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PartI

Scattering Theory

1 Scattering Theory in One Dimention

In this section, we present the basics of scattering theory as we demonstrate

some examples of scattering in one-dimensional systems shown in the figure below,

describing a left-moving incident particle on a potential barrier.

i~
∂

∂t
Ψ(x, t) = HΨ(x, t)

H = − ~2

2m

d2

dx2
+ V (x)

V (x) =

{
V0 x ∈ [−a, a]

0 otherwise

A B C
V 0

-a a

We assume that the time dependent variable in the wavefunction is separable

(stationary state).

Ψ(x, t) = e−iωtΨ(x)

HΨ(x) = EΨ(x), E = ~ω

1.1 Transfer Matrix Method

1.1.1 Transfer Matrix for Scattering State and Bound State

Let us divide the system shown in the figure above into three regions: A:

(−∞,−a), B: [−a, a], C: (a,∞). For the solutions int the regions (r =A, B,
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C), we can write with the wave number kr for which the potential is constant.

Ψr(x) = ξ+eikrx + ξ−e−ikrx,
~2k2

r

2m
= E − Vr

We define the former wavefunction as Ψ1 and the latter as Ψ2, and the junction

conditions for the wavefunction when x = ξ can be Ψ1(ξ) = Ψ2(ξ) and Ψ′
1(ξ) =

Ψ′
2(ξ), which we can further write down as:

ξ+
1 eik1ξ + ξ−1 e−ik1ξ = ξ+

2 eik2ξ + ξ−2 e−ik2ξ

k1(ξ
+
1 eik1ξ − ξ−1 e−ik1ξ) = k2(ξ

+
2 eik2ξ − ξ−2 e−ik2ξ)

In matrix representation, we can write

M ξ(k1)

(
ξ+
1

ξ−1

)
= M ξ(k2)

(
ξ+
2

ξ−2

)

M ξ(k) =

(
eikξ e−ikξ

keikξ ke−ikξ

)
, M−1

ξ (k) =

(
1
2
e−ikξ 1

2k
e−ikξ

1
2
eikξ − 1

2k
eikξ

)
Thus, we rewrite the equations to give(

ξ+
1

ξ−1

)
= T ξ(k1, k2)

(
ξ+
2

ξ−2

)
T ξ(k1, k2) = M−1

ξ (k1)M ξ(k2)

We repeatedly use the above equation particularly in our present case to yield(
ξ+
A

ξ−A

)
= T

(
ξ+
C

ξ−C

)
, T = T−a(kout, kin)T a(kin, kout)

Thus,
~2k2

out

2m
= E,

~2k2
in

2m
+ V0 = E

We can solve the scattering problems for more complicated scatterer in the same

way we showed above. Let us now consider two different boundary conditions.

• Boundary condition I: Ψ(x) ∼ eikx, x → ∞ Recall that an asymptotic

form of the time-dependent wavefunction where x → +∞ is ei(kx−ωt) , so the

waves (i.e., only the scattering waves) traveling toward the positive direction

on x axis are what required in the limit x → +∞. Such states are called

the scattering states, and require the conditions ξ−C = 0, (ξ+
C = 1) . The

scattering states always exist whenever energy E is positive ( E ¿ 0 ). For

the reflection coefficient R and the transmission coefficient T ,(
ξ+
A

ξ−A

)
= T

(
1

0

)
=

(
T11

T21

)
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giving ξ+
A , andξ−A thus, we obtain

R =
ξ−A
ξ+
A

=
T21

T11

T =
1

ξ+
A

=
1

T11

.

(Note that the reflection rate is |R|2 and the transmission rate is |T |2.)
Furthermore, there is a relation between the transmission coefficient and the

reflection coefficient, which can be written

|T |2 + |R|2 = 1

We may generally explain the above relation by studying the Wronskians

of the differential equation. Suppose we have the potential V that is real

and whose solution is Ψ(x) then, its complex conjugate Ψ∗(x) can also be

the solution. The Schroedinger equation does not contain the first-order

derivatives; thereby Wronskians W (x) = W (Ψ(x), Ψ∗(x)) is independent of

x.

1 Asymptotically we can write

ψ(x) = eikx + Re−ikx x ≈T eikx x ≈ ∞

from which we evaluate the Wronskians to give W () = W (∞), revealing

indeed that we have |T |2 + |R|2 = 1 . As another way to express the above,

1Consider the solutions for the differential equation of f(x)

f ′′ + p(x)f ′ + q(x)f = 0

from which we write the Wronskians for the two solutions f1 and f2,

W (x) = W (f1, f2) = det
(

f1 f2

f ′
1 f ′

2

)
Thus,

W ′ = det
(

f1 f2

f ′′
1 f ′′

2

)
= det

(
f1 f2

−pf ′
1 − qf1 −pf ′

2 − qf2

)
= −pW

which leads to
W (x) = W (y)e−

R x
y

dtp(t)
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we define the current Jx in x direction to have

Jx =
~

2mi
W (ψ∗, ψ)

=
~

2mi

(
ψ∗dψ

dx
− dψ∗

dx
ψ

)
and write out the conservation law of Jx to be

dJx

dx
= 0.

.

2

• Boundary condition II: To satisfy the condition
∫ ∞
−∞ |Ψ(x)|dx < +∞ , we

will need the pure imaginary wave number; i.e., the energy E is negative.

(E < 0) Which we may write

kout = iκ, κ =

√
2m|E|
~

Furthermore, to avoid the exponential divergence of the wavefunction when

we define kout, we will need both ξ+
A = 0 and ξ−C = 0. So, we write

(
0

1

)
= T

(
ξ+
C

0

)
whose first equation

T11 = 0

gives restriction to the wave number k. This is called the bound state in

contrast with the scattering state. In our earlier discussion of the scattering

2Where x ≈,

W (−∞) = det
(

eikx + Re−ikx e−ikx + R∗eikx

ikeikx − ikRe−ikx −ike−ikx + ikR∗eikx

)
= det

(
eikx + Re−ikx e−ikx + R∗eikx

2ikeikx 2ikR∗eikx

)
= det

(
eikx + Re−ikx (1 − |R|2)e−ikx

2ikeikx 0

)
= 2ik(|R|2 − 1)

, while at x ≈ ∞ we have

W (∞) = det
(

T eikx T ∗e−ikx

ikT eikx −ikT ∗e−ikx

)
= det

(
T eikx T ∗e−ikx

0 −2ikT ∗e−ikx

)
= −2ik|T |2
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states, we defined the transmission coefficient T and the reflection coefficient

R, from which we understand that the energy and the wave number in the

bound states are defined as the

polars in the upper-half of the complex plane k of

the transmission and the reflection coefficient.

The Transfer-matrix Approach to the Scattering Problem in One-dimensional

Square-well Potential

Here we discuss specific calculations for the scattering problem in a simple

square-well potential. To begin with, we write the transfer matrix for a single

boundary 3

T ξ(k1, k2) =
1

2k1

(
(k1 + k2)e

−i(k1−k2)ξ (k1 − k2)e
−i(k1+k2)ξ

(k1 − k2)e
i(k1+k2)ξ (k1 + k2)e

i(k1−k2)ξ

)

T = T−a(ko, ki)T a(ki, ko)

=
1

4kiko

(
(ko + ki)e

i(ko−ki)a (ko − ki)e
i(ko+ki)a

(ko − ki)e
−i(ko+ki)a (ko + ki)e

−i(ko−ki)a

)

×

(
(ki + ko)e

−i(ki−ko)a (ki − ko)e
−i(ki+ko)a

(ki − ko)e
i(ki+ko)a (ki + ko)e

i(ki−ko)a

)

T11 =
ei2koa

4kiko

[
(ki + ko)

2e−2ikia − (ki − ko)
2e2ikia

]
T21 = − 1

4kiko

(k2
i − k2

o)(e
−2ikia − e2ikia)

T12 =
1

4kiko

(k2
i − k2

o)(e
−2ikia − e2ikia)

T22 =
e−i2koa

4kiko

[
(ki + ko)

2e2ikia − (ki − ko)
2e−2ikia

]
Therefore, int the following case:
3

T ξ(k1, k2) = M−1
ξ (k1)M ξ(k2)

=
1
2

(
e−ik1ξ 1

k1
e−ik1ξ

eik1ξ − 1
k1

eik1ξ

)(
eik2ξ e−ik2ξ

k2e
ik2ξ −k2e

−ik2ξ

)
=

1
2k1

(
k1e

−ik1ξ e−ik1ξ

k1e
ik1ξ −eik1ξ

)(
eik2ξ e−ik2ξ

k2e
ik2ξ −k2e

−ik2ξ

)
=

1
2k1

(
(k1 + k2)e−i(k1−k2)ξ (k1 − k2)e−i(k1+k2)ξ

(k1 − k2)ei(k1+k2)ξ (k1 + k2)ei(k1−k2)ξ

)
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• Complete transmission

T21 = 0

that is where we have

sin 2kia = sin
2a

√
2m(E − V0)

~
= 0

there will be no reflection R = 0 so, we will have a complete transmission

|T | = 1.

• Bound state

WhereE ≤ 0 , that is ko = iκ (where κ is real, ( ~2k2
o

2m
= E ) We look for the

solutions for

T11 = 0

, which we find the bound states when(
ki + iκ

ki − iκ

)2

= ei4kia

• Tunneling

The classical particles cannot pass through a barrier where

E < V0

, but if we calculate the transmission rate having considered

ki = iκi

κi =

√
2m(V0 − E)

~

generally we can obtain |T | > 0 , meaning that the quantum effect allowed

the particles to be passed through the barrier. This is called the tunneling

effect. In the case where we have energy of the incident particles that is

much smaller in contrast to the potential (|ko| << |ki| = κ ) , we can write

4

|T |2 ≈ 16k2
o

κ2

(
1

1 − e−4κa

)2

e−4κa

4

|T11| =
κ

4ko

[(
1 +

ko

iκ

)2

e2κa −
(

1 − ko

iκ

)2

e−2κa

]
=

κ

4ko
(e2κa − e−2κa)

|T |2 =
1

|T11|2
=

16k2
o

κ2

1
(1 − e−4κa)2

e−4κa
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thus, lowers the transmission rate of the thickness of the potential barrier by

remarkably high speed.

• Delta-function potential

Where

V (x) = gδ(x)

, 5 we consider the limit of

V02a → g, (|V0| → ∞, a → 0)

6 (Note that 2m
~2 g ≡ g̃)we obtain

T11 = 1 + i
g̃

2ko

, T21 = −i
g̃

2ko

,

T22 = 1 − i
g̃

2ko

, T12 = i
g̃

2ko

Thus, giving

|T |2 =
1

1 +
(

g̃
2ko

)2 , |R|2 =

(
g̃

2ko

)2

1 +
(

g̃
2ko

)2

1.1.2 The Transfer Matrix and the Scattering Matrix

i

i'

o

r

5

V02a → g, (|V0| → ∞, a → 0)

−k2
i 2a → 2m

~2
g ≡ g̃ (−~k2

i

2m
→ V0)

|ki| → ∞, a → 0, (|ki|a → 0)

6

T11 =
1

4kiko

(
(ki + ko)2 − (ki − ko)2ei4kia

)
≈ 1

4kiko

(
4kiko − (ki − 0)2i4kia

)
= 1 − i

k2
i a

ko
= 1 + i

g̃

2ko

T21 = − 1
4kiko

(k2
i − 0)(−i4kia)

= i
k2

i a

ko
= −i

g̃

2ko
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Let us suppose the wavefunction with the incidence and reflection from free-space

to an arbitrary region shows in the figure above. When we have the wavefunction

of the left side ψie
ikx +ψre

−ikx and the light side ψoe
ikx +ψi′e

−ikx, the consetvation

of probability yields an equation. 7

|ψi|2 − |ψr|2 =|ψo|2 − |ψi′|2

Now we define the one-dimensional scattering matrix S(
ψr

ψo

)
=S

(
ψi

ψi′

)
At which S becomes the unitary matrix

8

SS† =S†S = I

We further define the transfer matrix T to obtain(
ψo

ψi′

)
=T

(
ψi

ψr

)
T †JT =J

J =

(
1 0

0 −1

)
9

To provide more details, we define the scattering matrix S (including the mul-

tichannel cases)

S =

(
r t′

t r′

)
7Calculation of the Wronskians.
8The conservation law

|ψr|2 + |ψo|2 =(ψ∗
r , ψ∗

o)
(

ψr

ψo

)
= (ψ∗

i , ψ∗
i′)S

†S

(
ψi

ψi′

)
= (ψ∗

i , ψ∗
i′)

(
ψi

ψi′

)
is valid for arbitrary ψi, ψi′ thus, S†S = I.

9The conservation law is written

|ψo|2 − |ψi′ |2 =(ψ∗
o , ψ∗

i′)J
(

ψo

ψi′

)
= (ψ∗

i , ψ∗
r )T †JT

(
ψi

ψr

)
= (ψ∗

i , ψ∗
r )J

(
ψi

ψr

)
,giving

T †JT =J
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so that we can write

T =

(
t†

−1
r′t′−1

−t′−1r t′−1

)
10 Here we can write

T−1 =JT †J

(TT †)−1 =(T−1)†T−1 = JTT †J

GIven that each pair becomes idential with the non-negative eigenvalues of TT †

and (TT †)−1, all eigenvalues can be written

e±2xn , xn ≥ 0

10The unitarity can bu expressed in the relation equaitons

S†S =
(

r† t†

t′
†

r′
†

)(
r t′

t r′

)
=

(
r†r + t†t r†t′ + t†r′

t′
†
r + r′

†
t t′

†
t′ + r′

†
r′

)
=

(
1 0
0 1

)
(*1)

SS† =
(

r t′

t r′

) (
r† t†

t′
†

r′
†

)
=

(
rr† + t′t′

†
rt† + t′r′

†

tr† + r′t′
†

tt† + r′r′
†

)
=

(
1 0
0 1

)
(*2)

with the definition of the S matrix we obtain

ψr =rψi + t′ψi′

ψo =tψi + r′ψi′

It is clear that if the boundary condition ψi′ = 0 is required, t will represent the transmission
rate, andr, the reflection rate. To obtain the transfer matrix through solving ψo, ψi′, we rewrite
the first equation

ψi′ = − t′
−1

rψi + t′
−1

ψr

and the second equation,

ψo =tψi − r′t′
−1

rψi + r′t′
−1

ψr = (t − r′t′
−1

r)ψi + r′t′
−1

ψr

The unitarity may give

1 =tt† + r′r′
† = tt† + r′(t′−1

t′)r′† = tt† + r′t′
−1(−rt†)

=(t − r′t′
−1

r)t†

which leads to obtain

ψo = = t†
−1

ψi + r′t′
−1

ψr

(
ψo

ψi′

)
=

(
t†

−1
r′t′

−1

−t′
−1

r t′
−1

) (
ψi

ψr

)

T =

(
t†

−1
r′t′

−1

−t′
−1

r t′
−1

)
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The further calculations may yield 11

(
TT † + (TT †)−1 + 2I

)−1

=
1

4

(
tt†

t′†t′

)

Thus, we know that 1
cosh xn

may give the absolute eigenvalues for t†t′ andt′†t′. 12

11

TT † =

(
t†

−1
r′t′

−1

−t′
−1

r t′
−1

) (
t−1 −r†t′

†−1

t′
†−1

r′
†

t′
†−1

)

=

(
t†

−1
t−1 + r′t′

−1
t′
†−1

r′
† −t†

−1
r†t′

†−1
+ r′t′

−1
t′
†−1

−t′
−1

rt−1 + t′
−1

t′
†−1

r′
†

t′
−1

rr†t′
†−1

+ t′
−1

t′
†−1

)
T−1 =JT †J

(TT †)−1 =(T−1)†T−1 = JTT †J

TT † + (TT †)−1 =2

(
t†

−1
t−1 + r′t′

−1
t′
†−1

r′
†

t′
−1

rr†t′
†−1

+ t′
−1

t′
†−1

)

=2

(
(tt†)−1 + r′(t′†t′)−1r′

†

t′
−1

rr†t′
†−1

+ (t′†t′)−1

)

=2

(
(tt†)−1 + r′(1 − r′

†
r′)−1r′

†

t′
−1

rr†t′
†−1

+ (t′†t′)−1

)

=2

(
((tt†)−1 + (r′†

−1
r′

−1 − 1)−1

t′
−1

rr†t′
†−1

+ (t′†t′)−1

)

TT † + (TT †)−1 + 2I =2

(
(tt†)−1 + r′

†−1
r′

−1(r′†
−1

r′
−1 − 1)−1

t′
−1(t′t′† + rr†)t′†

−1
+ (t′†t′)−1

)

=2

(
(tt†)−1 + (1 − r′r′

†)−1

2(t′†t′)−1

)
= 4

(
(tt†)−1

(t′†t′)−1

)
given that (

TT † + (TT †)−1 + 2I

)−1

=
1
4

(
tt†

t′
†
t′

)
12

(2 + e2xn + e−2xn)−1 =((exn + e−xn)−1)2 =
1

4 cosh xn
≡ 1

4

(
tt†

t′
†
t′

)
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1.2 The Green’s Function and Scattering Integral Equa-

tions

Consider the Schrodinger equation in the form

(E − H0(x))Ψ(x) = V (x)Ψ(x)

H0(x) = − ~2

2m

d2

dx2

Suppose we obtained the Green function G0(ξbylettingδ(x) to be the Dirac delta

function

(E − H0(ξ))G0(ξ) = δ(ξ)

With homogeneous solution ϕ(x)

(E − H0(x))Φ(x) = 0

we write the equation

Ψ(x) = Φ(x) +

∫ ∞

−∞
dyG0(x − y)V (y)Ψ(y) (LS)

13 Next, we recast the equations above in the form, which clearly show the energy

dependence instead of the x space coordinate dependence

(E − H0)Ψ = V Ψ,

(E − H0)G0(z) = 1

G0(E) =
1

E − H0

(E − H0)Φ = 0

Ψ = Φ +
1

E − H0

V Ψ

= Φ + G0V Ψ (LS)

13We may simply check by making substitution into the Schrodinger equation
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The last line of equation is called the Lippmann-Schwinger equation. 14 15 16

14We consider that the inverse number of the operator (z − H0) uses the eigenstate |ϵ⟩ of the
energy ϵ for H0 to be defined as

G0(z) =
∑

ϵ

1
z − ϵ

|ϵ⟩⟨ϵ|

Generally, in contrast to the real energy of z = E, G0(z) cannot be defined for its unique
property it has. We will instead have to use the limit z → E ± iδ at the end by calculating for
the complex energy z. Throughout the proceeding sections, we need to note this as an important
fact. The further details of the calculations can be found in the following.

15The relation between the formal solution and the coordinate representation can be considered
as

(z − H0)G0 =1
⟨x|(z − H0)G0|x′⟩ =⟨x|x′⟩∫

dx′′
∫

dpdp′ ⟨x|p⟩⟨p|(z − H0)|p′⟩⟨p′|x′′⟩⟨x′′|G0|x′⟩ =⟨x|x′⟩

On the one hand, ⟨x|x′⟩ = δ(x − x′) is the eigenfunction for the eigenvalue x′ of the operatorx̂
such that we may treat it as x̂|x⟩ = x|x⟩.

x̂⟨x|x′⟩ =
∫

dx′′ x⟨x|x′′⟩⟨x′′|x′⟩ =
∫

dx′′ xδ(x − x′′)δ(x′′ − x′) = x′δ(x − x′) = x′⟨x|x′⟩

For ⟨x|p⟩ = 1√
2π~eipx/~ on the other hand, we may treat it as p̂|p⟩ = p|p⟩ because p̂ = −i~∂x

is the eigenfunction of the eigenvalue p for the operator p̂ = −i~∂x. Th completeness and the
orthonormality are given

∫
dx′′ ⟨x|x′′⟩⟨x′|x′′⟩∗ =

∫
dx′′ δ(x − x′′)δ(x′ − x′′) = δ(x′ − x′) completeness∫

dx ⟨x|x′⟩∗⟨x|x′′⟩ =
∫

dx δ(x − x′)δ(x − x′′) = δ(x′ − x′′) orthonormality∫
dp ⟨x|p⟩⟨x′|p⟩∗ =

1
2π~

∫
dp eip(x−x′)/h =

1
~
δ((x − x′)/h) = δ(x − x′) completeness∫

dx ⟨x|p⟩∗⟨x|p′⟩ =
1

2π~

∫
dx e−i(p−p′)x)/~ = δ(p − p′) orthonormality

Thus, we have ⟨x|G0|x′⟩ = G0(x, x′) to write

⟨p|(z − H0)|p′⟩ =⟨p|(z − p̂2

2m
)|p′⟩ = δ(p − p′)⟩(z − p2

2m
)∫

dx′′
∫

dpdp′ ⟨x|p⟩⟨p|(z − H0)|p′⟩⟨p′|x′′G0(x′′, x′) =
1

2π~

∫
dx′′

∫
dp eip(x−x′′

(z − p2

2m
)G0(x′′, x′)

=
(

z +
1

2m

d2

dx2

) ∫
dx′′ δ(x − x′′)G0(x′′, x′) =

(
z +

1
2m

d2

dx2

)
G0(x, x′)

Given by the translational symmetry, we have G0(x, x′) = G0(x − x′)
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We can further write the variation of the Lippmann-Schwinger equation in the

16Let us summarize different types of normalization for the plane waves.

