodr; = det[J] / / [B]T [D] [B] dradr
J0O JO

(241)

(242)

(243)

(244)



Drawing the Stiffness Matrix— Triangle 5

ON™)
* [B] Matrix components are consisted of the series of Br, and evaluated by following,

[aN®™ ] [ON® ] [aN®™]
. : @ _ .6 ) &) ..
diy | i orp | 1 o — s —(z5' — 5 ) Oy (245)
anf(n) | Y anrn) | let!.] (2) (3) (1) (3) anT(n) .
ON ON det[J] | —(z;” — ") a7’ — a3 ON
L ()23 | L 0']‘2 1 L ()Ig |
. ONm o : AN™ . .
*Since 5, are all invariables, then automatically 3 can be considered as invariables as well,
i L'y
[ONMD ON@ NG ] [oND) aN® gN®)]
— — T [ I ) NI ¢ O I € AN I = = =
dxq Ory Oz | 1 Ly — Iy (&5 &) ary Iry ory
OND oN® NG | det[J] [—(z? — ¥y ) _ g ONL  GN2) gN®)
L ()12 all‘g (j;l‘g i L (':)Tg (9)‘2 ()7_) i
.l r?) - l‘.():s) —(r.()l) — 1?.()3])_ _1 0 —1
= N NG, 1 3
Betld] [~ =2y 2l =2 | g 1
1 [2@ —® 2@ _ o (246)
= - - e -+ 246
(10‘({]} _I(l-3) - 1(2) 1‘(1“ - ‘11(1.3) 1‘(12) - I(ll)




Drawing the Stiffness Matrix— Triangle 6

» Therefore,[B] matrix components are specifically described as,

[oND ON®) NG I
- ( . 0 . 0
daq dxq Jdarq
HN (1) ON(2) ON3)
[B] = 0 0 0 =
C)Ig C)IQ ) ()lg
OND aND aN@ aNR) ANG) aN(B)
| Oz ox1 Do Oz Oxo OiEp |
{ If’ — 1‘.(33) 0 1‘.(_,3) — lré” 0 1‘.4(_)” — lzn(_,m 0
— (3) 2) (e} _(3) - (2) (@) &
= Tot[ 7] . 0 i 11) — 2 ) 0 ‘113 — ) 0 1 Ill — a . (247)
1?-(1') — 1?-(1’} 1(2‘) — 1.(3 ) 1‘-&“ == l(l” ;r.(_> - -r.(_j” 1(1') — 1.‘-(1 ) 1(2 b ;1‘5")

» Moreover, in realizing [D] matrix of being invariables, then automatically integrand all becomes
invariables as well. There is no more need for the numerical integrations.

/0 N /“ BT D) (B det [T dradi
) -1 -1 —rq
=det[.]] /U /( (B]T [D] [B] drydr
! ST
=det[J][B]! [D] [B] /O / drydr,
]

== det[J][B]" (D] [B (248)



Element With Bubble Node

* In using a mixed type formulation such as fluid and incompressibility solid, distinct interpolation
functions are used: function not necessary coincide with change and pressure. Proper combination
should be determined by inf-sup condition and the experiences.

* For triangle and tetrahedral element, the interpolation functions for the displacement is represented
by following.Junctions in the center of force are called bubble nodes. (since the function becomes 0
on the sides of element).

@

o@

&)

In specific, interpolation functions for triangles that correspond to this nodes are expressed by,

N = 27L,LsLs (249)



* Introduce the bubble node in 3 nodes.

NI = 1,4
N® — 1, NO — @A) %l\[(ﬂ:)
NG — 1, — N2 — N2 _ %VH)

NG = N INW

NW — 971 LoLs

* Introduce the bubble node in 6 nodes.

NE = I,00, — 1)
N® = [,(2Ls — 1)

N (2)
N® = [4(2L3 — 1) A=A
NG = NC
NH = 41514 =~
5 N@ = N
j\ﬂ'(».)) — 4L3L1 1\7(5) =
N©®) =411,

N = 927L,LsLs (bubble.)

N® = O 4 17

|
>
~
\[-\2

+

|
2
+
O~ |
2

NO® — N©) 4 L

(250)



Tetrahedron With Bubble Node

* In tetrahedral, the interpolation functions for the bubble node in the center of mass of an element
may be,

Ni = 256L Lo L L, (252)
_ : Ny ~ Ny 1111
* In 4 nodes: Modify Vi ™~ ¥4 in order for the center of mass (3, 3:73,71) tobeO.

- 1

N — O 11\?(--)) (253)

_ ; 1 s

NG — NGB lﬁr(-—“) (255)
. %

N@ — jg%4)__.ljvf5) (256)
- _

(257)



* In a case of 10 nodal points, bubble the total 5 points at the center of force in each plane and
element.

Bubble up the center of force at each plane for 10 nodes.

: 1 1 1
Looxfi 14 (0 = = ;) (258)
) ) =)
: 1 11
2 OXfFifr 13 (; 0 = ;) (259)
) ) 9
: f 1
3 O 12 (3 = 0 ;) (260)
=) =) )
: I 1 1 1
4% m 11 (; = = ;) (261)
> ) i D



Ny =270 Lo Ls
Nio =271 Lo Ly
Nis =270 LalLy
Ny = 271LoLsly



Modify NV ~ N9 for now.

* Bubbilc (

|

e

|

N = Ny %(Nn + Nio + Nis)
N® = N©@ 4 %(Nu + Nio + Nyy)
NG = NGO 4 é(Nn + Niz + Nua)
NW® = NW 4 %(Nm + Niz + Nua)
N® = NG _ % Nii + Ni2)
NO = N©) %(Nn + N
N = N _ %(Nn + Ni3)
N® = N® _ %(le + Ni3)
N = NO) _ %(Nm + Nig)
4

N0 = o _ v vy

1
i) the element of the center of mass,
N = 956 L, LoLsL,

(268)
(269)
(270)
(271)
(272)
(273)
(274)
(275)
(276)

(277)

(278)



* Modify N ~ N4
5) (279)
NGO o a0 — G 10 + —N15) (280)

5) (281)



2004 Advanced Nonlinear Finite Element Method
Exercises 3

- Verify that the element matrix becomes (30) when x and u are discretized
respectively as we can see in (21)and (23).

* In equally taking the nodal points in single dimension, verify (26)and (27).

 Verify (57) through(39).

* Verify (60) from(58).

» From the basics to the Gauss integration(67),verify (71). Also, find the weight
and the coordinates of sampling points when n=3.

o Start with 4 noded quadrilateral shape function, increase the number of nodes
to obtain the shape function for 9 nodes. Verify from (133) to (161). Verify
that from (154) to(161), and from (112)to (119) coincide with each other.

» The correspondence of area coordinates and natural coordinates for triangle
Is expressed by(173) to(175). Now, verify if this relationship can be
established.

» Complete the attached programming exercises.
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