• L volume V = L3 =boundary condition
Let us define kn = 2π

L (nx, ny, nz), ni = 0,±1,±2, · · · to write

⟨r|n⟩ =ψn(r) =
1√
V

eikn·r

⟨n|n′⟩ =
∫

V

dr ψ∗
n(r)ψn′(r) = δnn′ : normalization∑

n

⟨r|n⟩⟨n|r′⟩ =
∑

n

ψn(r)ψ∗
n(r′) =

1
V

∑
n

e−i(kn−kn′ )·r

=
1

(2π)3
(2π

L

)3 ∑
n

e−i(kn−kn′ )·r =
1

(2π)3

∫
dk e−i(kn−kn′ )·r

=δ(r − r′) = ⟨r|r′⟩∑
n

|n⟩⟨n| =1 : completeness

• Take the continuum limit for the wave-number represetation

⟨r|k⟩ =ψk(r) =
1√

(2π)3
eik·r

means |k⟩ =

√
V

(2π)3
|n⟩

⟨k|k′⟩ =
1

(2π)3

∫
dr ψ∗

k(r)ψk′(r) = δ(k − k′) : normalization∫
dk ⟨r|k⟩⟨k|r′⟩ =

∫
dk ψk(r)ψ∗

k(r′) =
1

(2π)3
∑

n

e−ik·(r−r′)

=δ(r − r′) = ⟨r|r′⟩∫
dk |k⟩⟨k| =1 : completeness

• For the momentum representation

⟨r|p⟩ =ψp(r) =
1√

(2π~)3
eip·r/~

Thatis, |p⟩ =
1√
~3

|k⟩ =

√
V

(2π~)3
|n⟩

⟨p|p′⟩ =
1

(2π~)3

∫
dr ψ∗

p(r)ψp′(r) = δ(p − p′) : normaliation∫
dp ⟨r|p⟩⟨p|r′⟩ =

∫
dp ψp(r)ψ∗

p(r′) =
1

(2π~)3
∑

n

e−ip·(r−r′)/~

=δ(r − r′) = ⟨r|r′⟩∫
dp |p⟩⟨p| =1 : completeness
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form

Ψ = (1 − G0V )Φ = (1 + GV )Φ

G =
1

E − H

= G0 + G0V G = G0 + G0(V G0) + G0(V G0)
2 + · · ·

17 Let us now consider more specified one-dimensional Green’s function G0 via

17Here we used the relation

A(B − A)B = (AB − 1)B = A − B

= −B(A − B)A = B(B − A)A

The substitution of A = E − H0,and B = E − H0 − V into the equation above gives

−G0V G = G0 − G = −GV G0

hence, we have (1 − G0V )G = G0. That is

(1 − G0V ) = GG0 = (G0 + GV G0)G0 = 1 + GV

We also obtain a useful reration

G = G0 + G0V G = G0 + G0(V G0) + G0(V G0)2 + · · ·
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Fourier analysis 18 19 20

18Clariy the space coordinate to express

G0(x) =
1√
2π

∫ ∞

−∞
dkeikxĜ0(k)

so, we can write δ(x) = 1
2π

∫
dkeikx to give

E =
~2K2

2m

which leads to (E − H0)G0(x) = δ(x) thus Ĝ0(k) = 1√
2π

(
2m
~2

)
1

K2−k2

G0(x) =
1
2π

(
2m

~2

)∫
∞dk 1

K2−k2 eikx

In the following, we consider E of the positive and ngative energies.
19Where E ≥ 0, the integral remains indefinite for the unique characteristic observed along

the real axis. We now consider expanding the energy E into the complex energy E → E ± i0.
This in fact corresponds to having K → K ± i0 thus gives

G±
0 (x) =

1
2π

(
2m

~2

) ∫
∞dk 1

2K

(
1

k+K±i0−
1

k−K∓i0

)
eikx

=
(

2m

~2

)
i

1
2K

×∓e±iKx (x > 0)∓e∓iKx (x < 0)

=
(

2m

~2

)
∓i

2K
e±iK|x|

The evaluation of the integral is done via the complex integration along the paaths C0 + C+ or
C0 + C− shows in the figure below. Further, we proceed by use of the Jordan’s lemma.

C+

C0-R R

C−

C0

-R R

When |f(z)| is uniformly 0 on the upper-half/lower-half plane at |z| → ∞, we can write∫
C±

dzf(z)e±iaz → 0, (R → ∞, a > 0)

20Where E < 0, we write

K = iκ = i

√
2m|E|
~

, κ > 0

which we can use directly to evaluate the integral. Applying a clear case such as K → K+i0 (E →
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G0(E) =



(
2m

~2

)
∓i

2K
e±iK|x|, K → K ± i0 =

√
2mE
~ ± i0, E → E ± i0, E > 0

(
2m

~2

)
−1

2κ
e−κ|x|, κ =

√
2m|E|

~ , E < 0

21 Where the energy E > 0, the Green’s function and its homogeneous solution

take the traveling waves Φ(x) = 1√
2π

eikx of +x direction. the substitution into the

Lippmann-Schwinger equation may give

Ψ±(x) =
1√
2π

eikx +

(
2m

~2

)
(∓i)

2k

∫ ∞

−∞
dyV (y)e±ik|x−y|Ψ±(y)

form which the solutions that satisfy the boundary condition I we discussed in the

prior section can be clarilfied to be Ψ+(x). For this Ψ+(x) where x << −a, we

can write

Ψ+(x) ≈ 1√
2π

(
eikx + e−ikxf(k, )

)
f(k, ) =

(
2m

~2

)
−i

√
2π

2k

∫ ∞

−∞
dyV (y)eikyΨ+(y)

While in a << x, we can write

Ψ+(x) ≈ 1√
2π

(
eikx(1 + f(k,∞)

)
f(k,∞) =

(
2m

~2

)
−i

√
2π

2k

∫ ∞

−∞
dyV (y)e−ikyΨ+(y)

which giving the reflection coefficient (R) and the transmission coefficient (T )

to be

R = f(k, ), T = 1 + f(k,∞)

. To obtain more specific form of the equation, we need a specific form of Ψ+. The

approximation of taking Ψ+(x) ≈ Φ(x) in the right term of the equation is called

the Born approximation.

E + i0) may give

G+
0 (x) =

(
2m

~2

)
−i

2K
eiK|x|

=
(

2m

~2

)
−1
2κ

e−κ|x|

21Note that this solution remains indefinite as we have the linear combination of the homo-
geneous solution e±ikx. This indefinition rests on how to take the formal solution as we are
discussing in the next section.
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The Scattering Problems in One-dimentional Delta-function Potential

via Integral Equation

Here we discuss how to solve the scattering problem in the delta-function po-

tential V (x) = gδ(x) in detail. The scattering integral equation is written

Ψ(x) =
1√
2π

eikx +

(
2m

~2

)
(−i)

2k

∫ ∞

−∞
dyV (y)eik|x−y|Ψ(y)

Ψ(x) =
1√
2π

eikx − ig̃
1

2k
e−ikxΨ(0), x < 0

1√
2π

eikx − ig̃
1

2k
eikxΨ(0), x > 0

Let us have x = 0 to give

Ψ(0) =
1√
2π

1

1 + ig̃ 1
2k

thus

T = 1 − i

2k
g̃

1

1 + ig̃
1

2k

=
1

1 +
ig̃

2k

, R = −

ig̃

2k

1 +
ig̃

2k

1.3 Levinson’s Theorem in One Dimension

Now we discuss the Levinson’s theorem, which relates to connecting the number

of bound sates to the scattering states. We consider the solutions and the new

boundary conditions for the Schroedinger equation

− ~2

2m

d2f±∞

dx2
+ V (x)f±∞ = Ef±∞ =

~2k2

2m
f±∞

• f∞(k, x) → eikx, x → ∞

• f−∞(k, x) → e−ikx, x → −∞

The integral equations for the solutions above can be obtained via taking the

Green’s function

G∞ = G1 = −2m

~2
θ(x′ − x)

sin k(x − x′)

k

G−∞ = G2 =
2m

~2
θ(x − x′)

sin k(x − x′)

k
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22 23

22Let us consider another way to obtain the Green ’s function. Generally, we consider the
Green ’s function in the second-order differential equation for y = y(x)

G′′(x, x′) + p(x)G′(x, x′) + q(x)G(x, x′) = δ(x − x′), ’ is the x differentials

Suppose we already obtained the independent homogeneous solutions y+(x), and y−(x) so we
write

y′′
i + p(x)y′

i + q(x)yi = 0, i = +,−

Based on the variation of parameter we have

G = C+y+ + C−y−

whichleads to
G′ = (C ′

+y+ + C ′
−y−) + (C+y′

+ + C−y′
−)

Now requires
(C ′

+y+ + C ′
−y−) = 0

which yields
G′′ = (C+y′

+ + C−y′
−)′ = (C ′

+y′
+ + C ′

−y′
−) + (C+y′′

+ + C−y′′
−)

so we can write

G′′ + pG′ + qG = C+(y′′
+ + py′

+ + qy+) + C−(y′′
− + py′

− + qy−)
+C ′

+y′
+ + C ′

−y′
− = C ′

+y′
+ + C ′

−y′
− = δ(x − x′)

which giving(
y+ y−
y′
+ y′

−

)(
C ′

+

C ′
−

)
=

(
0

δ(x − x′)

)
(

C ′
+

C ′
−

)
=

1
W

(
y′
− −y−

−y′
+ y+

)(
0

δ(x − x′)

)
=

1
W

(
−y−δ(x − x′)
y+δ(x − x′)

)
hence,

G(x, x′) =
∫ x

b−

dt
−y+(x)y−(t)

W (t)
δ(t − x′) +

∫ x

b+

dt
y−(x)y+(t)

W (t)
δ(t − x′)

Note that b+, and b− may impose differnt boundary conditions for the integral constants.
23We consider some examples for such cases.

Whereb− = b+ = x′ − 0

G2(x, x′) = θ(x − x′)
−y+(x)y−(x′) + y−(x)y+(x′)

W (x′)

Where b− = b+ = x′ + 0

G1(x, x′) = θ(x′ − x)
y+(x)y−(x′) − y−(x)y+(x′)

W (x′)



— Quantum Mechanics 3 : Scattering Theory — 2005 Witer Session, Hatsugai24

For these Green ’s function written above, we add each formal solution to de-

termine the integral equations

f∞(k, x) = e+ikx − 2m

~2

1

k

∫ ∞

x

dx′ sin k(x − x′)V (x′)f∞(k, x′)

f−∞(k, x) = e−ikx +
2m

~2

1

k

∫ x

−∞
dx′ sin k(x − x′)V (x′)f−∞(k, x′)

It is clear that each solution satisfies the boundary conditions.

We now regard the functions f±∞(k, x) as functions of the complex number k

to investigate the analyticity. First, given the integral equations we should have

the complex number k where

Im k > 0

which clearly indicates that there are the convergence conditions of the integrals

for each term by successive approximation of f±∞(k, x). In fact, the series itself is

said to converge while f±∞(k, x) beocmes the regular function of k on the complex

plane k and on the upper-half plane.

We make evaluations for the Wronslians in f∞(k, x) , f∞(−k, x) , f−∞(k, x) and

f−∞(−k, x) where x → ∞,

W (f∞(k, x), f∞(−k, x)) = −2ik

W (f−∞(k, x), f−∞(−k, x)) = 2ik

Whereb− = ∞, b+ = −∞

G(x, x′) =
∫ ∞

x

dt
y+(x)y−(t)

W (t)
δ(t − x′) +

∫ x

−∞
dt

by−(x)y+(t)
W (t)

δ(t − x′)

=
y+(ξ<)y−(ξ>)

W (x′)
ξ> = max(x, x′), ξ< = min(x, x′)

specially

(E − H0)G0 =
~2

2m

(
k2 +

d2

dx2

)
G′′

0 = δ(x − x′)

E =
~2k2

2m

as y±(x) = ei±x W (y+, y−) = det
(

eikx e−ikx

ikeikx −ike−ikx

)
= −2ik

••••
~2

2m
G2(x, x′) = θ(x − x′)

sin k(x − x′)
k

•
~2

2m
G1(x, x′) = −θ(x′ − x)

sin k(x − x′)
k
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Thus, the solutions are independent where k ̸= 0. This allows us to expand the

equations 24

f−∞(k, x) = c11(k)f∞(k, x) + c12(k)f∞(−k, x)

f∞(k, x) = c21(k)f−∞(−k, x) + c22(k)f−∞(k, x)

We now consider x → ±∞ for tha latter equation above to write in the form

c21e
ikx + c22e

−ikx (x → −∞), eikx (x → ∞)

These are the solutions that satisfy the boundary conditions for the scattering thus,

the relation between the transmission coefficient and the reflection coefficient are

expressed as

R =
c22

c21

T =
1

c21

=
1

T11

: Referthetransfermatrix

Here we consider the Wronskians for each form of f∓∞(k, x) and f±∞(±k, x) to

derive

c11(k) = − 1

2ik
W (f−∞(k, x), f∞(−k, x))

c12(k) =
1

2ik
W (f−∞(k, x), f∞(k, x))

c21(k) = − 1

2ik
W (f∞(k, x), f−∞(k, x))

c22(k) =
1

2ik
W (f∞(k, x), f−∞(−k, x))

24b The successive substitution may give

f−∞(k) = c11(k)
(
c21(k)f−∞(−k) + c22(k)f−∞(k)

)
+ c12(k)

(
c21(−k)f−∞(k) + c22(−k)f−∞(−k)

)
=

(
c11(k)c22(k) + c12(k)c21(−k)

)
f−∞(k) +

(
c11(k)c21(k) + c12(k)c22(−k)

)
f−∞(−k)

Where k ̸= 0

c11(k)c22(k) + c12(k)c21(−k) = 1, c11(k)c21(k) + c12(k)c22(−k) = 0

Likewise

f∞(k) = c21(k)
(
c11(−k)f∞(−k) + c12(−k)f∞(k)

)
+ c22(k)

(
c11(k)f∞(k) + c12(k)f∞(−k)

)
=

(
c12(−k)c21(k) + c11(k)c22(k)

)
f∞(k) +

(
c11(−k)c21(k) + c12(k)c22(k)

)
f∞(−k)

thus,

c12(−k)c21(k) + c11(k)c22(k) = 1, c11(−k)c21(k) + c12(k)c22(k) = 0
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Especially the forms of c21(k), the equations are expressed in regular f±∞(k, x)

on the upper-half of the complex k plane, and the zero-point kB on the upper-half

of the plane gives the polar of T ; i.e., giving the bound states, because c21(k) is

also a regular function.

We may also show some other facts for c21(k).

• Where |k| → ∞ ,c21(k) = 1 + O( 1
k
)

In |k| → ∞, where the incident energu is large enough, the effects by the

potentials can be ignored, so that we understand from the transmission co-

efficient to take T → 1 or from the analyticity property.

• The zero-point c21(k) of kB exists on the imaginary axis, not on th real axis.
25

25It is clear from the discussion of the transfer matrix.
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• All the zero-points kB for c21(k) are in the first-order.Thus, ċ21(kB) ̸= 0. 26

We can integrate d
dk

log c21(k) along the integral path C where the path is ormed

by the real axis and the half circle on the upper-half plane. This integration may

completely detached ( ċ21
c21

= O( 1
k2 ), |k| → ∞ away from the half-circle. From the

26At the wave number kB , in which the bound states are allowed to exist, f±∞(kB , x) become
linearly dependent to each other.

c21(kB) = 0, c11(kB)c22(kB) = 1, c11(kB) ̸= 0, c22(kB) ̸= 0
f∞(kB , x) = c22(kB)f−∞(kB , x)

W (f∞(kB , x), f−∞(kB , x)) = 0

k differentiation is written by ˙,

ċ21(kB) = − 1
2ikB

(
W (ḟ∞(kB , x), f−∞(kB , x)) + W (f∞(kB , x), ḟ−∞(kB , x))

)
= − 1

2ikB

(
1

c22
W (ḟ∞(kB , x), f∞(kB , x)) + c22W (f−∞(kB , x), ḟ−∞(kB , x))

)
To evauate this we diffentiate the Schroedinger equation and equation above with respect to k.
Which gives,

f ′′ + k2f =
2m

~2
V f

ḟ ′′ + 2kf + k2ḟ =
2m

~2
V ḟ

With the potential terms being cancelled in the equation, we can rewrite

f ′′ḟ − ḟ ′′f − 2kf2 =
d

dx
W (ḟ , f) − 2kf2 = 0

This above equation is used for f∞ to give Im k > 0 limx→∞ f∞(k, x) = 0 thus

W (ḟ∞, f∞) = −2k

∫ ∞

x

dx′ [f∞(k, x′)]2

the same as Im k > 0 のとき limx→−∞ f−∞(k, x) = 0

W (ḟ−∞, f−∞) = 2k

∫ x

−∞
dx′ [f−∞(k, x′)]2

hence,

ċ21(kB) = − 1
2ikB

(
− 1

c22(kB)
2kB

∫ ∞

x

dx′ [f∞(kB , x′)]2 + c22(kB)(−2kB)
∫ x

−∞
dx′ [f−∞(kB , x′)]2

)
= −i

∫ ∞

−∞
dx′[f∞(kB , x′)f−∞(kB , x′)]

= −ic22(kB)
∫ ∞

−∞
dx′[f−∞(kB , x′)]2 = −i

1
c22(kB)

∫ ∞

−∞
dx′[f∞(kB , x′)]2

Thus, iċ21(kB)c22(kB) is not zero for f∞(kB , x).
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argument principle, the number of zero-point N for c21 on the upper-half plane

can be written

N =
1

2πi

∫
C

d

dk
log c21(k) =

1

2πi
log c21(k + i0)

∣∣∣∣∞
k=−∞

=
1

2π

(
Arg c21(−∞ + i0) − Arg c21(∞ + i0)

)
=

1

2π

(
Arg T11(−∞ + i0) − Arg T11(∞ + i0)

)
= − 1

2π

(
Arg T (−∞ + i0) − Arg T (∞ + i0)

)

Note that the changes in argument are measured on the straight line in which the

argument deviates infinitesimally on the real axis towards the upper-half plane.

k+ i δ

The N represents the number of bound states. It is defined by the transmission

coefficient T (more precisely, by what T is analytic continued to the complex k

plane), which provides the scattering information. This is called the Levinson’s

theorem.
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2 The Scattering Theory in Three Dimention

In this section, we discuss the scattering theory in three-dimension by following

the methods especially using the integral equation that are introduced in our earlier

discussions on one-dimensional scattering theory. More specifically, we consider a

spherically-symmetric scatterer at periphery of origin, in which the plane waves

incident in z-axis direction.

z

2.1 The Scattering Amplitude and the Differntial Cross

Sections

In such case shown in the figure bove, the boundary condition for the stationary

state be

Ψ(r⃗)
r⃗→∞−→ 1

(2π)3/2

(
eikz +

f(θ)

r
eikr

)
We can rewrite the above by using mv = ~k$, and V0 = (2π)3 27 28

27We can understand from
∫ π

−π
dx

∫ π

−π
dy

∫ π

−π
dz |Ψ|2 = 1 that Ψ(r⃗) = 1

(2π)3/2 eik⃗·r⃗ has a
particle for every volume v0 = (2π)3.

28Given

∇⃗f =
∂f

∂r
r̂ +

1
r

∂f

∂θ
θ̂ +

1
r sin θ

∂f

∂ϕ
ϕ̂

,

Ψ∗
s∇⃗Ψs =

1
(2π)3

f∗(θ)
r

e−ikr

(
− f(θ)

r2
eikr r̂ +

f(θ)
r

eikrikr̂ +
1
r

∂f(θ)
∂θ

1
r
eikr θ̂

)
=

1
(2π)3

|f |2

r2
ikr̂ + O(

1
r2

)
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Ψ0 =
1

(2π)3/2
eikz

j⃗0 =

(
~

2mi

)(
Ψ∗

0∇⃗Ψ0 − (∇⃗Ψ∗
0)Ψ0

)
=

1

(2π)3

~k

m
ẑ =

v

V0

ẑ

Ψs =
1

(2π)3/2

f(θ)

r
eikr

j⃗s =

(
~

2mi

)(
Ψ∗

s∇⃗Ψs − (∇⃗Ψ∗
s)Ψs

)
=

1

(2π)3

|f(θ)|2

r2

~k

m
r̂ + o(

1

r2
) ≈ v

V0

|f(θ)|2

r2
r̂

The boundary condition at infinite distance away is the superposition of the plane

waves and the spherical waves.

Let f(θ) be the scattering amplitude. We can write the differntial scattering

cross section σ(θ) given the ratio between the incidene flux per unit area Φ0 = j⃗z · ẑ
snf the scattering flux Φs = j⃗s · dS⃗ per surface element dS⃗ = r2dΩ⃗ (dΩ⃗ = dΩr̂)

Φs = σ(θ)dΩ · Φ0

This gives

σ(θ) = |f(θ)|2

Now that we call σT =
∫

dΩσ(θ) a total scattering cross section.

Now we can express the equation of continuity for the waveunction Ψ(r⃗, t), which

is the solution for the time-dependent Schroedinger equation,

∂ρ(r⃗, t)

∂t
+ ∇⃗ · j⃗(r⃗, t) = 0

ρ(r⃗, t) = |Ψ(r⃗, t)|2

j⃗(r⃗, t) =
~

2mi

(
Ψ∗(r⃗, t)∇⃗Ψ(r⃗, t) − h.c.

)
29 This gives the wavefunction for the stationary states, the main forcus of our

discussion

∇⃗ · j⃗(r⃗, t) = 0
29We use Schroedinger equation in the forms of time resolution ∂tN = ∂t

∫
V

dr⃗|Ψ(r⃗)|2 for the
number of particles N in an arbitrary volume V and write

∂tN =
∫

dr⃗

(
Ψ̇∗(r⃗)Ψ(r⃗) + Ψ∗(r⃗)Ψ̇(r⃗)

)
=

∫
V

dr⃗
1
i~

(
− HΨ∗(r⃗)Ψ(r⃗) + Ψ(r⃗)HΨ∗(r⃗)

)
= −

(
~

2mi

) ∫
V

dr⃗
(
− (∇2Ψ∗(r⃗))Ψ(r⃗) + Ψ∗(r⃗)∇2Ψ(r⃗)

)
= −

(
~

2mi

) ∫
∂V

dS⃗
(
− (∇⃗Ψ∗(r⃗))Ψ(r⃗) + Ψ∗(r⃗)∇⃗Ψ(r⃗)

)
= −

∫
∂V

dS⃗j⃗(r⃗)

j⃗(r⃗) =
(

~
2mi

)[
Ψ∗(r⃗)∇⃗Ψ(r⃗) − (∇⃗Ψ∗(r⃗))Ψ(r⃗)

]
which shows that j⃗ is the current operator so, given that the volume V is the arbitrary volume,
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Integrate the wquation above over a region bounded by a largy sphere SR having

a radius R with its center located origin. Applying the Gauss theorem to write 30

the equation of continuity
∂t|Ψ(r⃗)|2 + ∇⃗ · j⃗ = 0

is obeyed. We can also obtain the above equation directly without using the arbitral character-
istics of the volume.

30We consider a more unified expression for the behavior of spherical waves at infinite distant
away via analytic continuation given the wavefunction in bound states. So, we can write

Ψ(r⃗)−→ 1
(2π)3/2

(
eikz +

f(θ)
r

eik+r

)
k+ =k + i0 = k + iϵ

We further suppose Rϵ >> 1; i.e., we have the initial system of infinite large then, take the limit
of ϵ → 0 at the end. Thus,

Ψ =
1

(2π)3/2
(eikr cos θ +

f

r
eik+r)

V0Ψ∗∇Ψ
∣∣∣∣
r=R

=(e−ikr cos θ +
f∗

r
e−ik−r)(ikeikr cos θ + ik

f

r
eik+r)r̂

∣∣∣∣
r=R

+ O(1/R2)

=
(

ik cos θ + ik
f∗

R
cos θeiR(k cos θ−k−) + ik

f

R
e−iR(k cos θ−k+)

)
r̂

=
(

ik cos θ + ik
f∗

R
cos θeikR(cos θ−1)−ϵR + ik

f

R
e−ikR(cos θ−1)−ϵR

)
r̂

V0Ψ∗∇Ψ
∣∣∣∣
r=R

− h.c. =
(

2ik cos θ + ik
f∗

R
(1 + cos θ)eikR(cos θ−1)−ϵR + ik

f

R
(1 + cos θ)e−ikR(cos θ−1)−ϵR

)
r̂

In the following equations, the higher-prder terms are ignored (1/R2) ,and rewritten

0 =
∫

S

dS⃗ · j⃗∞

=
(

~
2mi

)∫
S

dS

(
Ψ∗ ∂Ψ

∂r
− h.c.

)
=

∫
S

dS⃗(ẑj⃗0 − ẑj⃗0) +
∫

dΩ
[
R2 · v

V0

|f(θ)|2

R2

]
+ O (

1
R

)

+
(

~
2mi

)∫
dΩ̂ R2 1

(2π)3

(
e−ikz(ik)

f(θ)
R

eikR r̂ +
f∗(θ)

R
e−ikR(ik)eikz ẑ − h.c.

)
=

v

V0

∫
dΩ|f(θ)|2

+
(

i~k

2mi

)∫
dΩ R2 1

(2π)3

(
eikR(1−cos θ) f(θ)

R
+

f∗(θ)
R

e−ikR(1−cos θ) cos θ

+ e−ikR(1−cos θ) f
∗(θ)
R

+
f(θ)
R

eikR(1−cos θ) cos θ

)
=

v

V0

∫
dΩ|f(θ)|2 +

~k

2m

1
(2π)3

R

∫
dΩ(1 + cos θ)(f(θ)eikR(1−cos θ) + f∗(θ)e−ikR(1−cos θ))

=
v

V0

∫
dΩ|f(θ)|2 +

~k

2m

1
(2π)3

R2 · 2π
1

kR
i(f(0) − f∗(0)) + const.e±ikR
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31 32

31∫
dΩ eikR(1−cos θ)f(θ) = 2πf(0)

∫ π

0

dθ sin θeikR(1−cos θ)f(θ) → 2πf(0)
∫ 1

−1

dt eikR(1−t), kR → ∞

= 2πf(0)
1

−ikR
eikR(1−t)

∣∣∣∣1
−1

= 2πf(0)
i

kR
(1 − e−2ikR)

= 2π
1

kR
if(0) + const.e−2ikR∫

dΩ e−ikR(1−cos θ)f∗(θ) = −2π
1

kR
if∗(0) + const.e2ikR

32Our discussion in general can be

0 =
∫

S

dS⃗ · j⃗∞

=
(

~
2mi

)∫
S

dS

(
Ψ∗ ∂Ψ

∂r
− h.c.

)
=

∫
S

dS⃗(ẑj⃗0 − ẑj⃗0) +
∫

dΩ
[
R2 · v

V0

|f(θ)|2

R2

]
+ O (

1
R

)

+
(

~
2mi

)∫
dΩ̂ R2 1

(2π)3

(
e−ikz(ik)

f(θ)
R

eikR r̂ +
f∗(θ)

R
e−ikR(ik)eikz ẑ − h.c.

)
=

v

V0

∫
dΩ|f(θ)|2

+
(

i~k

2mi

)∫
dΩ R2 1

(2π)3

(
eikR(1−cos θ) f(θ)

R
+

f∗(θ)
R

e−ikR(1−cos θ) cos θ

+e−ikR(1−cos θ) f
∗(θ)
R

+
f(θ)
R

eikR(1−cos θ) cos θ

)
=

v

V0

∫
dΩ|f(θ)|2 +

~k

2m

1
(2π)3

R

∫
dΩ(1 + cos θ)(f(θ)eikR(1−cos θ) + f∗(θ)e−ikR(1−cos θ))

=
v

V0

∫
dΩ|f(θ)|2 +

~k

2m

1
(2π)3

R2 · 2π
1

kR
i(f(0) − f∗(0)) + const.e±ikR

We can take average of the above at infinitesimal region of R, which we can leave out the last
term. Thus,

0 =
v

V0

∫
dΩ|f(θ)|2 +

v

V0

4π

k
(−)Im f(0)
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j⃗∞ =

(
~

2mi

)(
Ψ∗∂Ψ

∂r
− h.c.

)
0 =

∫
S

dS⃗ · j⃗∞

=

(
~

2mi

) ∫
S

dS

(
Ψ∗∂Ψ

∂r
− h.c.

)
=

∫
S

dS⃗(ẑj⃗0 − ẑj⃗0) +

∫
dΩ

[
R2 · v

V0

|f(θ)|2

R2

]
+ O (

1

R
)

+

(
~

2mi

) ∫
dΩ̂ R2 1

(2π)3

(
e−ikz(ik)

f(θ)

R
eikR r̂ +

f∗(θ)

R
e−ikR(ik)eikz ẑ − h.c.

)
We average the above by the infinitesimal area on R to obtain

Im f(0) =
k

4π

∫
dΩ|f(θ)|2 =

k

4π
σT

Such relation between the forward scattering amplitude and the total cross section

of the scatterer is called the optical theorem.

2.2 Lippmann-Schwinger Equation and the scattering Am-

plitude

We now consider determining the scattering amplitude via the integral equation

derived from the Lippmann-Schwinger equation, which we discussed in our previ-

ous section. To begin with, we difine the Green’s function G0(r⃗) = G±
0 (r⃗, E) of

the three-dimentional free-particle system as the solution of the equation

(E − H0(r⃗))G0(r⃗) = δ(r⃗)

H0(x) = −~2∇2

2m

Specific forms of the equation above can be obtained by using the Fourier analysis

in the same way we did to obtain the specific equation form in our previous section.
33

G0(E) =


G±

0 (r⃗) = −
(

2m

~2

)
1

4π

e±iKr

r
, K → K ± i0 =

√
2mE
~ ± i0, E → E ± i0, E > 0

G+
0 (r⃗, K ← iκ) = −

(
2m

~2

)
1

4π

e−κr

r
, κ =

√
2m|E|

~ , E < 0

33On the one hand where E ≥ 0, we may write

E ± i0 =
~2K2

±
2m

, G±
0 (x) =

1
(2π)3/2

∫
d3kĜ±

0 (k⃗)eik⃗·r⃗
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In out present case, we consider the scattering states where E > 0, and having

the plane wave of Φ(r⃗) = 1
(2π)3/2 e

ikz traveling in z-axis direction as homogeneous

solution to express the Lippmann-Schwinger integral equation

Ψ± = Φ +
1

E ± i0 − H0

V Ψ±

In more specifin form we can write

Ψ±(r⃗) =
1

(2π)3/2
eikz −

(
2m

~2

)
1

4π

∫
dr⃗′

e±ik|r−r′|

|r⃗ − r⃗′|
V (r⃗′)Ψ±(r⃗′)

Here we suppose there is the scatterer of a finite size (V (r⃗) ≈ 0, r >> a). We

consider the wavefunction at a point, a sufficient distance away from the scatterer.

The equation we initially defined and δ(r⃗) = 1
(2π)3

∫
d3keik⃗·r⃗ yields Ĝ±

0 (k⃗) =
(

2m
~2

)
1

(2π)3/2
1

K2−k2

so, we cn write

G±
0 (r⃗) =

1
(2π)3

(
2m

~2

)∫
d3k

1
K2 − k2

eik⃗·r⃗

This integral is evaluated in the polar coordinated (z-axis in r⃗ direction) such that∫
d3k

1
K2

± − k2
eik⃗·r⃗ =

∫ ∞

0

dkk2 1
K2

± − k2
(2π)

∫ π

0

dθ sin θeikr cos θ

=
π

i

1
r

∫
∞dk k

K2
±−k2 (eikr−e−ikr)= π

i
1
r 2

R

∞dk −k

K2
±−k2 eikr

=
π

i

1
r

∫ ∞

−∞
dk

(
1

k + K ± i0
+

1
k − K ∓ i0

)
(−eikr) =

π2

r
(−2)e±iKr

Thus,

G±
0 (r⃗) = −

(
2m

~2

)
1
4π

e±iKr

r

On the other where E < 0, same way we handled the one-dimensional systems, we write

K = iκ = i

√
2m|E|
~

, κ > 0

In this case, we may directly evaluate the integral, in which we can apply K → K+i0 (E → E+i0)
. Thus,

G0(r⃗) = −
(

2m

~2

)
1
4π

e−κr

r
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Having r >> a r′ ≈ a, we can write 34

|r⃗ − r⃗′| = r − r̂ · r⃗′ + O(

(
a

r

)
)

a

|r⃗ − r⃗′|
=

a

r
+ O(

(
a

r

)2

)

which giving

Ψ±(r⃗) =
1

(2π)3/2

[
eikz+

e±ikr

r

{
−

(
2m

~2

)
(2π)3/2

4π

∫
dr⃗′e∓ik⃗r·r⃗′V (r⃗′)Ψ±(r⃗′)

}]
+O(

(
a

r

)
)

Here we note that k⃗r = kr̂ is the k-vector in the direction of the scattering. This

in fact shows that Ψ+(r⃗) is the solution, which satisfies the boundary condition.

The scattering amplitude can be given from

f(θk⃗r
) = −

(
2m

~2

)
(2π)3/2

4π

∫
dr⃗′e−ik⃗r·r⃗′V (r⃗′)Ψ+(r⃗′)

Note that the incident wave is expressed as

Φk⃗z
(r⃗) = 1

(2π)3/2 e
ik⃗z ·r⃗, (k⃗z = kẑ) , we can write 35

f(θk⃗r
) = −

(
2m

~2

)
(2π)3

4π
⟨Φk⃗r

|V |Ψ+⟩

= −
(

2m

~2

)
(2π)3

4π
⟨Φk⃗r

|T |Φk⃗z
⟩

T = V + V
1

Ek − H + i0
V

2.3 Born Approximation

The approximation method that has solution Phi in the right side of Ψ± as the

lowest order of the successive approximation steps within the integral equation to

give a simplest form of approximation

Ψ± ≈ 1

(2π)3/2
eikz =

1

(2π)3/2
eikẑ·r⃗

34

|r⃗ − r⃗′| = (r2 + r′
2 − 2r⃗ · r⃗′)1/2 = r(1 − 2

r̂ · r⃗′

r
+

r′
2

r2
)1/2 = r(1 − 2

r̂ · r⃗′

r
+ O(

(
a

r

)2

))1/2

= r − r̂ · r⃗′ + O(
(

a

r

)
)

35We used Ψ+ = (1 + G+V )Φ
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Is called the (first) Born approximation. The scattering amplitude in this approx-

imation can be written

fB(θk⃗) = −
(

2m

~2

)
1

4π

∫
dr⃗ei(k⃗′−k⃗)·r⃗V (r)

k⃗′ = kẑ

Now let us have

K⃗ = k⃗′ − k⃗

Calculation is made with the polar coordinates (r̄, θ̄, ϕ̄) in K⃗ direction to give 36

fB(θk⃗) = −
(

2m

~2

)
1

4π

∫
dϕ̄

∫
dθ̄ sin θ̄

∫
dr̄r̄2eiKr̄ cos θ̄V (r̄)

= −
(

2m

~2

)
1

2

∫
dr̄r̄2 1

iKr̄
eiKr̄ cos θ̄

∣∣∣∣cos θ̄=1

cos θ̄=−1

V (r̄)

= −
(

2m

~2

)
1

K

∫
drr sin(Kr)V (r)

The differntial cross section can be written

σ =

(
2m

~2

)2∣∣∣∣ 1

K

∫ ∞

0

drV (r)r sin(Kr)

∣∣∣∣2

A Case for Born Approximation (Rutherford Scattering)

Consider scattering by Yukawa potential

V (r) =
Ae−µr

r

36

θ

k’

k
K

K = |K⃗| =
√

2k2(1 − cos θ) = 2k sin
θ

2

dK = k cos θ/2dθ

KdK = k2 sin θdθ

sin θdθ =
1
k2

KdK
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In which we can write 37

fB(θ) = −2m

~2

A

K2 + µ2

We can rewrite the above equation with µ → 0, A = −Ze2 to have

fB
µ→0−→ m

2(~k)2

Ze2

sin2 θ/2

This indeed is equivalent to the classical formula of the Rutherford scattering.

2.4 Partial Wave Decomposition

In the following sections we discuss the scattering problems with an approach

by the partial wave decomposition. 38

2.4.1 The Schroedinger Equation in Spherical Symmetric Field

The Schroedinger equation is expressed in the forms

HΨ(r⃗) = EΨ(r⃗)

H =
p⃗2

2m
+ V (r)

p⃗ =
~
i
∇⃗

Given that we consider to obtain the its eigenfunction in the following forms

Ψ(r⃗) = R(r) Θ(θ) Φ(ϕ)

x = r sin θ cos ϕ, y = r sin θ sin ϕ, z = r cos θ

Let the angular momentum be

L⃗ ≡ r⃗ × p⃗

Li = ϵijkxjpk, x1 = x, x2 = y, x3 = z

37 ∫ ∞

0

dr sinKrrV (r) = A

∫ ∞

0

dre−µr sinKr =
A

2i

∫ ∞

0

dr

(
e(−µ+iK)r − e(−µ−iK)r

)
= A

−1
2i

(
1

−µ + iK
− 1

−µ − iK

)
=

AK

K2 + µ2

38Review the mathematical handbooks for the basic knowledge of the spherical function.
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giving 39

[Li, Lj] = i~ϵijkLk

This exchange relationship generally makes clear of the fact (from the algebraic

relation only) that the simultaneous eigenstates for L⃗2 and Lz can be obtained as

L⃗2Yℓm = ~2ℓ(ℓ + 1)Yℓm

LzYℓm = ~mYℓm

m = −ℓ, ℓ + 1, · · · , ℓ − 1, ℓ

Furthermore, we may write 40

∇⃗ = e⃗r
∂

∂r
+ e⃗θ

1

r

∂

∂θ
+ e⃗ϕ

1

r sin θ

∂

∂ϕ

e⃗r =
∂̂r⃗

∂r
= (sin θ cos ϕ, sin θ sin ϕ, cos θ),

e⃗θ =
∂̂r⃗

∂θ
= (cos θ cos ϕ, cos θ sin ϕ,− sin θ),

e⃗ϕ =
∂̂r⃗

∂ϕ
= (− sin ϕ, cos ϕ, 0),

r⃗ = e⃗rr

which gives a clear sense that L⃗ does not depend on r but depends on θ, and ϕ in

39[xi, pj ] = xipj − pjxi = i~δij

[Li, Lj ] = ϵiabϵjcd[xapb, xcpd] = ϵiabϵjcd(xa[pb, xcpd] + [xa, xcpd]pb) = ϵiabϵjcd(xa[pb, xc]pd + xc[xa, pd]pb)
= ϵiabϵjcd(−i~δbcxapd + i~δadxcpb) = −i~ϵiabϵjbdxapd + i~ϵiabϵjcaxcpb

= i~(δijδad − δidδaj)xapd − i~(δijδbc − δicδbj)xcpb

= i~(δijxapa − xjpi − δijxbpb + xipj) = i~(xipj − xjpi) = i~ϵijkLk

(= i~ϵijkϵkabxapb = i~(xipj − xjpi))

40It is cleat that
r⃗ = xe⃗x + ye⃗y + ze⃗z
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the function. We can write respsctively, 41

Lx = −i~
(
− sin ϕ

∂

∂θ
− cot θ cos ϕ

∂

∂ϕ

)
Ly = −i~

(
cos ϕ

∂

∂θ
− cot θ sin ϕ

∂

∂ϕ

)
Lz = −i~

∂

∂ϕ

L⃗2 = −~2

{
1

sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+

1

sin2 θ

∂2

∂ϕ2

}
We use these specific in the above to determine the eigenvalue ~2ℓ(ℓ + 1) for L⃗2.

In the first step, let us have Ylm(θ, ϕ) = Θ(θ)Φ(ϕ) and write out the equations

according to the eigenfunction to have{
1

sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+

1

sin2 θ

∂2

∂ϕ2

}
Θ(θ)Φ(ϕ) = −ℓ(ℓ + 1)Θ(θ)Φ(ϕ)

1

Θ
sin2 θ

{
1

sin θ

d

dθ

(
sin θ

dΘ

dθ

)
+ ℓ(ℓ + 1)Θ

}
= − 1

Φ(ϕ)

d2Φ

dϕ2

41

L⃗ = r⃗× p⃗ = −i~e⃗ϕ
∂

∂θ
+i~e⃗θ

1
sin θ

∂

∂ϕ
= −i~(− sinϕ, cos ϕ, 0)

∂

∂θ
+i~(cot θ cos ϕ, cot θ sin ϕ,−1)

∂

∂ϕ

L2
x = − ~2

(
sin ϕ∂θ + cot θ cos ϕ∂ϕ

)(
sinϕ∂θ + cot θ cos ϕ∂ϕ

)
, (cot θ)′ = − 1

sin2 θ

= − ~2
(
sin2 ϕ∂2

θ − 1
sin2 θ

sinϕ cos ϕ∂ϕ + cot θ sin ϕ cos ϕ∂θ ∂ϕ

+ cot θ cos2 ϕ∂θ + cot θ cos ϕ sinϕ∂ϕ ∂θ

− cot2 θ sin ϕ cos ϕ∂ϕ + cot2 θ cos2 ϕ∂2
ϕ

)
L2

y = − ~2
(
cos ϕ∂θ − cot θ sinϕ∂ϕ

)(
cos ϕ∂θ − cot θ sinϕ∂ϕ

)
= − ~2

(
cos2 ϕ∂2

θ +
1

sin2 θ
sin ϕ cos ϕ∂ϕ − cot θ sinϕ cos ϕ∂θ ∂ϕ

+ cot θ sin2 ϕ ∂θ − cot θ sinϕ cos ϕ∂θ ∂ϕ

+ cot2 θ sin ϕ cos ϕ∂ϕ + cot2 θ sin2 ϕ∂2
ϕ

)
L2

x + L2
y = − ~2

(
∂2

θ + cot θ ∂θ + cot2 θ ∂2
ϕ

)
L2

z = − ~2 ∂2
ϕ

L2 = − ~2

(
∂2

θ + cot θ ∂θ +
1

sin2 θ
∂)ϕ2

)
= − ~2

(
1

sin θ
∂θ(sin θ ∂θ) +

1
sin2 θ

∂)ϕ2

)
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We separate the equations above to give

d2Φ

dϕ2
= −m2Φ

1

sin θ

d

dθ

(
sin θ

dΘ

dθ

)
+ {ℓ(ℓ + 1) − m2

sin2 θ
}Θ = 0

The first equations above to give

Φ(ϕ) = eimϕ, m = 0,±1,±2,±3, · · · ,

The condition for the m is being satisfied given the monodromy of the function.

If we require the finite property in the whole region for θ in the function of Θ, we

may use the associated Legendre differntial equation to write

Θ(θ) ∝ P
|m|
l (θ), ℓ = 0, 1, 2, · · · , m = −ℓ, ℓ + 1, · · · , ℓ

42 With all the iformation we obtained from above, we now determine the normal-

ization constant as in the following form

Yℓm(θ, ϕ) = (−1)
m+|m|

2

√
2ℓ + 1

4π

(ℓ − |m|)!
(ℓ + |m|)!

P
|m|
l (cos θ)eimϕ

Thus, we can write the orthonormality,

⟨Yℓ′m′|Yℓm⟩ ≡
∫

dΩY ∗
ℓ′m′(θ, ϕ)Yℓm(θ, ϕ) = δℓ,ℓ′δmm′

the effects of ladder operator as,

L±Yℓm = ~
√

(ℓ ∓ m)(ℓ ± m + 1)Yℓm±1

and the complex conjugation as,

Y ∗
ℓm(θ, ϕ) =(−)mYℓ−m(θ, ϕ)

42With x = cos θ, we know d
dθ = dx

dθ
d
dx = − sin θ d

dx thus, we have 1
sin θ

d
dθ

(
sin θ dΘ

dθ

)
=

d
dx

(
sin2 θ dΘ

dx

)
= d

dx

(
(1 − x2)dΘ

dx

)
From that we obtain

{
(1 − x2)

dΘ
dx

}
+

(
ℓ(ℓ + 1) − m2

1 − x2

)
Θ = 0

(associated Legendre differntial equation)
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43

43Here we demonstrate step-by-step of deriving the spherical harmonics Yℓm(θ, ϕ) =
Θℓm(θ)Φm(ϕ) via algebraic functions alone. First, we have LzYℓm = m~Yℓm , which gives.
Φm = 1√

2π
eimϕ We may also write

L+ =Lx + iLy = ~eiϕ(∂θ + i cot θ∂ϕ)

L− =Lx − iLy = ~e−iϕ(−∂θ + i cot θ∂ϕ)

So, from L+Yℓℓ = 0, we can write

Θ′
ℓℓ − ℓ cot θΘℓℓ =0,→ Θℓℓ(θ) = Cℓ sinℓ θ

Normalization may give

1 =|Cℓ|2
∫ π

0

dθ sin θ sin2ℓ θ = 2|Cℓ|2
∫ π/2

0

dθ sin2ℓ+1 θ = C2
ℓ B(ℓ + 1, 1) = |Cℓ|2

Γ(ℓ + 1)Γ(1/2)
Γ(ℓ + 3/2)

=|Cℓ|2
ℓ!Γ(1/2)

(ℓ + 1/2)(ℓ − 1/2)(ℓ − 3/2) · · · (1/2)Γ(1/2)

=|Cℓ|2
ℓ!2ℓ

(ℓ + 1/2)(2ℓ − 1)!!
= |Cℓ|2

ℓ!2ℓ · (2ℓ + 1)2ℓℓ!
(ℓ + 1/2)(2ℓ + 1)!

= |Cℓ|2
2(ℓ!2ℓ)2

(2ℓ + 1)!

Cℓ =eiδ

√
(2ℓ + 1)!

2
1

ℓ!2ℓ

Thus, we write

Yℓm−1 =
1√

(ℓ + m)(ℓ − m + 1)
e−iϕ(−∂θ + i cot θ∂ϕ)Yℓm

=
1√

(ℓ + m)(ℓ − m + 1)
(−)(∂θ + m cot θ)ΘℓmΦm−1(ϕ) = Θℓm−1Φm−1(ϕ)

Θℓm−1 = − 1√
(ℓ + m)(ℓ − m + 1)

(∂θ + m cot θ)Θℓm

Here we note that

sin1−m θ
d

d cos θ
(sinm θΘ) = sin1−m θ

(
d cos θ

dθ

)−1
d

dθ
(sinm θΘ) = − sin−m θ(Θm sinm−1 θ cos θ + sinm θ∂θΘ)

= − (Θm cot θ + ∂θΘ)



— Quantum Mechanics 3 : Scattering Theory — 2005 Witer Session, Hatsugai42

which giving,

Θℓm−1 =
1√

(ℓ + m)(ℓ − m + 1)
sin1−m θ

d

d cos θ
(sinm θΘℓm)

Θℓm−2 =
1√

(ℓ + m − 1)(ℓ − m + 2)
sin2−m θ

d

d cos θ
(sinm−1 θΘℓm−1)

=
1√

(ℓ + m)(ℓ + m − 1) · (ℓ − m + 1)(ℓ − m + 2)
sin1−m θ

(
d

d cos θ

)2

(sinm θΘℓm)

Θℓm−k =

√
(ℓ + m − k)!(ℓ − m)!√
(ℓ + m)!(ℓ − m + k)!

sink−m θ

(
d

d cos θ

)k

(sinm θΘℓm)

Letusnowhavem → ℓ, k → ℓ − mso,werewriteintheform

Θℓm =

√
(ℓ + m)!(0)!√
(2ℓ)!(ℓ − m)!

sin−m θ

(
d

d cos θ

)ℓ−m

(sinℓ θΘℓℓ)

=eiδ

√
2ℓ + 1

2
(ℓ + m)!
(ℓ − m)!

1
ℓ!2ℓ

1
sinm θ

(
d

d cos θ

)ℓ−m

(sin2ℓ θ)

Weespeciallyconsiderm = 0toobtai

Θℓ0 =eiδ

√
2ℓ + 1

2
1

ℓ!2ℓ

(
d

d(cos θ)

)ℓ

(sin2ℓ θ) = eiδ(−)ℓ

√
2ℓ + 1

2
1

ℓ!2ℓ

d

d(cos θ)
(cos2 θ − 1)ℓ

=eiδ(−)ℓ

√
2ℓ + 1

2
Pℓ(cos θ)

so, weputeiδ = (−)ℓ

Θℓ0 =

√
2ℓ + 1

2
Pℓ(cos θ)

Θℓm =(−)ℓ

√
2ℓ + 1

2
(ℓ + m)!
(ℓ − m)!

1
ℓ!2ℓ

1
sinm θ

(
d

d cos θ

)ℓ−m

(sin2ℓ θ)

m ≤ 0,

Θℓm =

√
2ℓ + 1

2
(ℓ + m)!
(ℓ − m)!

1
sinm θ

(
d

d cos θ

)−m

Pℓ(cos θ)

=

√
2ℓ + 1

2
(ℓ − |m|)!
(ℓ + |m|)!

sin|m| θ

(
d

d cos θ

)|m|

Pℓ(cos θ)

On the other hand, we have

Yℓm+1 =
1√

(ℓ − m)(ℓ + m + 1)
eiϕ(∂θ + i cot θ∂ϕ)Yℓm

=
1√

(ℓ − m)(ℓ + m + 1)
(∂θ − m cot θ)ΘℓmΦℓm+1

Θℓm+1 =
1√

(ℓ − m)(ℓ + m + 1)
(∂θ − m cot θ)Θℓm
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While we can write using the algebraic functions alone, 44

L⃗2 = r2p⃗2 − r2p2
r, p2

r = −~2(∂2
r +

2

r
∂r)

Thus,
p⃗2

2m
=

1

2m
p2

r +
1

2m

L⃗2

r2

sinm+1 θ
d

d cos θ
(sin−m θΘ) = sinm+1 θ

(
d cos θ

dθ

)−1
d

dθ
(sin−m θΘ) = − sinm θ(−Θm sin−m−1 θ cos θ + sin−m θ∂θΘ)

=(Θm cot θ − ∂θΘ)

which giving,

Θℓm+1 =(−)
1√

(ℓ − m)(ℓ + m + 1)
sinm+1 θ

d

d cos θ
(sin−m θΘℓm)

Θℓm+2 =(−)
1√

(ℓ − m − 1)(ℓ + m + 2)
sinm+2 θ

d

d cos θ
(sin−m−1 θΘℓm+1)

=(−)2
1√

(ℓ − m)(ℓ − m − 1) · (ℓ + m + 1)(ℓ + m + 2)
sinm+2 θ

(
d

d cos θ

)2

(sin−m θΘℓm)

Θℓm+k =(−)k

√
(ℓ − m − k)!(ℓ + m)!√
(ℓ − m)!(ℓ + m + k)!

sinm+k θ

(
d

d cos θ

)k

(sin−m θΘℓm)

Weputm → 0, k → m(m > 0)

Θℓm =(−)m

√
(ℓ − m)!ℓ!√
ℓ!(ℓ + m)!

sinm θ

(
d

d cos θ

)m

Θℓ0

=(−)m

√
2ℓ + 1

2
(ℓ − m)!
(ℓ + m)!

sinm θ

(
d

d cos θ

)m

Pℓ(cos θ)

Now, fromP
|m|
ℓ (cos θ) = sin|m| θ

(
d

d cos θ

)|m|

Pℓ(cos θ)weobtain,

Θℓm =(−1)
m+|m|

2

√
2ℓ + 1

2
(ℓ − |m|)!
(ℓ + |m|)!

P
|m|
ℓ (cos θ)

Withm ≤ 0, wecanwriteΘℓ−m = (−)mΘℓm

44GIven that we have r⃗ · p⃗ = −i~xi∂i = −i~r xi

r ∂i = −i~r ∂xi

∂r ∂i = −i~r∂r ,

L⃗2 = ϵijkϵilmxjpkxlpm = (δjlδkm − δjmδkl)xjpkxlpm

= xjpkxjpk − xjplxlpj = xj(xjpk − i~δjk)pk − xj(xlpl − i~δll)pj

= r2p⃗2 − i~r⃗ · p⃗ − xj(pjxl + i~δlj)pl + 3i~r⃗ · p⃗ = r2p⃗2 − (r⃗ · p⃗)2 + i~r⃗ · p⃗
= r2p⃗2 − r2p2

r

p2
r =

1
r2

{
(r⃗ · p⃗)2 − i~r⃗ · p⃗

}
=

~2

r2

{
− r∂rr∂r − r∂r

}
= −~2(∂2

r +
2
r
∂r)
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Here we suppose Ψ(r⃗) = R(r)Ylm(θ, ϕ), the Schroedinger equation may give{
−

(
d2

dr2
+

2

r

d

dr

)
+

ℓ(ℓ + 1)

r2
+ U(r)

}
Rℓ(r) = k2Rℓ(r)

~2k2

2m
= E,

~2

2m
U(r) = V (r)

Especially in the case where the potential employs the constant V = V0, we define

x = kr, E − V0 = ~2k2

2m
, and write{(
d2

dx2
+

2

x

d

dx

)
+ 1 − ℓ(ℓ + 1)

x2

}
Fℓ(x) = 0

This equation is caled the spherical Bessel equation, and its second-order of the

differntial equation has two independent solutions. 45 General solutions of the

Schroedinger equaiton can be obtained by using those two independent solutions,

and written

Ψ(r⃗) =
∑
ℓm

cℓmRℓ(r)Yℓm(θ, ϕ), E =
~2k2

2m

Here we summarize the requirements for the radial of the wavefunction Rℓ.

• Behavior at origin periphery

Where V (r) has no uniqueness at origin periphery 46

Rℓ(kr)
r⃗→0−→ (kr)ℓ

• Conservation

45Either the pairs of the spherical Bessel function jℓ(x) and the spherical Neumann function
nℓ(x), or the Hankel function of the first kind h

(1)
ℓ (x) and the Hankel function of the second kind

h(2)ℓ(x), can be used as the independent solutions.

Fℓ(x) = Aℓjℓ(x) + Bℓnℓ(x) = Cℓh
(1)
ℓ (x) + Dℓh

(2)
ℓ (x)

and more specifically given

jℓ(x) = (−x)ℓ

(
1
x

d

dx

)ℓ( sinx

x

)
x→0−→ xℓ

(2ℓ + 1)!!

nℓ(x) = −(−x)ℓ

(
1
x

d

dx

)ℓ(cos x

x

)
x→0−→ − (2ℓ − 1)!!

xℓ+1

46Let us suppose Rℓ ∼ rn at the origin periphery, the Schoedinger equation may give {−n(n−
1) − 2n + ℓ(ℓ + 1)}rn−2 ∼ 0. From which, we write

−n2 − n + ℓ2 + ℓ = (ℓ − n)(ℓ + n + 1) = 0

This gives rℓ,and 1
rℓ+1 yat, the probability amplitude is required not to diverge at the origin.
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Especially the case where the potential is the real 47

det

(
rRℓ rR∗

ℓ

(rRℓ)
′ (rR∗

ℓ )
′

)
= 0

This becomes the conserved quantity; independent of the coordinate systems.

(Consider where r → 0)

2.4.2 Phase Shift

We now consider the potential that is resticted to the finite region. In this case,

the region with no potential possesses the free particles, and the wavefunction can

be written 48

Ψ(r⃗) =
∑

ℓ

Aℓ

{
Sℓh

(1)
ℓ (kr) + h

(2)
ℓ (kr)

}
Pℓ(cos θ)

47Suppose we define, R(x) = xnR(x) we can write, R′ = nxn−1R + xnR′, R′′ = n(n −
1)xn−2R + 2nxn−1R′ + xnR′′ which giving

R′′+2x−1R′ = n(n−1)xn−2R+2nxn−1R′+xnR′′+2nxn−2R+2xn−1R′ = xnR′′+2(1+n)xn−1R′+· · ·

If we take R(x) = x−1R(x), there are no first order differntials for the differntial equation of
R so, Wronskians will be invariable when solutions for the differential equation be R1, and R2.
Especially in this case, we consider the Wronskians of R and R∗ for the real potential, giving

det
(

rR rR∗

(rR)′ (rR∗)′

)
This does not depend on the coordinate system

48The point of measurement for the angle of ϕ can be selected at any points, and therefore,
the wavefunction does not depend on ϕ but, depends only on Yℓm=0.
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. Let us first define the amplitude Aℓ of each partial wave as we consider the

asymptotic conditions for the point where infinite distance away. We can write 49

Ψ(r⃗) =
1

(2π)3/2

∞∑
ℓ=0

(2ℓ + 1)

2
iℓ
{
Sℓh

(1)
ℓ (kr) + h

(2)
ℓ (kr)

}
Pℓ(cos θ)

−→
∑

ℓ

1

(2π)3/2

−i(2ℓ + 1)

2

1

kr

{
Sℓe

ikr − (−1)ℓe−ikr
}
Pℓ(cos θ)

49The asymptotic form for a large argument can be written

jℓ(x) x→∞−→ 1
x

sin
(
x − ℓπ

2
)
, nℓ(x) x→∞−→ − 1

x
cos

(
x − ℓπ

2
)

h
(1)
ℓ (x) x→∞−→ (−i)ℓ+1 eix

x
h

(2)
ℓ (x) x→∞−→ (i)ℓ+1 e−ix

x

giving,

Ψ(r⃗) −→
∑

ℓ

Aℓ
(−i)ℓ+1

kr

{
Sℓe

ikr − (−1)ℓe−ikr
}
Pℓ(cos θ)

We expand the scattering amplitude in terms of the complete set f(θ) =
∑∞

ℓ=0 aℓPℓ(cos θ), and
further expand the incident wave in terms of the partial wave as following

eikr cos θ =
∞∑

ℓ=0

(2ℓ + 1)iℓjℓ(kr)Pℓ(cos θ)

jℓ(x) x→∞−→ 1
x

sin
(
x − ℓπ

2
)

=
1

2ix

(
eix−i ℓπ

2 − e−ix+i ℓπ
2

)
=

1
2ix

(
(−i)ℓeix − iℓe−ix

)
From the above, we can express the expansion of the boundary condition at infinity point in
terms of the Partial wave in the followin form

1
(2π)3/2

(
eikr cos θ +

f(θ)
r

eikr

)
=

1
(2π)3/2

1
2ikr

∞∑
ℓ=0

{
(2ℓ + 1)iℓ

(
(−i)ℓeikr − iℓe−ikr

)
+ 2ikaℓe

ikr

}
Pℓ(cos θ)

=
1

(2π)3/2

1
2ikr

∞∑
ℓ=0

(2ℓ + 1)
{(

1 +
2ikaℓ

(2ℓ + 1)
)
eikr − (−)ℓe−ikr

}
Pℓ(cos θ)

Compare the two equqaions from above and write

aℓ =
(2ℓ + 1)

2ik
(Sℓ − 1)

Aℓ
(−i)ℓ+1

kr
=

1
(2π)3/2

(2ℓ + 1)
2ikr

Thus,

Aℓ =
1

(2π)3/2

(2ℓ + 1)
2

iℓ
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We use Sℓ to write the scattering amplitude as

f(θ) =
1

2ik

∞∑
ℓ=0

(2ℓ + 1)(Sℓ − 1)Pℓ(cos θ)

Note that this undefined coefficient Sℓ is called the scattering matrix, which can

be difined by the boundary condition of a region with a presence of the potential.

We precede the rest of our discussion based on that we assume having defined the

coefficient.

Now we apply the conservation law from our earlier discussion to each partial

wave ℓ of the radial part, which corresponds to the conservation law for the number

of the particle, and gives 50

|Sℓ| = 1

Thus,

Sℓ = ei2δℓ , δ: real

Rewrite the asymptotic form as 51

Ψ(r⃗) −→ 1

(2π)3/2

∑
ℓ

(2ℓ + 1)

kr
iℓeiδℓ sin(kr − π

2
ℓ + δℓ)Pℓ(cos θ)

Compare the above with the asymptotic form for no potential,

1

(2π)3/2
eikr cos θ =

1

(2π)3/2

∞∑
ℓ=0

(2ℓ + 1)

kr
iℓ sin(kr − π

2
ℓ)Pℓ(cos θ)

This makes us aware that there is a shift in the phase, and the shift occurred as

much as δℓ. δℓ is called the phase shift.

50

0 = det
(

Sℓe
ikr − (−1)ℓe−ikr S∗

ℓ e−ikr − (−1)ℓeikr

ikSℓe
ikr + ik(−1)ℓe−ikr −ikS∗

ℓ e−ikr − ik(−1)ℓeikr

)
= det

(
Sℓe

ikr − (−1)ℓe−ikr S∗
ℓ e−ikr − (−1)ℓeikr

2ik(−1)ℓe−ikr −2ikS∗
ℓ e−ikr

)
= det

(
Sℓe

ikr − (−1)ℓe−ikr {|Sℓ|2 − 1}(−1)ℓeikr

2ik(−1)ℓe−ikr 0

)
= −2ik{|Sℓ|2 − 1}

51

ei(2δℓ+kr) − ei(πℓ−kr) = ei(δℓ+
π
2 ℓ)(ei(δℓ+kr−π

2 ℓ) − ei(−δℓ+
π
2 ℓ−kr))

= ei(δℓ+
π
2 ℓ)2i sin(kr − π

2
ℓ + δℓ)
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The total scattering cross section satisfies 52

σT =
4π

k
f(0) =

∑
ℓ

4π

k2
(2ℓ + 1) sin2 δℓ

This first equation is called the optical theorem. We understand that when δℓ =

(n + 1
2
)π, n : (integer), the scattering cross section of ℓ becomes the largest, while

the area becomes 0 when δℓ = nπ.

2.4.3 Lograrithmic Differntiation and the Phase Shift

In determining the phase shift more exactly, let us first consider the junction

conditions for the wavefunction within the radius r = a and the wavefunction in

radius part; outside the radius, by each partial wave.

Rin
ℓ (a) = Rout

ℓ (a)

Rin
ℓ

′
(a) = Rout

ℓ
′
(a)

We can write the wavefunction of the outer part as

Rout
ℓ (r) = C(Sℓh

(1)
ℓ (kr) + h

(2)
ℓ (kr))

Since the noemalization factor C is unknown, the condition we can obtain now is

d log Rin
ℓ (r)

dr

∣∣∣∣
r=a

=
d log Rout

ℓ (r)

dr

∣∣∣∣
r=a

= k
Sℓh

(1)
ℓ

′
(ka) + h

(2)
ℓ

′
(ka)

Sℓh
(1)
ℓ (ka) + h

(2)
ℓ (ka)

Here we have

h(1,2)′(ka) =
dh(1,2)(x)

dx

∣∣∣∣
x=ka

from which we write the effects of the potential for the inner part

f in
ℓ =

1

k

d log Rin
ℓ (r)

dr

∣∣∣∣
r=a

52

σT =
∫

dΩ|f(θ)|2 =
1

4k2

∑
ℓ

(2ℓ + 1)2|Sℓ − 1|22π
2

(2ℓ + 1)

=
π

k2

∑
(2ℓ + 1)|Sℓ − 1|2

f(0) =
f(0) − f∗(0)

2i
=

1
2i

1
2ik

∑
(2ℓ + 1)(Sℓ + S∗

ℓ − 2)Pℓ(cos θ)

= − 1
4k

∑
ℓ

(2ℓ + 1)(−1)(1 − Sℓ)(1 − S∗
ℓ ) =

1
4k

∑
ℓ

(2ℓ + 1)|1 − Sℓ|2 =
1
4k

4
∑

ℓ

(2ℓ + 1) sin2 δℓ
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We parametralize the above to write

Sℓ = −h
(2)
ℓ (ka)f in

ℓ − h
(2)
ℓ

′
(ka)

h
(1)
ℓ (ka)f in

ℓ − h
(1)
ℓ

′
(ka)

While we have 53

tan δℓ =
jℓ(ka)f in

ℓ − j′ℓ(ka)

nℓ(ka)f in
ℓ − n′

ℓ(ka)

This indicates that the wavefunction in the outer oart region is defined only by

the logarithmic differntiation of the boundary of the scattering region, and not by

the details of the potential.

The Low Energy Scattering

In the case for the low energy scattering

ka << 1

This gives 54 55

δℓ ∝ (ka)2 ℓ = 0(ka)2ℓ+1 ℓ ≥ 1

Thus, 56

f(θ) =
δ0

k

53

tan δℓ =
1
i

Sℓ − S∗
ℓ

Sℓ + S∗
ℓ + 2

54

tan δℓ → − 1
(2ℓ + 1)!!(2ℓ − 1)!!

(ka)2ℓ+1 f in
ℓ − ℓ/(ka)

f in
ℓ + (ℓ + 1)/(ka)

= − 1
(2ℓ + 1)!!(2ℓ − 1)!!

kaf in
ℓ − ℓ

kaf in
ℓ + ℓ + 1

(ka)2ℓ+1

∝ (ka)2 ℓ = 0(ka)2ℓ+1 ℓ ≥ 1

55This does not apply hor the hard sphere.
56

f(θ) =
1

2ik

∞∑
ℓ=0

(2ℓ + 1)(Sℓ − 1)Pℓ(cos θ)

→ 1
2ik

2iδ0 =
δ0

k
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The Hard Sphere Case

Suppose we have a hard sphere of radius r = a we can assume R(a) = 0 when

r = a, and written

f in
ℓ = ∞

Based on the above, we can write

tan δℓ =
jℓ(ka)

nℓ(ka)

Here in particular, we consider the low energy case where ka << 1, and using the

asymptotic form, which gives 57

tan δℓ = − (ka)2ℓ+1

(2ℓ + 1)!!(2ℓ − 1)!!

2.4.4 Jost Function and the Bound States

The equation for the partial wave of the radius part in terms of

R(r) = rR(r)

can be written as we discussed earlier,

R′′ −
(

U(r) +
ℓ(ℓ + 1)

r2

)
R = −k2R

The first order differential terms are absent in the equation above, and that

the Wronskians for the equation will become the conserved quantity. Now, let us

consider the solutions, which satisfy the three different boundary conditions.

• Solutions in physical term

Require the regularity at the origin to have normalization

R = ψℓ(k, r) → rℓ+1 (r → 0)

This is the solution, which we have been discussing expect for the normal-

ization.

57

jℓ(x) x→0→ xℓ

(2ℓ + 1)!!

nℓ(x) x→0→ − (2ℓ − 1)!!
xℓ+1
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• Jost solution

R = f ℓ
±(k, r) → e±ikr (k > 0, r → ∞)

Here we calculate the Wronskians among these solutions, which giving the con-

served quantity for all. Thus, solution is independent of the coordinate systems
58

W (f ℓ
+(k, r), f ℓ

−(k, r)) = −2ik

Now, let us write down

W (f ℓ
±(k, r), ψℓ(k, r)) = f ℓ

±(k)

in which we call

f ℓ
±(k)

the Jost function.

Given the function is the second order, the solution for the physical terms can

be multiplied by the Jost solution. Whose coefficient can be given by the Jost

function in the form,

ψℓ(k, r) =
−i

2k
{f ℓ

−(k)f ℓ
+(k, r) − f ℓ

+(k)f ℓ
−(k, r)}

Furthermore, we consider the asymptotic form of the solution in the physical

terms, and which bein compared with the definition of the scatterin matrix to give
59

f ℓ
±(k) = (±)ℓf ℓ(k)e∓iδℓ(k)

Note that

Sℓ = (−1)ℓ f
ℓ
−

f ℓ
+

58

W (f ℓ
+(k, r), f ℓ

−(k, r)) = det
(

f+ f−
f ′
+ f ′

−

)
= det

(
eikr e−ikr

ikeikr −ike−ikr

)
= det

(
eikr e−ikr

2ikeikr 0

)
= −2ik

59

ψℓ(k, r) =
−if ℓ

+(k)
2k

(
f ℓ
−

f ℓ
+

eikr − e−ikr

)
(r → ∞)

The definition of the scattering matrix gives

Sℓ = (−1)ℓ f ℓ
−

f ℓ
+

Thus,
f ℓ
±(k) = (±i)ℓf ℓ(k)e∓iδℓ(k)
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We consider carrying out the analytic continuation of the wave number k to

reach the comlex number with the real energy, we have で

k = iκ, κ > 0

Whose physical terms solution can be

ψ(iκ, r) → f ℓ
−(iκ)e−κr − f ℓ

+(iκ)eκr

As long as we have

f ℓ
+(k = iκ) = 0

The solution can be normalized in the whole space thus; the solution represents

the bound state. the above equation also indicates that the

scattering mtrix possesses the polar in the bound state energy.

1

S(k = iκ)
= 0

Since the potential is real, the following symmetric properties are being also

obeyed.

• ψℓ(k, r) = ψℓ(−k, r) = ψℓ∗(k, r)

• f ℓ
+(k, r) = f ℓ

−(−k, r) thus giving f ℓ
+(k) = f ℓ

−(−k)

• f ℓ
+
∗
(k, r) = f ℓ

−(k, r) giving f ℓ
+
∗
(k) = f ℓ

−(k)

In our discussion of carrying the analytic continuations of the Jost function and

the phase shift on the complexplanes, we can observe that

the number of the bound states is defined by the phase shift analysis. This we

call, Levinson’s theorem.

The S-wave Scattering in the Three-dimentional Square Well Potential

Now we consider the function that the wavefunction R = rR satisfies, and

consider especially the case for the s-waves ℓ = 0.

R′′＋ (k2 − U(r))R = 0

For the square well potential we suppose

U(x) =

{
U0 r ≤ a

0 otherwise
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and we define

K2 = k2 − U0

Which gives 60

f in
0 =

1

ka
(Ka cot Ka − 1)

Thus, 61

tan δ0 =
ka cot ka − Ka cot Ka

ka + Ka cot Ka cot ka

Under the low energy ka << 1, we can write 62

tan δ0 = ka
1 − a

√
−U0 cot a

√
−U0

a
√
−U0 cot a

√
−U0

For the hard sphere, we have U0 → ∞, which gives

tan δ0 = −ka

This matches with our first result. Generally speaking, we may expand the equa-

tion above about a
√
−U0 if we have the potential that is very weak. So, we have

60Require the boundary condition

R|r=0 = rR|r=0 = 0

Thus, we write

R = C sinKr
d log R

dr
=

d log(r−1R)
r

= −1
r

+ K
cos Kr

sin Kr

f in
0 =

1
k

d log R

dr

∣∣∣∣
r=a

=
1
ka

(Ka cot Ka − 1)

61

j0(x) =
sinx

x
, j′0(x) =

x cos x − sinx

x2
, n0(x) = −cos x

x
, n′

0(x) =
x sin x + cos x

x2
,

From the above, we let x = ka, and write

tan δ0 =
j0(x)f in

0 − j′0(x)
n0(x)f in

0 − n′
0(x)

=
sin x

x
1
x (Ka cot Ka − 1) − x cos x−sin x

x2

− cos x
x

1
x (Ka cot Ka − 1) − x sin x+cos x

x2

=
sin xKa cot Ka − x cos x

− cos xKa cot Ka − x sinx
=

ka cot ka − Ka cot Ka

ka + Ka cot Ka cot ka

62

Ka
ka→0→ a

√
−U0

tan δ0
ka→0→ ka

1 − a
√
−U0 cot a

√
−U0

a
√
−U0 cot a

√
−U0
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63

tan δ0 → −U0ka3

3
≈ δ0

In other words, the gravity may give δ0 > 0 while the repulsion may give δ0 < 0.

In order to discuss the bound states by the method using the integral equation;

that is inndeed the main focus of our present section, recall that we define k, which

is defined by E = ~2k2

2m
in E < 0 to be as k を k → iκ, (κ > 0):

R ≈ Sℓh
(1)(kr) + h(2)(kr) = Sℓh

(1)
0 (iκr) + h

(2)
0 (iκr)

h
(1)
0 (iκr) = j0(iκr) + in0(iκr) =

e−κr

iκr
, h

(2)
0 (iκr) = j0(iκr) − in0(iκr) =

eκr

iκr
,

This clearly tells that we need

Sℓ → ∞

for the wavefunctions that are not being normalized. We ensured that the energy

in the bound state indeed gives the polar of the scattering matrix. In our specific

case, we have 64

tan δ0 + i = 0

3 Time-dependent Scattering Theory

3.1 Lippmann-Schwinger Equation

In this section we aim to understand the scatering theory in the time-dependent

forms, which contrasting with the scattering in the stationary states from our ealier

discussions. The Schroedinger equation can be written

i~
∂

∂t
|Ψ(t)⟩S =H|Ψ(t)⟩S

H =H0 + V

63

cot x =
1
x
− 1

3
x · · ·

Thus,

tan δ0 → ka
1
3
(a

√
−U0)2 = −U0ka3

3

64

S0 =
eiδ0

e−iδ0
=

cot δ0 + i

cot δ0 − i



— Quantum Mechanics 3 : Scattering Theory — 2005 Witer Session, Hatsugai55

To be careful with the formal solution at V = 0, and we write

|Ψ(t)⟩S =e−iH0t/~|Ψ(t)⟩

This gives, (|Ψ(t)⟩ is called the interaction representation) 65

i~
∂

∂t
|Ψ(t)⟩ =V (t)|Ψ(t)⟩

V (t) =eiH0t/~V e−iH0t/~

Given that we write

|Ψ(t)⟩ =U+(t)|Ψ(−∞)⟩

Thus, 66

U+(t) =1 +
1

i~

∫ t

−∞
dτ V (τ)U+(τ)

Especially in our case, we let

|Ψ(+∞)⟩ =S|Ψ(−∞)⟩

be given, and have S = U+(+∞) thus,

S =1 +
1

i~

∫ ∞

−∞
dτ V (τ)U+(τ)

65

i~
∂

∂t
|Ψ(t)⟩S =H0e

−iH0t/~|Ψ(t)⟩ + e−iH0t/~i~
∂

∂t
|Ψ(t)⟩ = (H0 + V )e−iH0t/~|Ψ(t)⟩

i~
∂

∂t
|Ψ(t)⟩ =eiH0t/~V e−iH0t/~|Ψ(t)⟩

i~
∂

∂t
|Ψ(t)⟩ =V (t)|Ψ(t)⟩

V (t) =eiH0t/~V e−iH0t/~

66

i~
∂

∂t
U+(t) =V (t)U+(t)

U+(−∞) =1

In the integral form we have

U+(t) =1 +
1
i~

∫ t

−∞
dτ V (τ)U+(τ)
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We now consider a case where the interactoin vanishes adiabatically at t → ±∞
to have H → H0. For that we suppose

V (t) →V (t)e−0|t|/~ = V ϵ(t)

Under such condition, we take the eigenstate |Φi⟩ = 1√
(2π)3

eiki·r for H0 for the

initial state. 67 68 Which we write

|Ψ(−∞)⟩ =|Φi⟩
H0|Φi⟩ =Ei|Φi⟩
⟨Φi|Φj⟩ =1ij = δ(ki − kj)

We write the transition probability Wji at t : −∞ → +∞ as

Wji =|⟨Φj|SΦi⟩|2 = |Sji|2

Here we define

T =S − 1

which gives

i ̸= j, Wji = |Tji|2

Tji =
1

i~

∫ ∞

−∞
dτ ⟨Φj|V ϵ(τ)U ϵ

+(τ)|Φi⟩

=
1

i~

∫ ∞

−∞
dτ eiEjτ/~⟨Φj|V e−iH0τ/~e−0|τ |/~U+(τ)|Φi⟩

Thus, we can write

|Ψ(+)
i (E)⟩ =

∫ ∞

−∞
dτ ei(E−H0)τ/~e−0|τ |/~U+(τ)|Φi⟩

This equation yields,

Tji =
1

i~
⟨Φj|V |Ψ(+)

i (Ej)⟩

67The wavefunction for the interaction representation at V = 0 will be the wavefunction for
the stationary states.

68

⟨Φi|Φj⟩ =
1

(2π)3

∫
dr e−i(ki−kj)·r = 1ij = δ(ki − kj)
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The integral equation for U+ gives 69 70

69

|Ψ(+)
i (E)⟩ =

∫ ∞

−∞
dτ ei(E−H0)τ/~e−0|τ |/~|Φi⟩

+
1
i~

∫ ∞

−∞
dτ ei(E−H0)τ/~e−0|τ |/~

( ∫ τ

−∞
dτ ′ V ϵ(τ ′)U ϵ

+(τ ′)
)
|Φi⟩

=
∫ ∞

−∞
dτ ei(E−H0)τ/~e−0|τ |/~|Φi⟩

+
1
i~

∫ ∞

−∞
dτ ′

∫ ∞

τ ′
dτ ei(E−H0)τ/~e−0|τ |/~V ϵ(τ ′)U ϵ

+(τ ′)|Φi⟩

=
∫ ∞

−∞
dτ ei(E−H0)τ/~e−0|τ |/~|Φi⟩

+
1
i~

∫ ∞

−∞
dτ ′

∫ ∞

τ ′
dτ ei(E−H0)τ/~e−0|τ |/~e−0|τ ′|/~eiH0τ ′/~V e−iH0τ ′/~U ϵ

+(τ ′)|Φi⟩

=
∫ ∞

−∞
dτ ei(E−H0)τ/~e−0|τ |/~|Φi⟩

+
1
i~

∫ ∞

−∞
dτ ′e−0|τ ′|/~

∫ ∞

τ ′
dτe−0|τ |/~ ei(E−H0)τ/~eiH0τ ′/~V e−iH0τ ′/~U ϵ

+(τ ′)|Φi⟩

=
∫ ∞

−∞
dτ ei(E−H0)τ/~e−0|τ |/~|Φi⟩

+
1
i~

∫ ∞

−∞
dτ ′e−0|τ ′|/~

∫ ∞

τ ′
dτe−0|τ |/~ ei(E−H0)(τ−τ ′)/~V ei(E−H0)τ

′/~U ϵ
+(τ ′)|Φi⟩

=
∫ ∞

−∞
dτ ei(E−H0)τ/~e−0|τ |/~|Φi⟩

+
1
i~

∫ ∞

−∞
dτ ′e−0|τ ′|/~

∫ ∞

0

dτe−0|τ |/~ ei(E−H0)τ/~V ei(E−H0)τ
′/~U ϵ

+(τ ′)|Φi⟩

=
∫ ∞

−∞
dτ ei(E−H0)τ/~e−0|τ |/~|Φi⟩

+
1
i~

∫ ∞

0

dτe−0|τ |/~ ei(E−H0)τ/~V

∫ ∞

−∞
dτ ′e−0|τ ′|/~ ei(E−H0)τ

′/~U ϵ
+(τ ′)|Φi⟩

=
∫ ∞

−∞
dτ ei(E−H0)τ/~e−0|τ |/~|Φi⟩

+
1
i~

∫ ∞

0

dτe−0τ/~ ei(E−H0)τ/~V |Ψ(+)
i (E)⟩

70Recall the definition of the delta function

1
x ± i0

=P
1
x
∓ iπδ(x)

δ(x) = − 1
2πi

(
1

x + i0
− 1

x − i0

)
=

1
π

Im
1

x − i0



— Quantum Mechanics 3 : Scattering Theory — 2005 Witer Session, Hatsugai58

|Ψ(+)
i (E)⟩ =

∫ ∞

−∞
dτ ei(E−Ei)τ/~e−0|τ |/~|Φi⟩

+
1

i~

∫ ∞

0

dτe−0τ/~ ei(E−H0)τ/~V |Ψ(+)
i (E)⟩

=2π~δ(E − Ei)|Φi⟩ +
1

E + i0 − H0

V |Ψ(+)
i (E)⟩

We can write the eqution above in the form

|Ψ(+)
i (E)⟩ =2π~δ(E − Ei)|Ψ(+)

i ⟩ (∗)

This enables us to derive the Lippmann-Schwinger equation

|Ψ(+)
i ⟩ =|Φi⟩ +

1

E + i0 − H0

V |Ψ(+)
i ⟩

Note that (∗) is 71

e−iH0t/~U+(t)|Φi⟩ =e−iEit/~|Ψ(+)
i ⟩

The left-hand side of the equation above represents the wavefunction for the

Schroedinger representation, while we regard |Ψ(+)
i ⟩ as the wavefunction for the

stationary states. 72

∫ ∞

0

dτ e−0 τ/~+i(E−H0)τ/~ =
∫ ∞

0

dτ ei(E+i0−H0)τ/~ = −~
i

1
E + i0 − H0

= −~
i

(
P

1
E − H0

− iπδ(E − H0)
)

71

|Ψ(+)
i (E)⟩ =

∫ ∞

−∞
dτ ei(E−H0)τ/~U+(τ)|Φi⟩

=
∫ ∞

−∞
dτ ei(E−Ei)τ/~|Ψ(+)

i ⟩

e−iH0τ/~U+(τ)|Φi⟩ =e−iEiτ/~|Ψ(+)
i ⟩

72The relationship between the state vector |Ψ(t)⟩ in the interaction representation and the
state vector |Ψ(t)⟩S in the Schroedinger representation gives

e−iH0t/~U+(t)|Φi⟩ =e−iH0t/~|Ψi(t)⟩ = |Ψi(t)⟩S = e−iEit/~|Ψ(+)
i ⟩

In our last discussion, we let |Ψi(t)⟩ prossess the same energy Ei of |Φi⟩. Precisely, we consider
the system in the box with the length of each ede to be L. The interaction is adiabactically
applied slower than the energy resolution occurring the same time. We assume the interaction
to take the limit of L → ∞ knowing that the interaction may give the energy hift of about 1/L3

from the fact that the potential is much local.
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3.2 Optical Theory

We further write 73

Tji ≡− 2πiδ(Ei − Ej)T jitogive

T ji =⟨Φj|V |Ψ(+)
i ⟩

The scattering probability for i → j per unit of time can be written 74

wji =
2π

~
δ(Ei − Ej)|T ji|2

If the equation above is approximated by |Ψ(+)
i ⟩ ≈ |Φi⟩, which will be called the

Fermi’s golden rule.

We write the Green’s function first;

G+
0 =

1

E + i0 − H0

G+ =
1

E + i0 − H
=

1

E + i0 − H0 − V
= [(G+

0 )−1 − V ]−1 = [(1 − V G+
0 )G+

0
−1

]−1

=G+
0 (1 − V G+

0 )−1 = G+
0 + G+

0 (V G+
0 ) + G+

0 (V G+
0 )2 + · · ·

=G+
0 + (G+

0 V )G+
0 + (G+

0 V )2G+
0 + · · · = (1 − G+

0 V )−1G+
0

73

|Ψ(+)
i (E)⟩ =2π~δ(E − Ei)|Ψ(+)

i ⟩

Tji =
1
i~

⟨Φi|V |Ψ(+)
i (Ej)⟩

= − 2πiδ(Ej − Ei)T jigives

T ji =⟨Φj |V |Ψ(+)
i ⟩

74

Wji =4π2
(
δ(Ei − Ej)

)2|T ji|2

=4π2δ(Ei − Ej)|T ji|2(
1

2π~
)
∫ ∞

−∞
dτ ei(Ei−Ej)τ/~

=
2π

~
δ(Ei − Ej)|T ji|2

∫ ∞

−∞
dτ 1

wji =
Wji∫ ∞

−∞ dτ 1
=

2π

~
δ(Ei − Ej)|T ji|2
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Here we rewrite the Lippmann-Schwinger equation:

|Ψ(+)
i ⟩ =|Φi⟩ + G

(+)
0,i V |Ψ(+)

i ⟩ = (1 + G+
0,iV + (G+

0,iV )2 + · · · )|Φi⟩ = (1 + G+
i V )|Φi⟩,

G+
0,i = G+

0 (Ei), G+
i = G+(Ei)

V |Ψ(+)
i ⟩ =V (1 + G+

i V )|Φi⟩ ≡ T (Ei)|Φi⟩
T (E) =V (1 + G+(E)V )

|Ψ(+)
i ⟩ =

(
1 + G+

0 (Ei)T (Ei)
)
|Φi⟩

Since |Ψ(+)
i ⟩ and |Φi⟩ are linked by a unitary transformation, we can write

⟨Ψ(+)
j |Ψ(+)

i ⟩ =⟨Φj|Φi⟩

While we can write

T ji =⟨Φj|V |Ψ(+)
i ⟩ = ⟨Φj|Ti|Φi⟩

which yields to

⟨Ψ(+)
j |Ψ(+)

i ⟩ =⟨Φj|Φi⟩ + ⟨Φj|G+
0iTi|Φi⟩ + ⟨Φj|T ∗

j G+∗
0,j |Φi⟩ + ⟨Φj|T ∗

j G+∗
0,jG

+
0,iTi|Φi⟩

Thus, 75

−Im T ii =π
∑

k

δ(Ei − Ek)|T ik|2

75

0 =
1

Ei − Ej + i0
⟨Φj |Ti|Φi⟩ +

1
Ej − Ei − i0

⟨Φj |T ∗
j |Φi⟩

+
∑

k

⟨Φj |T ∗
j G+∗

0,j |Φk⟩⟨Φk|G+
0,iTi|Φi⟩

=
1

Ei − Ej + i0
⟨Φj |Ti|Φi⟩ +

1
Ej − Ei − i0

⟨Φj |T ∗
j |Φi⟩

+
∑

k

1
Ej − Ek − i0

1
Ei − Ek + i0

⟨Φj |T ∗
j |Φk⟩⟨Φk|Ti|Φi⟩

=
(

P
1

Ei − Ej
− iπδ(Ei − Ej)

)
(T ji − T ∗

ij)

+
1

Ej − Ei − i0

∑
k

(
1

Ei − Ek + i0
− 1

Ej − Ek − i0

)
T ∗

kjT ki

=
(

P
1

Ei − Ej
− iπδ(Ei − Ej)

)
(T ji − T ∗

ij)

+
1

Ej − Ei − i0

∑
k

(
P

1
Ei − Ek

− P
1

Ej − Ek
− iπ

(
δ(Ei − Ek) + δ(Ej − Ek)

))
T ∗

kjT ki

=
(

P
1

Ei − Ej
− iπδ(Ei − Ej)

)
(T ji − T ∗

ij)

−
(

P
1

Ei − Ej
− iπδ(Ei − Ej)

) ∑
k

(
P

1
Ei − Ek

− P
1

Ej − Ek
− iπ

(
δ(Ei − Ek) + δ(Ej − Ek)

))
T ∗

kjT ki
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This equation in fact is equivalent to S†S = 1. 76

The optical theorem written below takes the same value as the equation above.
77

Im f(0) =
ki

4π

∫
dΩk|f(θk)|2

Thus,

(T ji − T ∗
ij) =

∑
k

(
P

1
Ei − Ek

− P
1

Ej − Ek
− iπ

(
δ(Ei − Ek) + δ(Ej − Ek)

))
T ∗

kjT ki

Let us have i = j, and we obtain

2iIm T ji =
∑

k

−2iπδ(Ei − Ek)|T ki|2

76

(1 + T †)(1 + T ) =1

−(T + T †) =T †T

2πiδ(Ei − Ej)(T ij − T †
ij) = − (2πi)2

∑
k

δ(Ei − Ek)δ(Ek − Ej)T
†
ikT kj

2πiδ(Ei − Ej)(T ij − T ∗
ji) =4π2δ(Ei − Ej)

∑
k

δ(Ei − Ek)T ∗
kiT kj

wherei = j, weobtain − Im T ii =π
∑

k

δ(Ei − Ek)|T ik|2

77

∑
k

δ(Ei − Ek) =
∫

dk k2
kδ(

~2

2m
(k2

i − k2
k))

∫
dΩk

=
2m

~2

∫
dk k2

k

1
2kk

δ(ki − kk)
∫

dΩk

f(θij) = − 2m

~2

(2π)3

4π
T ij

Im f(0) =π
2m

~2

∫
dkk

1
2kk

δ(ki − kk)k2
k

~2

2m

4π

(2π)3

∫
dΩk|f(θk)|2

=
ki

4π

∫
dΩk|f(θk)|2
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PartII

Relativistic Quantum Mechanics

In order to discuss the spin of an electron, the effect arising from relativity must

be fully considered. In the following series of sections we sill discuss this important

theory of relativity.

4 Special Relativity (Classical Theory)

First, we begin by reviewing the classical relativity theory. We use the following

notation:

xµ = (x0, x1, x2, x3 = (ct, x, y, z)

We write the metric tensors (will be discussed later) in special relativity

gµν = gνµ = diag (1,−1,−1,−1)

gµν = gνµ = (gµν)
−1 = diag (1,−1,−1,−1)

gµνg
νρ = δµ

ρ

The indices can be raised and lowered as below:

aµ = gµνa
ν

This yields

gµ
ν = gµλgλν = δµ

ν

More generally, we can express in the notation

a0 = a0, a1 = −a1, a= − a2, a3 = −a3

Which gives

aµb
µ = a0b0 − a⃗ · b⃗ = a0b0 − a⃗ · b⃗

For

∂µ =
∂

∂xµ
=

(
1

c

∂

∂t
,

∂

∂x
,

∂

∂y
,

∂

∂z

)
we can write

∂µ∂
µ =

1

c2

∂2

∂t2
− ∆ = −2
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4.1 Lorentz Transformation

We call the Lorentz transformation for the real linear transformations (coor-

dinate transformations) that conserve the norm |x|2 = gµνx
µxν . (We denote the

coordinates of the fixed points in space time, which we measured by another frame

to be xµ, x′µ′
.)

x′µ′
= Ωµ′

νx
ν

(Ωµ′
ν)

∗
= Ωµ′

ν

|x′|2 = |x|2

g′
µ′ν′x′µ′

x′ν′
= gµνx

µxν

g′
µν = gµν = diag (1,−1,−1,−1)

From which, we can derive the conditions below. 78 79 80

gλκ = g′
µ′ν′Ωµ′

λΩ
ν′

κ

δρ
κ = gρ

κ = Ωµ′ρΩµ′κ = (Ωµ′
ρΩµ′

κ)

78

gµνgνλ =δλ
µ

=gλ
µ

79

x′µ′

= Ωµ′

νxν

(Ωµ′

ν)
∗

= Ωµ′

ν

g′µ′ν′x′µ′

x′ν′

= g′µ′ν′Ωµ′

λxλΩν′

κxκ = gλκxλxκgives

gλκ = g′µ′ν′Ωµ′

λΩν′

κ

Thus, δρ
κ = gρλgλκ

= gρλg′µ′ν′Ωµ′

λΩν′

κ

= Ωµ′ρΩµ′κ

80For the arbitrary quantities X,Y , we write

XµYµ =XκgκµY λgλµ = XκY λgκ
λ = XκY κ
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The inverse transformation can be written 81

x′µΩµ
κ = xκ

The following relation is also valid: 82

ΩνκΩ
ρκ = δρ

ν

= Ων
κΩρ

κ = gρ
ν

All together, we can express 83

(Ω−1)µ
ν =(Ω)ν

µ

(Ω−1)µ
ν

=Ων
µ

(Ω−1)µν =Ωνµ

(Ω)µν ≡Ωµνとして

Ω̃Ω = ΩΩ̃ =I

81

x′µgµρ = gρµΩµ
νxν = Ωρνxν

x′µgµρΩρκ = ΩρκΩρνxν

x′µΩµ
κ = δκ

ν xν = xκ

82

gρκxρxκ = gρκx′νΩν
ρx′µΩµ

κ = gνµx′νx′µ

gρκΩν
ρΩµ

κ = ΩνκΩµ
κ = gνµ

ΩνκΩρκ = gνµgµρ = δρ
ν

83Let us put

(Ω−1)µ
ν =(Ω)ν

µ

This gives

(Ω−1)µ
νΩν

κ =(Ω)ν
µΩν

κ = δµ
κ

Ωµ
ν(Ω−1)ν

κ =Ωµ
νΩκ

ν = δµ
κ

and furthuer we can write

(Ω−1)µ
ν

=((Ω−1)−1)ν
µ = Ων

µ
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The Example pf the Lorentz Transformation

• Rotation phi around z− axis


ct′0

x′

y′

z′

 =


1 0 0 0

0 cos ϕ sin ϕ 0

0 − sin ϕ cos ϕ 0

0 0 0 1




ct0

x

y

z


• Special Lorentz transformation with velocity v = c tanh ϕ in direction of x−

axis: 84


ct′

x′

y′

z′

 =


cosh ϕ − sinh ϕ 0 0

− sinh ϕ cosh ϕ 0 0

0 0 1 0

0 0 0 1




ct

x

y

z



Tensor

Under the coordinate transformation x → x′ , the physical quantity O(P ) in

space time p, which follows the transformations described below are called in each

name below. (A point in space time P ({xµ}) defined by a coordinate system is

{xµ}, while it is defined as P ({x′µ}) by another coordinate system of ′. This gives

the functional relationship x′µ = x′µ({xν}).)

∂x′µ′

∂xν
≡xµ′

,ν = Ωµ′
ν

∂xν

∂x′µ′ ≡xν
,µ′ = Ωµ′

ν

xµ′

,ν xν
,κ′ =

∂x′µ′

∂xν

∂xν

∂x′κ′ = δµ′
κ′

xµ
,ν′x

ν′

,κ =
∂xµ

∂x′ν′
∂x′ν′

∂xκ
= δµ

κ

84FOr this we let x = 0 and write

t′ = t cosh ϕ, x′ = −ct sinhϕ

x′

t′
= −c tanhϕ

This above implies that the system x′ is i uniform motion with the velocity −c tanhϕ to the
system x
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• Scalar

T ′ = T

• Contravariant vector

T ′µ′
=

∂x′µ′

∂xν
T ν = xµ′

,ν T ν = Ωµ′
νT

ν

• Covariant vector

T ′
µ =

∂xν

∂x′µ Tν = Ωµ
νTν

• Contravariant of the 1st order and the 2nd order (examples)

T ′µ1
κ1κ2 =

∂x′µ1

∂xν1

∂xρ1

∂x′κ1

∂xρ2

∂x′κ2
T ν1

ρ1ρ2 = Ωµ1
ν1Ωκ1

ρ1Ωκ2

ρ2T ′ν1
ρ1ρ2

• The contraction AµBµ , for example, of the contravariant vector and covari-

ant vector is the scalar. 85

• What contracts with the contravariant vector to become a scalar is called

the covariant vector.

• The second order covariant tensor is gµν .
86

85

A′µB′
µ = Ωµ

νAνΩµ
κBκ = Ωµ

νΩµ
κAνBκ = gµρΩρνgµηΩηκAνBκ = ΩρνΩρκAνBκ = AνBν

86

ds′
2 = g′µνdx′µdx′ν = g′µν

∂x′µ

∂xρ
dxρ ∂x′ν

∂xκ
dxκ

ds2 = gρκdxρdxκ

giving ds = ds′ thus,

g′µν

∂x′µ

∂xρ

∂x′ν

∂xκ
= gρκ

g′µν =
∂xρ

∂x′µ
∂xκ

∂x′ν gρκ



— Quantum Mechanics 3: Relativistic Quantum Mechanics — 2005 Winter Session, Hatsugai67

4.2 Effects of Free Particles

The action integral is defined as:

S = −mc

∫ b

a

ds =

∫ tb

ta

Ldt

ds2 = gµνdxµdxν

L = −mc

√
gµν

dxµ

dt

dxν

dt
= −mc2

√
1 − v⃗ 2

c2
, v⃗ =

dr⃗

dt
= ˙⃗r

The Lorentz transformations x′µ = Ωµ
νx

ν gives ( g′ = g ) , and the line element

stays invariant ds = ds′. This fact implies that the action is being interpreted as

Lorentz invariant.

In the non-relativity limit:

L → −mc2(1 − 1

2

v2

c2
) = −mc2 +

1

2
mv2

where the kinetic energy is indeed being given, while excluding the constant values

in the limit. The momentum can be written

p⃗ =
∂L

∂ ˙⃗r
=

∂L

∂v⃗
=

mv⃗√
1 − v⃗ 2

c2

≡ Mv⃗

M =
m√

1 − v⃗ 2

c2

and let M be the relative mass. The Hamiltonian H and the energy E can be

defined as:

H = E = p⃗ · ˙⃗r − L = p⃗ · v⃗ − L

=
mv2√
1 − v⃗ 2

c2

+ mc2

√
1 − v⃗ 2

c2
=

mc2√
1 − v⃗ 2

c2

= Mc2

Therefore, in the non-relativity limit, we have

E → mc2(1 +
1

2

v2

c2
) = mc2 +

1

2
mv2

which naturally gives the rest energy mc2 . The following relations can be derived
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between the energy and the momentum: 87

cp⃗ =
v⃗

c
E

H = E = c
√

p2 + m2c2

Especially where super-relativistic v ≈ c, 88 the relation with E ≈ cp particularly

with light can be

E = cp

The canonical equation can be written 89

˙⃗r = v⃗ =
∂H

∂p⃗
=

c2p⃗

E

˙⃗p = −∂H

∂r⃗
= 0

which giving p⃗ = Ev⃗
c2

= Mv⃗ by the first equation, we may make a substitution into

the second equation to write

˙⃗p =
d(Mv⃗)

dt
=

d

dt

mv⃗√
1 − v2

c2

= 0

87We can use

p⃗ = v⃗
E

c2

to cancel v from the energy equation such that

E2(1 − v2

c2
) = m2c4

E2(1 − c2 p2

E2
) = m2c4

E2 = m2c4 + c2p2

88

p2

E
≈ m√

1 − v⃗ 2

c2

=
E

c2

E ≈ cp

89

˙⃗r =v⃗ =
∂H

∂p⃗
= c

2p⃗

2
√

p2 + m2c2
=

c2p⃗

E
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This in fact is an equation of motion.

To discuss the Lorentz invariance in more explicit form, we can use the variation

principle to write the differential of the curve’s parameter τ with ′ . Rewrite the

action of the curve with common parameter τ , and write the Lagrangian of the

common parameter as L (S =

∫ τb

τa

Ldτ ). 90 Thus,

δL

δxµ
=

∂L

∂xµ
− d

dτ

∂L

∂xµ′ = −mc
d

dτ

(
gµνx

ν ′√
gρκxρ′xκ′

)
= 0

We take parameter τ as ds = cdτ ,( xµ′xµ
′ = c2) that gives (proper time) 91 92

d2xκ

dτ 2
= 0

From this, we can now consider the free-particle. If we have τ = t, the relational

expression for the components of µ = 0 can be written 93

d

dt

mc2√
1 − v2

c2

= dE
dt

= 0

indicating that the energy is being conserved. The conservation of momentum can

90

L = −mc

√
gµν

dxµ

dτ

dxν

dτ
= −mc

√
gµνxµ′xν ′

δL

δxµ
=

∂L

∂xµ
− d

dτ

∂L

∂xµ′ = −mc
d

dτ

(
gµνxν ′

√
)

= 0

91Let parameter τ be ds = cdτ ,( xµ′xµ
′ = c2 ) and write

s =
∫ s

sa

ds =
∫ τ

τa

√
gµν

dxµ

dτ

dxν

dτ
dτ =

∫ τ

τa

√
xµ′xν

′dτ

ds =
√

xµ′xν
′dτ = cdτ

xµ′xν
′ =c2

92

gκµ δL

δxµ
= = −mcgκµ d

dτ
gµνxν ′ = −mcδκ

ν
d2xν

dτ2
= −mc

d2xκ

dτ2
= 0

93

d

dt

c

c
√

1 − v2

c2

=0



— Quantum Mechanics 3: Relativistic Quantum Mechanics — 2005 Winter Session, Hatsugai70

be given by µ = i = 1, 2, 3: 94

d

dt

mc ˙⃗r√
1 − v2

c2

= 0⃗

When we let four-momentum be pµ =
∂L

∂ẋµ
as we will cover it in our next section,

we have 95

p0 = −Mc = −E

c

pi = px,y,z =

(
m ˙⃗r√
1 − v2

c2

)
i

which giving the covariance of vectors for the Lorentz transform.

4.3 Particle Motion in Electromagnetic Field (Lagrange

Formulation)

Let us describe below as the action integral:

S = S0 + Sel

S0 = −mc

∫ b

a

ds = −mc

∫ τb

τa

dτ
√

gµνxµ′xν ′ =

∫ tb

ta

dt L0

L0 = −mc
√

gµν ẋµẋν

Sel = −e

∫
Aµdxµ = −e

∫ τb

τa

Aκx
κ′dτ =

∫ tb

ta

dt Lel

Lel = −eAµ
dxµ

dt
= −eϕ + e ˙⃗r · A⃗

94

d

dt

−ẋµ

c
√

1 − v2

c2

=0

95

pµ = −mc
gµν ẋν√
gµν ẋµẋν

p0 = −mc
c

c
√

1 − v2

c2

= −Mc = −E

c

pi = px,y,z = −mc
−ẋi

c
√

1 − v2

c2

=
(

m ˙⃗r√
1 − v2

c2

)
i
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The four-vector potential can be written

A0 = A0 =
1

c
ϕ

Ai = −Ai, A1 = Ax, A
2 = Ay, A

3 = Az

Where ẋµ =
dxµ

dt
is the four-velocity.

Note that the Lorentz invariance of this action is obeyed by the covariant vector

Aµ. The covariance of Aµ is obeyed by the observation given by the Maxwell ’s
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equation as well as by the conservation of the electric charge. 96

In those actions, we use the variation principle in which the equation of motion

96The covariance of Aµ is obeyed by the observation because of the Maxwell ’s equation and
the conservation of the electric charge. From our later discussion, the Maxwell ’s equation can
be defined by B⃗ = div A⃗, E⃗ = −∂A⃗

∂t − ∇⃗ϕ , which are equivalent to the two equations below:

2A⃗ = ∆A⃗ − 1
c2

∂2A⃗

∂t2
= ∇⃗(div A⃗ +

1
c2

∂ϕ

∂t
) − µ0j⃗

∆ϕ = − ∂

∂t
div A⃗ − ρ

ϵ0

Under a condition called the Lorentz (gauge) condition

div A⃗ +
1
c2

∂ϕ

∂t
=

∂Aµ

∂xµ
= ∂µAµ = 0

The two equivalent equations we described above can be written

2A⃗ = −µ0j⃗

2ϕ = −c2µ0ρ

Here we let the four-current jµ be

j0 = cρ, j1 = jx, j2 = jy, j3 = jz

which giving the Maxwell ’s equation

2Aµ = −µ0j
µ

.
For the conservation of electric charge

0 = div j⃗ +
∂ρ

∂t
= ∂µjµ

which is (experimentally) understood to be the Lorentz invariant. This gives the contravariant
vector jµ and Aµ. Note that the Lorentz condition ∂µAµ = 0 in fact expresses the relation for
the scalar, and remains invariant to the Lorentz transformation,

2∂µAµ = −µ0∂µjµ = 0

This is compatible with the field equation. Now, the gauge transformation

A⃗ → ⃗̄A = A⃗ + ∇⃗χ

ϕ → ϕ̄ = ϕ − ∂χ

∂t

can be written

Aµ → Āµ = Aµ + ∂µχ

To write E⃗, B⃗ in four-form, we let the second order covariant tensor be

fµν ≡ ∂µAν − ∂νAµ = −fνµ
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We may write down

f01 = ∂0A1 − ∂1A0 = −1
c

∂Ax

∂t
− 1

c

∂ϕ

∂x
=

1
c
Ex

f02 =
1
c
Ey

f03 =
1
c
Ez

f12 = ∂1A2 − ∂2A1 = −∂Ay

∂x
+

∂Ax

∂y
= −Bz

f13 = ∂1A3 − ∂3A1 = −∂Az

∂x
+

∂Ax

∂z
= By

f23 = ∂2A3 − ∂3A2 = −∂Az

∂y
+

∂Ay

∂z
= −Bx

Organize the above and rewrite

fµν =


0 Ex

c
Ey

c
Ez

c

−Ex

c 0 −Bz By

−Ey

c Bz 0 −Bx

−Ez

c −By Bx 0


These indeed stay invariant under gauge transformation:

f̄µν = ∂µĀν − ∂νĀµ

= ∂µ(Aν + ∂νχ) − ∂ν(Aµ + ∂µχ) = fµν
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97 takes the proper-time parameter. In the Lorentz invariant form, we can write

m
d2xρ

dτ 2
= −e

dxν

dτ
f νρ

fµν = ∂µAν − ∂νAµ =


0 Ex

c

Ey

c
Ez

c

−Ex

c
0 −Bz By

−Ey

c
Bz 0 −Bx

−Ez

c
0 Bx 0


Rewrite the above as

m
d2xρ

dτ 2
= F ρ

F ρ = −e
dxν

dτ
f νρ

We call F ρ the four-force. This equation of motion embodies the all four forces

97

δL0

δxµ
= mc

d

dτ

(
gµνxν ′√
gαβxα′xβ ′

)
δLel

δxµ
= −e

(
∂µ(Aκxκ′) − dAµ

dτ

)
= −e

(
∂µ(Aκxκ′) − xν ′∂νAµ

)
= −e

(
xκ′∂µAκ − xν ′∂νAµ

)
= −e(∂µAν − ∂νAµ)xν ′ = −fµνxν ′ = fνµxν ′

In which we take proper-time parameter, and written

mgµν
d2xν

dτ2
+ e

dxν

dτ
fνµ = 0

mgρµgµν
d2xν

dτ2
= −egρµ dxν

dτ
fνµ

m
d2xρ

dτ2
= −e

dxν

dτ
fν

ρ = −e
dxν

dτ
fνρ

We define τ = t, so that

m
d

dt

gµν ẋν√
1 − v2

c2

= eẋκfµκ

dπµ

dt
= eẋκfµκ, (πµtakesthetimetforthecommonparameterτ ; thatiswhenτ = t)

πµ = m
gµν ẋν√
1 − v2

c2

= Mgµν ẋν = Mẋµ

πµπµ =
m2ẋµẋµ

1 − v2

c2

=
m2(c2 − v2)

1 − v2

c2

= m2c2
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that are not independent but has a linear relation among them: 98

uµF
ν = 0

uµ =
dxµ

dτ

Where uµ is the four-velocity, we can write

uµuµ = c2

uµ = (c
dt

dτ
, v⃗

dt

dτ
)

99

With time t, this equation of motion can be written 100

dπµ

dt
= eẋκfµκ

πµ = m
gµν ẋ

ν√
1 − v2

c2

= Mẋµ = muµ

πµπ
µ = m2c2

98

dxµ

dτ
Fµ = −e

dxµ

dτ

dxκ

dτ
fκµ = 0; antisymmetricof fκµ

99We can rewrite

u0 = c
dt

dτ

ui =
dxi

dτ

√( dt

dτ

)2 − 1
c2

( dt

dτ
˙⃗r
)2 = 1

dt

√
1 − v2

c2
= dτ

Mẋµ =
m√

1 − v2

c2

ẋµ =
m√

1 − v2

c2

dxµ

dt
= m

dxµ

dτ
= muµ

100

πµπµ =M2c2 − π⃗2 = m2c2

π⃗ =Mv⃗ = (π1, π2, π3) = (−π1,−π2,−π3)
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For each component we can write in the forms 101

d(Mc2)

dt
= ev⃗ · E⃗

dπ⃗

dt
= e(E⃗ + v⃗ × B⃗)

M2c2 − π⃗2 = m2c2

Now let us rewrite the above:

M =
m√

1 − v2

c2

π⃗ = Mv⃗ = (π1, π2, π3) = (−π1,−π2,−π3)

v⃗ = ˙⃗r

We can also confirm the equation

v⃗ · dπ

dt
= eE⃗ · v⃗ =

dMc2

dt

101

π0 =
mc · 1√
1 − v2

c2

= Mc

π1 =
−mẋ√
1 − v2

c2

= −Mẋ = −π1 = −πx

π2 = −Mẏ − π2 = −πy, π3 = −Mż = −π3 = −πz

The zeroth component gives

dπ0

dt
= c

dM

dt
= eẋκf0κ =

e

c
(ẋEx + ẏEy + żEz)

d(Mc2)
dt

= ev⃗ · E⃗

While the first component gives

dπ1

dt
= −d(Mẋ)

dt
= eẋκf1κ = e

(
− c

c
Ex − ẏBz + żBy

)
dπx

dt
= e(E⃗ + ˙⃗r × B⃗)x

Lilewisewewrite
dπy

dt
= e(E⃗ + ˙⃗r × B⃗)y,

dπz

dt
= e(E⃗ + ˙⃗r × B⃗)z
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Thus, only dπ⃗
dt

= e(E⃗ + v⃗× B⃗) remains independent for the equation of motion. 102

4.4 Particle Motion in Electromagnetic Field (Hamilton

Formulation)

We now discuss the particle motion in electromagnetic field by Hamiltonian

forms. Where (τ = t) , the canonical momentum is defined as 103

pµ =
∂L

∂ẋµ

= − mẋµ√
1 − v2

c2

− eAµ = −Mẋµ − eAµ

102

v⃗ · dπ⃗

dt
= eE⃗ · v⃗

=
dM

dt
v⃗2 + Mv⃗ · dv⃗

dt

=
dM

dt
v2 +

1
2
M

dv2

dt

= m
d
dt

v2

c2

2(1 − v2

c2 )3/2
v2 +

1
2
M

dv2

dt

= m
v2 + (1 − v2

c2 )c2

2(1 − v2

c2 )3/2

d

dt

v2

c2
=

m

2(1 − v2

c2 )3/2

dv2

dt
=

dMc2

dt

v⃗ · dπ

dt
= eE⃗ · v⃗ =

dMc2

dt

103

pµ =
∂L

∂ẋµ

= −mc
gµν ẋν√
gµν ẋµẋν

− eAµ

= − mẋµ√
1 − v2

c2

− eAµ = −Mẋµ − eAµ

= −πµ − eAµ

p0 = −Mc − eA0 = −Mc − e

c
ϕ

p1 = −Mẋ1 − eA1 = +Mẋ + eAx

p2 = −Mẋ2 − eA2 = +Mẏ + eAy

p3 = −Mẋ3 − eA3 = +Mż + eAz
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Each component can be written in the forms:

p0 = −Mc − e

c
ϕ

p1 = Mẋ + eAx ≡ px

p2 = Mẏ + eAy ≡ py

p3 = Mż + eAz ≡ pz

p⃗ = π⃗ + eA⃗
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The Hamiltonian H can be defined as 104 105

H =
∑

µ=1,2,3

pµẋ
µ − L

= c
√

π⃗2 + m2c2 + eϕ

= c

√
(p⃗ − eA⃗)2 + m2c2 + eϕ

104Giving

π⃗ = Mv⃗ = p⃗ − eA⃗

M2c2 = π⃗2 + m2c2

We may write

Mc =
√

π⃗2 + m2c2

More precisely we can write

(p⃗ − eA⃗)2 = M2v2

(p⃗ − eA⃗)2 + m2c2 =
m2v2

1 − v2

c2

+ m2c2 = m2 v2 + c2(1 − v2

c2 )

1 − v2

c2

= m2 c2

1 − v2

c2√
(p⃗ − eA⃗)2 + m2c2 =

mc√
1 − v2

c2

= Mc

Thus,

Mc2 = c

√
(p⃗ − eA⃗)2 + m2c2

105

H =
∑

µ=1,2,3

pµẋµ − L

=
∑

µ=0,1,2,3

pµẋµ − p0ẋ
0 − L

= −p0ẋ
0 + pµẋµ − L

= −p0ẋ
0 − Mẋµẋµ − eAµẋµ − (−mc2

√
1 − v2

c2
− eAµẋµ)

= −p0ẋ
0 − M(c2 − v2) + mc2

√
1 − v2

c2

= −p0ẋ
0 = Mc2 + eϕ

= c
√

π⃗2 + m2c2 + eϕ

= c

√
(p⃗ − eA⃗)2 + m2c2 + eϕ
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In the non-relativistic limit (p⃗−eA⃗)2

2m
<< mc2 the Hamiltonian can be defined as

106

H ≈ mc2 +
(p⃗ − eA⃗)2

2m
+ eϕ

Recall our initial discussion is to formulate a Hamiltonian description of particle

motion in electromagnetic field. The canonical equation can be given 107

v⃗ ≡ ˙⃗r =
π⃗

M
˙⃗p = e∇⃗(A⃗ · v⃗ − ϕ)

Now given p⃗ = π⃗ + eA⃗, the canonical equation we described above may give the

equation of motion which we described earlier:

106

H =mc2

√
1 +

1
m2c2

(p⃗ − eA⃗)2 + eϕ

≈mc2(1 +
1
2
(p⃗ − eA⃗)2) + eϕ = mc2 +

(p⃗ − eA⃗)2

2m
+ eϕ

107The canonical equations are written

˙⃗r =
∂H

∂p⃗

˙⃗p = −∂H

∂r⃗

we direct our attention to the first equation of Mc =
√

π⃗2 + m2c2, π⃗ = p⃗ − eA⃗ = Mv⃗ and write

v⃗ ≡ ˙⃗r =
∂H

∂p⃗

= c
π⃗√

π⃗2 + m2c2

=
π⃗

M

Given π⃗ = Mv⃗, te second equation is written

˙⃗p = −∂H

∂r⃗

= c
e∇⃗(π⃗ · A⃗)√
π⃗2 + m2c2

− e∇⃗ϕ, (Note that ∇⃗ does not differentiate π.)

= e(∇⃗(A⃗ · v⃗) − ∇⃗ϕ), (Note that ∇⃗ does not differentiate v as we express normally.)

= e∇⃗(A⃗ · v⃗ − ϕ)
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dπ⃗

dt
= e∇⃗(A⃗ · v⃗ − ϕ) − e

dA⃗

dt

= e∇⃗(A⃗ · v⃗ − ϕ) − e
∂A⃗

∂t
− e(v⃗ · ∇⃗)A⃗

(Note that ∇⃗ does not differentiate v : a normal way of expression.)

= eE⃗ + e
(
∇⃗(A⃗ · v⃗) − (v⃗ · ∇⃗)A⃗

)
= e(E⃗ + v⃗ × B⃗)

Thus, the non-relativistic limit of the above equation speaks for itself. 108

108We consider v is being independent of r⃗, and given that we have A⃗× (B⃗ × C⃗) = (A⃗ · C⃗)B⃗ −
(A⃗ · B⃗)C⃗ = B⃗(A⃗ · C⃗) − (A⃗ · B⃗)C⃗ we can write

v⃗ × rot A⃗ = v⃗ × (∇⃗ × A⃗)

= ∇⃗(v⃗ · A⃗) − (v⃗ · ∇⃗)A⃗

or

(v⃗ × rot A⃗)i = ϵijkvjϵklm∂lAm = (δilδjm − δimδjl)vj∂lAm

= vj∂iAj − vj∂jAi
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5 Dirac Equations

5.1 Deriving the Dirac Equation

Based on the relativistic Hamiltonian we obtained in the previous section, we

continue the procedures of quantization. We first write the classical Hamiltonian

Hcl = c

√
(p⃗ − eA⃗)2 + m2c2 + eϕ

to which we make replacement p⃗ → −i~∇⃗ and consider the quantum Hamil-

tonian. Knowing that the root sign included in above equation being somehow

difficult, we may write

HD,cl = cα⃗ · (p⃗ − eA⃗) + βmc2 + eϕ

and use the formal equation of

Hcl = HD,cl

from which we try determining the Hamiltonian HD,cl that includes no root

signs. To explain further, we would like to determine the expansion coefficients α⃗

and β which satisfy

c2

{
(p⃗ − eA⃗)2 + m2c2

}
=

{
cα⃗ · (p⃗ − eA⃗) + βmc2

}2

To obtain such coefficients we need to have

α2
x = α2

y = α2
z = β2 = 1

{αi, αj} = αiαj + αjαi = 0, i ̸= j

{αi, β} = αiβ + βαi = 0

The coefficients α⃗ and β that satisfy the above may be considered the matrix of

forth-order. In our case, the Dirac expression described below is considered to be

convenient:

αi =

(
O2 σi

σi O2

)
≡ ρ1 ⊗ σi

β =

(
I2 O2

O2 −I2

)
≡ ρ3 ⊗ I2

where σ⃗ and ρ⃗ are the Pauli matrices

σx =

(
0 1

1 0

)
, σy =

(
0 −i

i 0

)
, σz =

(
1 0

0 −1

)
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They satisfy the following relation 109

σiσj = iϵijkσk, (i ̸= j)

σ2
i = I2

[σi, σj] = 2iϵijkσk

Tr σx = Tr σy = Tr σz = 0

det σx = det σy = det σz = −1

(σ⃗ · A⃗)(σ⃗ · B⃗) = (A⃗ · B⃗)I2 + iσ⃗ · (A⃗ × B⃗)

Here we use the sign ⊗ when we describe 4 × 4 matrices from a set of 2 × 2

matrix. (Tensor Product):

(A ⊗ B)ia,jb ≡AijBab

i, j =1, 2 a, b = 1, 2

(i, a), (j, b) =(1, 1), (1, 2), (2, 1), (2, 2)

Recall the multiplication of the block matrices, we may write

(A ⊗ B)(C ⊗ D) =(AC ⊗ BD)

In another way, we may also understand from the equation

{(A ⊗ B)(C ⊗ D)}ia,jb =(A ⊗ B)ia,kc(C ⊗ D)kc,jb

=AikBacCkjDcb = (AC)ij(BD)ab

=(AC ⊗ BD)ia,jb

Furthermore, 110

109

(σ⃗ · A⃗)(σ⃗ · B⃗) =σiAiσjBj =
1
2
{σiAiσjBj + σjAjσiBi}

=
1
2
{
∑
i=j

(σiσjAiBj + σjσiAjBi)} +
∑
i̸=j

(σiσjAiBj + σjσiAjBi)}

=
1
2

{∑
i

2σ2
i AiBi +

∑
i ̸=j

σiσj(AiBj − AjBi)
}

=A⃗ · B⃗ + i
1
2
ϵijkσk(AiBj − AjBi)

=A⃗ · B⃗ + iϵijkσkAiBj

=A⃗ · B⃗ + iσ⃗ · A⃗ × B⃗

110

TrA ⊗ B =
∑
ia

(A ⊗ B)ia,ia =
∑
ia

AiiBaa = TrATrB
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Tr A ⊗ B =Tr A Tr B

[A ⊗ I, B ⊗ C] =AB ⊗ C − BA ⊗ C = [A,B] ⊗ C

The quantization p⃗ → −i~∇⃗ via HD,cl is what we call the Dirac Hamiltonian

HD such that the Schroedinger equation is called the Dirac equation and written

HD = cα⃗ · (~
i
∇⃗ − eA⃗) + βmc2 + eϕ

i~
∂

∂t
Ψ(r⃗, t) = HDΨ(r⃗, t)

Here we bring the Dirac matrix γµ, µ = 0, 1, 2, 3 into the Dirac equation and

rewrite which in 111

γµ = (γ0, γ⃗)

γ0 = β

γ⃗ = (γx, γy, γz) = βα⃗ = (γ1, γ2, γ3)

{γµ, γν} = 2gµν

Note that the Hermitian for α⃗ and β can be written

γ0† = γ0

γi† = −γi

We may simplify this in the form

γµ† = γ0γµγ0

111For example,

γ1γ1 = βαxβαx = −ββαxαx = −I
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Given that we can write the Dirac equation 112{
i~γµ(∂µ + i

e

~
Aµ) − mc

}
Ψ = 0

(i~γµDµ − mc)Ψ = 0

Dµ = ∂µ + i
e

~
Aµ

Note that there are four components in the wave function. For i~ ∂
∂t

Ψ = HDΨ ,

we can write

HD =γ0(−i~cγ⃗ · ∇⃗ + mc2)

i~c∂0Ψ =HDΨ

5.2 Symmetry of Dirac Equation

The Conservation of Current

Consider now the Dirac equation and whose Hermitian conjugate, which gives
113

ρ = Ψ†Ψ

j⃗ = cΨ†α⃗Ψ

112 {
i~

∂

∂t
− cα · (~

i
∇⃗ − eA) − βmc2 − eϕ

}
Ψ = 0

γ0

c
×{

γ0(i~
1
c

∂

∂t
− e

1
c
ϕ) − γ⃗ · (−i~∇⃗ − eA⃗) − mc

}
Ψ = 0{

i~γ0(
∂

∂(ct)
+ ie

1
c~

ϕ) + i~γ⃗ · (∇⃗ − i
e

~
A⃗) − mc

}
Ψ = 0{

i~γµ(∂µ + i
e

~
Aµ) − mc

}
Ψ = 0

(i~γµDµ − mc)Ψ = 0

Dµ = ∂µ + i
e

~
Aµ

113The Dirac equation

i~
∂Ψ
∂t

= c(−i~∂i − eAi)αiΨ + (βmc2 + eϕ)Ψ

whose Hermitian conjugate gives

−i~
∂Ψ†

∂t
= c(i~∂i − eAi)Ψ†αi + Ψ†(βmc2 + eϕ)
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Thus, the equation of continuity

∂ρ

∂t
+ div j⃗ = 0

can be written.

In the covariant form we have Ψ̄ = Ψ†γ0 ; the following relation for the conser-

vation of current can be obtained: 114115

∂µj
µ = 0

jµ = Ψ̄γµΨ

Thus,

i~
∂

∂t
(Ψ†Ψ) = i~(Ψ̇†Ψ + Ψ†Ψ̇)

= −ic~
{

(∂iΨ†αi)Ψ + Ψ†αi(∂iΨ)
}

= −ic~∂i(Ψ†αiΨ)

and

ρ = Ψ†Ψ
j⃗ = cΨ†α⃗Ψ

Hence

∂ρ

∂t
+ div j⃗ = 0

114Given

i~γµ(∂µΨ) − eγµAµΨ − mcΨ = 0

the Hermitian conjugate may yield

−i~(∂µΨ†)γµ† − eΨ†γµ†Aµ − mcΨ† = 0

Let us have Ψ̄ = Ψ†γ0 and write

−i~(∂µΨ̄)γµ − eΨ̄γµAµ − mcΨ̄ = 0

Therefore the following relation of the conservation of current can be given

∂µjµ = 0
jµ = Ψ̄γµΨ

115In order to show the Lorentz invariance we must first show that the current jµ is the invariant
vector. Vice versa, we can say that the Lorentz invariance is being retained by experimentally
identifying this conservation.
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Conservation of Total Angular Momentum for Free Particles

Here we consider the free particles A⃗ = 0⃗, ϕ = 0 in Dirac representation 116

H = cα⃗ · p⃗ + βmc2 = cρ1 ⊗ σipi + ρ3mc2

where we have

L⃗ = r⃗ × p⃗

Li = ϵijkrjpk

we may write

[
~
2
σ⃗ + L⃗,H] = 0

Thus,

[H, J⃗ ] = 0

J⃗ = L⃗ + S⃗

S⃗ =
~
2
σ⃗

116For

H = cα⃗ · p⃗ + βmc2 = cρ1 ⊗ σipi + ρ3mc2

in which

L⃗ = r⃗ × p⃗

Li = ϵijkrjpk

we may write

[Li,H] = cρ1 ⊗ σℓ[ϵijkrjpk, pℓ] = i~cρ1 ⊗ σℓϵijkδjℓpk

= i~cρ1 ⊗ ϵijkσjpk = i~cρ1 ⊗ (σ⃗ × p⃗)i

[AB,C] = ABC − CAB

A[B,C] + [A,C]B = ABC − ACB + (ACB − CAB)

while we write

[σi,H] = cρ1 ⊗ [σi, σℓ]pℓ

= 2icρ1 ⊗ ϵiℓkσkpℓ

= −2icρ1 ⊗ (σ⃗ × p⃗)i

Thus,

[
~
2
σ⃗ + L⃗,H] = 0
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where we call S⃗ the spin, and therefore the total angular momentum J⃗ becomes

the conserved quantity.

Conservation of Energy and Momentum for Free Particles

For the free particles Aµ = 0, we can write

HD =cρ1 ⊗ σipi + ρ3mc2

[HD, HD] =0

[HD, p⃗] =0⃗

5.2.1 The Lorentz Invariance

The Lorentz transformation

x′µ = Ωµ
νx

ν

x′µΩµ
κ = xκ

gives Dµ, which is transforming as the covariance vector thus, 117 (Dµ = D′
νΩ

ν
µ)

γ̂µ = Ωµ
νγ

ν

giving 118

(i~γ̂νD′
ν − mc)Ψ(x) = 0

117

∂′
µ =

∂xν

∂x′µ ∂ν = Ωµ
ν∂ν

∂µ =
∂

∂xµ
=

∂x′ν

∂xµ

∂

∂x′ν = Ων
µ∂′

ν = ∂′
νΩν

µ

while the covariance of Aµ gives

A′
µ(x′) = Ωµ

νAν(x)
A′

µ(x′)Ωµ
κ = Ωµ

νAν(x)Ωµ
κ = gµρΩρνAν(x)gµτΩτ κ = δρ

τΩρνAν(x)Ωτ κ

= ΩρνAν(x)Ωρκ = δν
κAν(x) = Aκ(x)

118

0 = (i~γµDµ − mc)Ψ(x) = (i~γµD′
νΩν

µ − mc)Ψ(x)

=
(
i~(Ων

µγµ)D′
νΩν

µ − mc
)
Ψ(x)

= (i~γ̂νD′
ν − mc)Ψ(x)
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Now let us have 119

{γ̂µ, γ̂ν} = 2gµν

which indicates the existence of the regular matrix Λ, and for all µ we know that

there is Λ that satisfies

γ̂µ = Λ−1γµΛ

For the in depth explanation, which is covered in our later discussion, and given

the fact, the Dirac equation forms the Lorentz covariance as described in the

following: 120

(i~γµD′
µ − mc)Ψ′(x′) = 0

Thus,

Ψ′(x′) = ΛΨ(x)

so, we can write

x′ = Lx, x′µ = Ωµ
νx

ν

Therefore,

Ψ′(x′) = (LΨ)(x′) = (LΨ)(Lx) = ΛΨ(x)

A specific structure of the transformation matrix Here we elaborate on Λ used

in our discussion for a specific construction. First, consider the infinitesimal

Lorentz transformation

Ωµ
ν =gµ

ν + δΩµ
ν

119

{γ̂µ, γ̂ν} = Ωµ
κΩν

ρ{γκ, γρ} = 2Ωµ
κΩν

ρg
κρ

= 2Ωµ
κΩνκ = 2gµτΩτ κΩνκ = 2gµτδτ

ν = 2gµν

120

(i~Λ−1γµΛD′
µ − mc)Ψ = 0

(i~γµΛD′
µ − mcΛ)Ψ ≡ (i~γµD′

µ − mc)Ψ′(x′) = 0
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Given that we have up to the degree of first-order Ωµ
νΩµ

λ = gλ
ν for the infinitesimal

quantity, 121 we can write

δΩλν = − δΩνλ

Now, let us rewrite Λ−1γµΛ = Ωµ
νγ

ν . To do so, we begin by writing down

Ωµ
ν =gµ

ν + δΩµ
ν

Ωµ
νγ

ν =γµ + δΩµ
νγ

ν

Λ =I + δΛ Towhich, wemaywrite

(I − δΛ)γµ(I + δΛ) =γµ − [δΛ, γµ]

Therefore,

δΩµ
νγ

ν = − [δΛ, γµ]

δΩµνγ
ν = − [δΛ, γµ]

and

δΛ = − i

4
σκνδΩκν

Given the antisymmetric property of δΩµν we suppose

σµν = − σνµ

without losing the generality, and being aware of the antisymmetric property, we

can write

δΩµνγ
ν =

i

4
[σκν , γµ]δΩκν

[σκν , γµ] = − 2i(gκ
µγν − gν

µγ
κ)

121

gλ
ν =(gµ

ν + δΩµ
ν)(gµ

λ + δΩµ
λ)

=gλ
ν + δΩλ

ν + δΩν
λ

0 =δΩλ
ν + δΩν

λ

0 =δΩλν + δΩνλ
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We can show that the following relation for σµν being satisfied: 122

σµν =
i

2
[γµ, γν ]

By integrating the above we obtain 123

Ω =eω,

ω̃ = − ω

For the above equations we may write down (ω: real antisymmetric)
124

122

σµν =
i

2
[γµ, γν ]

∵ [γκγν , γµ] =γκγνγµ − γµγκγν

=γκ(−γµγν + 2gµν) − γµγκγν

= − γκγµγν + 2γκgµν − γµγκγν

= − 2gκµγν + 2γκgµν

[[γκ, γν ], γµ] = − 2gκµγν + 2γκgµν − (−2gνµγκ + 2γνgµκ)
= − 4gκµγν + 4γκgµν

[[γκ, γν ], γµ] = − 4gκ
µγν + 4γκgν

µ

[
i

2
[γκ, γν ], γµ] = − 2i(gκ

µγν − γκgν
µ)

123

Ω =eω

ΩΩ̃ =Igives

ω̃ = − ω

To express the components, given

(Ω̃)µ
ν =Ων

µ

which yields

(ΩΩ̃)µ
ν =Ωµ

κΩν
κ = δµ

ν

(Ω−1)
κ

ν =Ων
κ

(ω̃)µ
ν =ων

µ = −ωµ
ν

(eω)µ
κ(eω)ν

κ =(eω)µ
κ

˜(eω)
κ

ν = (eω)µ
κ(eω̃)

κ

ν = δµ
ν

124First we begin with writing down

γ̂κ =(etω)κ
λγλ

∣∣∣∣
t=1
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Λ =e
− i

4
σµνωµν

While 125

Λ† =γ0Λ−1γ0

and

Λ(t) =e
− it

4
σµνωµν

= e
− it

4
σµ

νωµ
ν

to give

Γκ(t) =Λ(t)−1γκΛ(t) = e
+

it

4
σµ

νωµ
ν
γκe

− it

4
σµ

νωµ
ν

∂Γκ

∂t
=

i

4
Λ−1[σµ

ν , γκ]Λωµ
ν =

1
2
Λ−1(gκ

µγν − gκνγµ)Λωµ
ν

=
1
2
(gκ

µΓν − gκνΓµ)ωµ
ν =

1
2
(Γνωκ

ν − Γµωµκ) =
1
2
(Γνωκ

ν − Γµωµ
κ)

=
1
2
(Γνωκ

ν + Γµωκ
µ) = ωκ

µΓµ

Where t = 0, note for Γµ(0) = γµ, the solution of the simultaneous differential equation is given

Γµ =(etω)µ
νγν

While t = 1 , the solution is given

Γµ(1) =γ̂µ

125

σµν† =
(

i

2
[γµ, γν ]

)†

= − i

2
[γν†, γµ†]

=
i

2
[γµ†, γν†] = γ0 i

2
[γµ, γν ]γ0

=γ0σµνγ0

Λ† =e

i

4
(σµν)†ωµν

=γ0e

i

4
(σµν)ωµν

γ0

=γ0Λ−1γ0
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For this Lorentz transformation, we can write the current

Ψ =Λ−1Ψ′ = γ0Λ†γ0Ψ′

jµ =Ψ̄γµΨ

=Ψ†γ0γµΨ

=Ψ′†γ0Λγ0(γ0γµ)Λ−1Ψ

=Ψ′†γ0ΛγµΛ−1Ψ′

=Ψ̄′ΛγµΛ−1Ψ′

Recall our discussion in the previous section, we can express

Ωµ
νγ

ν =Λ−1γµΛ

Ωµ
νΛγνΛ−1 =γµ

Ωµ
κΩµ

νΛγνΛ−1 =gκ
ν ΛγνΛ−1 = ΛγκΛ−1 =

=Ωµ
κγµ = γµΩµ

κ

Thus, 126

j′
κ

=Ωκ
µj

µ

j′
µ

=Ψ̄′γµΨ′

This implies that the current is capable of transforming itself into the invariant

vector such that the conservation ∂µj
µ = 0 can be regarded as the Lorentz invari-

ant.

5.3 The Plane-wave Solutions for the Free Dirac Equation

In this section, we consider the solutions for Dirac equation where Aµ = 0 . Let

us write the Dirac Hamiltonian

H =cα⃗ · ∇⃗
i

+ βmc2 = cρ1 ⊗ σ⃗ · p⃗ + ρ3mc2

such that the Dirac equation can be written

i~c∂0Ψ =HΨ

126

jµ =j′
νΩν

µ

Ωκ
µjµ =Ωκ

µΩν
µj′

ν = gκ
ν j′

ν = j′
κ



— Quantum Mechanics 3: Relativistic Quantum Mechanics — 2005 Winter Session, Hatsugai94

Rewrite the above and give

Ψ(+)(x) =e−ikµxµ

u(k)

Ψ(−)(x) =e+ikµxµ

v(k)

−kµxµ = − k0x0 + kixi = k⃗ · r⃗ − ωt

(kx, ky, kz) =(k1, k2, k3) = (−k1,−k2,−k3)

k0 =k0 =
ω

c

Thus,

H2 =(c2p⃗ 2 + m2c4)14

Note the above, and obtain the following relation for the solutions of the plane

waves:127

p⃗Ψ(±) = ± ~k⃗Ψ(±)

HΨ(±) = ± EΨ(±)

Hu = + Eu

Hv = − Ev

E =c~k0 = c~k0 = ~ω

~k0 =

√
~k⃗ 2 + m2c2

kµk
µ =

(mc

~
)2

127

H2 =c2ρ2 ⊗ (σ⃗ · p⃗)2 + ρ2
3m

2c4 + 2mc2(ρ1ρ3 + ρ3ρ1)σ⃗ · p⃗
=(c2p⃗ 2 + m2c4)14

or

H =γ0(−i~cγ⃗ · ∇⃗ + mc2)

H2 =γ0(−i~cγ⃗ · ∇⃗ + mc2)γ0(−i~cγ⃗ · ∇⃗ + mc)

= − ~2c2γ0γiγ0γj(∇⃗)i(∇⃗)j + m2c4 − i~mc2(γiγ0 + γiγ0)(∇⃗)i

= − ~2c2(−γi)γj(∇⃗)i(∇⃗)j + m2c4

= − ~2c2∇⃗2 + m2c4 = c2p⃗ 2 + m2c4

p⃗Ψ(±) =
~
i
∇⃗Ψ(±) =

~
i
(∓i)(k1, k2, k3)Ψ(±) = ±~(k1, k2, k3)Ψ(±) = ±~k⃗Ψ(±)
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While we let (i~γµ∂mu−mc)Ψ(±) = 0 given by the Dirac equation k/ = kµγ
µ such

that 128

(~k/ − mc)u =0

(~k/ + mc)v =0

5.3.1 In the Case of m ̸= 0

If we take the inertial system v⃗ = 0, kµ = (mc
~ , 0, 0, 0) which stays stationary,

the complete system uα
rest, v

α
rest,α = 1, 2 can be given 129

u1
rest =


1

0

0

0

 , u2
rest =


0

1

0

0

 , v1
rest =


0

0

1

0

 , v2
rest =


0

0

0

1


ūαuβ =δαβ, v̄αvβ = −δαβ, ūαvβ = v̄αuβ = 0

uα
rest =

(
ψα

rest

0

)
, vα

rest =

(
0

χα
rest

)

From which we determine the general solutions for the plane waves via Lorentz

128

(±~k/ − mc)Ψ(±)(x) =0, k/ = kµγµ

(~k/ − mc)u =0
(~k/ + mc)v =0

129

mc(γ0 − 1)urest =mc


0

0
−2

−2

 urest = 0

mc(γ0 + 1)vrest =mc


2

2
0

0

 vrest = 0



— Quantum Mechanics 3: Relativistic Quantum Mechanics — 2005 Winter Session, Hatsugai96

transformation. We begin by the equations 130

a/b/ = − iaµbνσ
µν + aµb

ν

k/k/ =kµk
µ = k2

which gives

uα =
1

mc
(~k/ + mc)uα

rest

=
1

mc

(
(~k0 + mc)ψα

rest

γi~kiψα
rest

)
=

1

mc

(
(E

c
+ mc)ψα

rest

(σ⃗ · p⃗)ψα
rest

)

5.4 The Non-relativistic Limit

The four components spinor can be written by the two components spinor ψ

and χ:

Ψ(x) =

(
ψ(x)

χ(x)

)

Let us write the Dirac equation in the forms

i~
∂

∂t

(
ψ

χ

)
=

(
mc2 + eϕ cP

cP −mc2 + eϕ

)(
ψ

χ

)
P = α⃗ · π⃗ = σ⃗ · (p⃗ − eA⃗)

In steady states, we obtain

ψ(x) = e−iEt/~ψ(r⃗)

χ(x) = e−iEt/~χ(r⃗)

yielding

(mc2 + eϕ)ψ + cPχ = Eψ

cPψ + (−mc2 + eϕ)χ = Eχ
130

a/b/ =aµγµbνγν =
1
2
(aµbνγµγν + aνbµγνγµ) =

1
2
(
aµbνγµγν + aνbµ(−γµγν + 2gµν)

)
=

1
2
(aµbν − aνbµ)γµγν + aµbν =

1
2
aµbν [γµ, γν ] + aµbν

= − iaµbνσµν + aµbν

σµν =
i

2
[γµ, γν ]
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To consider the non-relativistic limit

eϕ << mc2,
P 2

2m
<< mc2, E ≈ mc2

we transform the Dirac equation into a much more convenient form

W = E − mc2

Thus, given the second equation we can write down

χ =
c

2M ′c2
Pψ =

1

2M ′c
Pψ

2M ′c2 = E + mc2 − eϕ = 2mc2 + W − eϕ

M ′ = m +
1

2c2
(W − eϕ)

From these equations the Dirac equation can be accurately rewritten in the form
131

(P
1

2M ′P + eϕ)ψ = Wψ

The Lowest Order Approximation

For the lowest order approximation we suppose

M ′ = m

This gives (Schroedinger approximation)

Hshψ = Wψ

Hsh =
1

2m
P 2 + eϕ

Here note that 132

P 2 = π⃗2 − e~σ⃗ · B⃗, B⃗ = rot A
131

(mc2 + eϕ)ψ + P
1

2M ′Pψ = Eψ

(P
1

2M ′P + eϕ)ψ = Wψ

132

P 2 = (σ⃗ · π⃗)2 = (σiπ
i)(σjπ

j) = π⃗2 +
1
2
(σiσj − σjσi)πiπj

= π⃗2 + iϵijkσiπjπk = π⃗2 + iϵijkσi(pj − eAj)(pk − eAk)

= π⃗2 − ieϵijkσi(pjAk) = π⃗2 − ieϵijkσi
~
i
(∂jAk)

= π⃗2 − e~σ⃗ · B⃗, B⃗ = rotA
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Thus,

Hsh =
(p⃗ − eA⃗)2

2m
+ eϕ + µ⃗ · B⃗

µ⃗ = − e~
2m

σ⃗

= −gµBS⃗/~, (S⃗ =
~
2
σ)

WhereBorhmagnetonis µB =
e~
2m

, andsocall g factoris g = 2

.

The Approximation to v2

c2

In our next step, we raise the order of approximation 133 to

1

M ′ ≈ 1

m
− 1

2m2c2
(W − eϕ)

Here we make an estimate of W − eϕ ≈ mv2, where we take the value up to v2

c2

such that we can write

P
1

2M ′P =
P 2

2m
− 1

4m2c2
WP 2 +

e

4m2c2
PϕP

and which gives(
P 2

2m
+ eϕ +

e

4m2c2
PϕP

)
ψ = W (1 +

1

4m2c2
P 2)ψ

Now we consider the normalization condition such that

χ =
1

2mc
Pψ

For this we can write

1 =

∫
d3r Ψ†Ψ =

∫
d3r (ψ†ψ + χ†χ)

=

∫
d3r ψ†(1 +

1

4m2c2
P 2)ψ

133

1
M ′ =

1
m

(1 +
1

2mc2
(W − eϕ))−1

=
1
m

− 1
2m2c2

(W − eϕ) + o(
v2

c2
)

≈ 1
m

− 1
2m2c2

(W − eϕ)
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Therefore if we let the normalized wavefunction ψN in two components to be

ψN = Ωψ

1 =

∫
d3r ψ†

NψN

then we may also have

Ω = 1 +
1

8m2c2
P 2

The equation for ψN can be given 134 135(
P 2

2m
+ eϕ − P 4

8m3c2
− e

8m2c2
[P, [P, ϕ]]

)
ψN = WψN

When we look into the degree of order, the below indicates that there are the

values up to v2

c2
:

e

8m2c2
[P, [P, ϕ]] ≈ mv2(mv)2

m2c2
=

1

2
mv2 ·

(
v2

c2

)
1

8m3c2
P 4 ≈ (mv)4

m3c2
=

1

2
mv2 ·

(
v2

c2

)

134Given {A2, B}−2ABA = A2B−BA2−2ABA, [A, [A,B]] = A(AB−BA)− (AB−BA)A =
A2B − 2ABA + BA2 we may use {A2, B} − 2ABA = [A, [A,B]]

135 (
P 2

2m
+ eϕ +

e

4m2c2
PϕP

)
Ω−1ψN = WΩψN

Ω−1

(
P 2

2m
+ eϕ +

e

4m2c2
PϕP

)
Ω−1ψN = WψN(

P 2

2m
+ eϕ − P 4

8m3c2
− e

8m2c2
{ϕ, P 2} +

e

4m2c2
PϕP

)
ψN + o(

v2

c2
) = WψN(

P 2

2m
+ eϕ − P 4

8m3c2
− e

8m2c2
[P, [P, ϕ]]

)
ψN = WψN
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136

P 4 = [π⃗2 − e~(σ⃗ · B⃗)]2

[P, ϕ] = [σj(pj − eAj), ϕ] = σj(pjϕ) = −i~σj∂jϕ

In the stationary electric fields, which is given by E⃗ = −∇⃗ϕ , we can write

[P, [P, ϕ]] = ~2div E⃗ + 2~σ⃗ · E⃗ × π⃗

The approximation (Pauli approximation) can be made to the degree of order

we obtained in the above so that we write

HpauliψN = WψN

Hpauli = Hsh + Hc

Hsh =
1

2m
(π⃗2 − e~σ⃗ · B⃗)2 + eϕ =

1

2m
π⃗2 + eϕ − e~

2m
σ⃗ · B⃗

Hc = −(π⃗2 − e~σ · B⃗)2

8m3c2
− e~2

8m2c2
div E⃗ − e~

4m2c2
σ⃗ · E⃗ × π⃗

Now we consider the non-relativistic limit for the classical Hamiltonian, we can

write

Hcl = c
√

π⃗2 + m2c2 + eϕ = mc2

√
1 +

π⃗2

m2c2
+ eϕ

≈ eϕ + mc2(1 +
1

2

π2

m2c2
− 1

8

π4

m4c4
)

= eϕ + mc2 +
π⃗2

2m
− π⃗4

2m3c4

where we define π⃗2 → π⃗2 − e~σ⃗ · B⃗, which includes the effects by the spin, the

first term of Hc can be regarded as the correction term for the relativistic kinetic

energy. The second term of the equation is called the Darwin term.
136

P 4 = [π⃗2 − e~(σ⃗ · B⃗)]2

[P, ϕ] = [σj(pj − eAj), ϕ] = σj(pjϕ) = −i~σj∂jϕ

[P, [P, ϕ]] = −i~[σi(pi − eAi), σj∂jϕ]
= −~2[σi∂i, σj∂jϕ] + ie~[σiAi, σj∂jϕ]
= −~2σiσj∂i∂jϕ − ~2σiσj(∂jϕ)∂i + ~2σjσi(∂jϕ)∂i + ie~[σi, σj ]Ai∂jϕ

= −~2∆ϕ − ~2[σi, σj ](∂jϕ)∂i − 2e~ϵijkσkAi(∂jϕ)
= −~2∆ϕ − 2i~2ϵijkσk(∂jϕ)∂i − 2e~ϵijkσkAi(∂jϕ)

= ~2div E⃗ − 2i~2σ⃗ · E⃗ × ∇⃗ + 2e~σ · A⃗ × E⃗

= ~2div E⃗ + 2~σ⃗ · E⃗ × (p⃗ − eA⃗)

= ~2div E⃗ + 2~σ⃗ · E⃗ × π⃗
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For the last term of the equation, when we consider the central force field,
137

eϕ(r⃗) = V (r), A⃗ = 0⃗

HLS ≡ − e~
4m2c2

σ⃗ · E⃗ × π⃗ =
~

4m2c2

1

r

∂V

∂r
σ⃗ · (r⃗ × p⃗)

=

(
1

2m2c2

1

r

∂V

∂r

)
s⃗ · ℓ⃗

s⃗ =
~
2
σ⃗

ℓ⃗ = r⃗ × p⃗

and is called the spin-orbit interaction.

The Time-dependent Case (The Lowest Order)

Given

Ψ = e−imc2t/~

(
ψ

χ

)
Recall our discussion for the steady states, and we direct our attention to the slow

mode in energy mc2 periphery:

mc2ψ + i~∂tψ = (mc2 + eϕ)ψ + cPχ

mc2χ + i~∂tχ = cPψ + (−mc2 + eϕ)χ

which gives

i~∂tψ = eϕψ + cPχ

i~∂tχ = cPψ + (−2mc2 + eϕ)χ

We define mv2 << mc2, eϕ << mc2 , the second equation may give

χ =
cP

2mc2
ψ

Thus, we can derive the Schr?dinger equation

i~
∂ψ

∂t
= Hshψ

Hsh =
P 2

2m
=

(p⃗ − eA⃗)2

2m
+ eϕ + µ⃗ · B⃗

137

E⃗ = −∂V

∂r
r̂ = −1

r

∂V

∂r
r⃗
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PartIII

Quantum Mechanics of

ManyParticle System

6 Second Quantization and Interaction

In this section, we discuss an effect of interaction in many-fermion systems by

second quantzation approach. We begin with problems of single particles, followed

by the discussion of many particle problems of free (no interaction) N - particles

then we finally discuss the interactions.

6.1 The Classical Equation of Motion for a Single Particle

To begin with, recall Newton’S equation of motions for a classical particle having

a mass m in one-dimentional potenital V (x).

mẍ = − ∂

∂x
V (x)

IN analytical mechanical perspective, the Hamiltonian formulation shows the equiv-

alent canonical equation of the above:

Hcl(x, p) =
p⃗2

2m
+ V, p⃗ = mv⃗ = mẋ

∂Hcl

∂x
= −ṗ

∂Hcl

∂p
= ẋ

Note that the Hamiltonian Hcl(x, p) is enpressed as a pair of canonical variables

(x, p).
138 The state of the classical system is specified by each point (x, y, z, px, py, pz)

in phase space.

Likewise, we can express the three-dimension:

m¨⃗r = −∇⃗V (r⃗)

138Show this.
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In the Hamiltonian formulation we can write

Hcl(r⃗, p⃗) =
p⃗2

2m
+ V, p⃗ = m ˙⃗r

∂Hcl

∂ri

= −ṗi

∂Hcl

∂pi

= ṙi, i = x, y, z

6.2 (First) Quantization of a Single Free Particle

A first quantization bases its discussion on the Hamiltonian formalism of ana-

lytical mechanics, in which a pair of mutually conjugate canonical variables (x, p)

being replaced by an operator in the equation called Schroedinger equation for

the wavefunction. In our one-dimensional case, for example, we let 、x̂,p̂ be the

operators which requires the commutators between the two; i.e., commutation

relation:

[x̂, p̂] = x̂p̂ − p̂x̂ = i~

Having completed this procedure of replacement, we formaliza the quantum me-

chanical Hamiltonian operator H. The following Schroedinger equation for the

wavefunction Ψ(t) can be given

H1,Q =
p̂2

2m
+ V (x̂)

i~
∂

∂t
ψ = H1,Qψ

Note that the wavefunction ψ forms an inner product space (·, ·), and contains a

complete description of physical reality of the system in the state. We let Hamilto-

nian be the Hermitian in terms of this inner product H = H†. 139 In these settings,

if the physical quantity corresponds to a Hermitian operator O, the expectation

value for the observable physical quantity at time t having the wavefunction ψ(t)

to describe the physical state of the system can be written

Theexpectationvalue = (ψ(t),Oψ(t))

139For the arbitrary state vectors Ψ, Φ, we suppose the operator O and whose Hemitian conju-
grate O† to satisfy the relation below:

(Ψ,OΦ) = (O†Ψ, Φ)
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The Schroedinger equation defines the time expansion of the state vectors of our

case. In a concrete representation that is very often used, a basis of (“ square

integrable”) function space and the inner product are formed:

(f, g) =

∫ ∞

−∞
dx f ∗(x)g(x),

∫ ∞

−∞
dx |f(x)|2 < +∞,

∫ ∞

−∞
dx |g(x)|2 < +∞

so that

x̂ = x ·
p̂ =

~
i

∂

∂x

Under such expression, we can write

H1,Q = − ~
2m

∂2

∂x2
+ V (x)

The treatment of Hcl → H1,Q is called the (first) quantization.

Likewise, the three dimensionsformalism can be given

H1,Q = − ~2

2m
∇⃗2 + V (r⃗),

i~
∂

∂t
ψ(t, r⃗) = H1,Qψ(t, r⃗)

In our specific case, the Hamiltonian is independent of time (∂tH
1,Q = 0) thus,

in the stationary state, we suppose a solution of the separation of variables to be

written

ψ(r⃗, t) = e−iϵt/~ϕ(r⃗)

The Schroedinger equation is then regarded as the eigenvalue problems:

H1,Qϕk(r⃗) =

[
− ~2

2m
∆ + V (r⃗)

]
ϕk(r⃗) = ϵλϕk(r⃗)

Note that in general cases, a certain kind of boundary condition is imposed to the

eigenfunction. For the wavefunction which being orthonormalized such that∫
d3r ϕ∗

k(r⃗)ϕk′(r⃗) = δkk′

We further formalize a complete system∫
d3r ϕk(r⃗)ϕ

∗
k(r⃗

′) = δ(r⃗ − r⃗ ′)

Example of Free Space
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To provide a more concrete example, we suppose V = 0 with the system being

put inside a box having each edge the length L. If a periodical boundary condition

ϕλ(x + L, y, z) = ϕλ(x, y + L, z) =ϕλ(x, y, z + L) =ϕλ(x, y, z) is required, we let k

be the label to obtain k⃗ = (kx, ky, kz) thus,

ϕk⃗(r⃗) =
1√
L3

eik⃗·r⃗, ϵk⃗ =
~2k⃗2

2m
, k⃗ =

2π

L
(nx, ny, nz), nx, ny, nz = 0,±1,±2, · · ·

140

6.3 First Quantization of Many Particle Systems

In the system of N -particles, we let the coordinates of jth particle be r⃗j =

(xj, yj, zj). If there is the potential V (r⃗1, · · · , r⃗N) existing in the N -particle system,

the classical equation of motion can be written

m¨⃗rj = −∇⃗jV (r⃗1, · · · , r⃗N)

Whose corresponding Hamilton’s equation can be written

Hcl =
∑

j

p⃗j
2

2m
+ V (r⃗1, · · · , r⃗N)

∂Hcl

∂rα
j

= −ṗα
j , α = x, y, z

∂Hcl

∂pα
j

= ṙα
j

In the case with no interactions between the particles, we can express

V (r⃗1, · · · , r⃗N) =
∑

j

v(r⃗j)

In our continuing discussions, we consider no interaction cases followed by discus-

sions of the interaction cases. 141

140Show the orthonormality and completeness.
141If we consider in general up to the two-body force, the potential can be written

V (r⃗1, · · · , r⃗N ) =
∑

j

v(r⃗j) +
1
2

∑
i ̸=j

g(r⃗i, r⃗j)
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In the cases with no existing interactions, the (first) quantization can be per-

formed as:

H1,Q
N =

N∑
j=1

hj

hj = − ~2

2m
∇⃗2

j + v(r⃗j), ∇⃗j = (
∂

∂xj

,
∂

∂yj

,
∂

∂zj

)

i~Φ̇(t, r⃗1, · · · , r⃗N) = H1,Q
N Φ(t, r⃗1, · · · , r⃗N)

Here hj is regarded as the operator that acts only on jth particle coordinates and it

is called the sinple-particle Hamiltonian. Now we consider for the stationary states,

and solve the Schroedinger equation of the N -particle system for the eigenfunction

ΦΛ(r⃗1, r⃗1, · · · , r⃗N) and its eigenvalue EΛ of the N -particle system: (We denote the

name label of the eigenvalue in N -particle system by Λ.)

H1,Q
N ΦΛ(r⃗1, r⃗2, · · · , r⃗N) = 　EΛΦΛ(r⃗1, r⃗2, · · · , r⃗N)

This equation in fact is a partial differential equation such that the solution can

be written (by using the method of separation of variables)

Φk1,k2,··· ,kN
(r⃗1, r⃗1, · · · , r⃗N) = ϕk1(r⃗1)ϕk2(r⃗2) · · ·ϕkN

(r⃗N) =
N∏

j=1

ϕkj
(r⃗j)

Ek1,k2,··· ,kN
= ϵk1 + ϵk2 + · · · + ϵkN

=
N∑

j=1

ϵkj

The eigenfunction label Λ takes the paitrs from k1 to kN ; i.e., k1, k2, · · · , kN をと
り（note the order). Each ϕkj

(r⃗j) is called the wavefunction of the single-particle

stateは kj, which is the eigenfunction having the eigenvalue ϵkj
known as the

single-particle energy of the single-particle Hamiltonian hj（labeled by kj). In

short, this can be written hjϕkj
(r⃗j) = ϵkj

ϕkj
(r⃗j)。142

Note: for a reshuffled state of k1, k2, · · · , kN , we will generally have a different

state but the energy will stay the game.

6.4 Many-particle Quantum Mechanics and the Symmetry

by Particle Switching

To begin, let us consider a point in the generalized x-coordinates obtained by

symmetry operation R, which we suppose to be moving to a point in the coordi-

nates Rx. In this, let symmetry operation OR for the function phi(x) be defined

as:
142Confirm the energy of many-particle system is given by the above equation.
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ORϕ(Rx) = ϕ(x)

ORϕ(x) = ϕ(R−1x)

Here if we define ψ(x) = H(x)ϕ(x), we can write

OR{H(x)ϕ(x)} = ORψ(x) = ψ(R−1x) = H(R−1x)ϕ(R−1x)

OR{H(x)ϕ(x)} = OR{H(x)O−1
R ORϕ(x)} = ORH(x)O−1

R ϕ(R−1x)

Thus, the transformation for H(x) as the operator acting upon the function can

be given

H(R−1x) = ORH(x)O−1
R

This indicates if H(x) is invariable under the symmetry operation R, expressed in

the form

H(R−1x) = H(x)

H = ORHO−1
R

[H,OR] = HOR − ORH = 0

we can use the fact to further discuss the symmetry by the particle-switching

in many-particle quantum mechanics. Since it is clear to all that the Hamiltonian

H1,Q
N in N -particle system is invariant against the switching of the particles, we can

express that by letting the switching operator between the ith and Jth particles

be Pij (i, j = 1, · · · , N):

[
H,Pij

]
= 0, PijHP−1

ij = H

The above indicates that the many-particle wavefunction of having the simultane-

ous eigenstate for the energy and the particle-switching such that

H1,Q
N ΦΛ = EΛΦΛ

PijΦΛ(· · · , r⃗i, · · · , r⃗j, · · · , ) = ΦΛ(· · · , r⃗j, · · · , r⃗i, · · · , )

= pijΦΛ(· · · , r⃗i, · · · , r⃗j, · · · , )

Switching the particle twice enables the particle to switch back to the initial po-

sition, and therefore the eigenvalue pij for Pij satisfies p2
ij = 1 contrasting with

P 2
ij = 1; i.e., pij = ±1. The particle system under pij = +1 is called a boson

system (B) while under pij = −1 is called a fermion system (F). This switching
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characteristic is regarded as one of the fundamental characteristics of the con-

stituent particles. The each wavefunction for boson (B) and fermion system (F)

has the characteristics described below:

ΦΛ(· · · , r⃗i, · · · , r⃗j, · · · ) = +ΦΛ(· · · , r⃗j, · · · , r⃗i, · · · ) (Boson)

ΦΛ(· · · , r⃗i, · · · , r⃗j, · · · ) = −ΦΛ(· · · , r⃗j, · · · , r⃗i, · · · ) (Fermion)

The wavefunctions we obtained for the many-particle system does not satisfy the

symmetry described in above. Now we use the linear combination of the degenerate

states we noted earlier when we talked about the degenerations, and make the

valid wavefunctions that satisfy the symmetry by performing the symmetrizing

and anti-symmetrizing of the wavefunctions. The results can be written

ΦB
{k1,k2,··· ,kN}(r⃗1, · · · , r⃗N) = ϕk1(r⃗1)ϕk2(r⃗2) · · ·ϕkN

(r⃗N)

[Boson] +ϕk2(r⃗1)ϕk1(r⃗2) · · ·ϕkN
(r⃗N) + · · ·

=
∑

All possible exchange of

k1,··· ,kN

ϕk1(r⃗1)ϕk2(r⃗2) · · ·ϕkN
(r⃗N)

ΦF
{k1,k2,··· ,kN}(r⃗1, · · · , r⃗N) = ϕk1(r⃗1)ϕk2(r⃗2) · · ·ϕkN

(r⃗N)

[Fermion] −ϕk2(r⃗1)ϕk1(r⃗2) · · ·ϕkN
(r⃗N) + − · · ·

=
∑

All possible exchange

P of k1,··· ,kN

(−1)Pϕk1(r⃗1)ϕk2(r⃗2) · · ·ϕkN
(r⃗N)

Note that the wavefunctions do not depend of the order k1, k2, · · · , kN (except for

the scalar multiplications). In the fermion system, the existence of the same single-

particle states may give the wavefunction to be 0 because of the characteristics

of the determinant. In other words, the consistent wavefunction with no-zeros is

free of superposition of single-particle states. This is called the Pauli’s exclusion

principle.

6.5 First Quantization of N-Free Particles System

In summarizing our discussions up to this point, we denote HN as H1,Q
N to

simplify. The complete system of the orthonormalized eigenfunction of the single
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free particle Hamiltonian h(r⃗) can be written in the form 143

h(r⃗)ϕk(r⃗) = ϵkϕk(r⃗)∑
k

ϕk(r⃗)ϕ
∗
k(r⃗

′) = δ(r⃗ − r⃗ ′) completeness∫
d3r ϕ∗

k(r⃗)ϕk ′(r⃗) = δkk′ orthonormality

The Schroedinger equations of each fermion and boson system for the (first quan-

tized) Hamiltonian HN of the N -free particles can be given by

HN(r⃗1, · · · , r⃗N) =
N∑

i=1

h(r⃗i)

HN(r⃗1, · · · , r⃗N)ΦF,B
Λ (r⃗1, · · · , r⃗N) = EΛΦF,B

Λ (r⃗1, · · · , r⃗N)

Whose eigenfunctions satisfy the symmetry condition to the following commuta-

tion:

ΦB
Λ (· · · , r⃗i, · · · , r⃗j, · · · ) = +ΦB

Λ (· · · , r⃗j, · · · , r⃗i, · · · ) (Boson)

ΦF
Λ(· · · , r⃗i, · · · , r⃗j, · · · ) = −ΦF

Λ(· · · , r⃗j, · · · , r⃗i, · · · ) (Fermion)

143For the completeness, we can write

ϕk(r⃗) =
1√
L3

eik·r⃗

giving ∑
k

ϕk(r⃗)ϕ∗
k(r⃗ ′) =

1
δk3

(δk)3
∑

k

1
L3

eik·(r⃗−r⃗′)

=
1

(2π)3

∫
V

dV eik·(r⃗−r⃗′) = δ3(r⃗ − r⃗′)
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In each equation above, we introduce the normalization constants to write

ΦB
Λ={k1,k2,··· ,kN}(r⃗1, · · · , r⃗N) = CB

{
ϕk1(r⃗1)ϕk2(r⃗2) · · ·ϕkN

(rN)

+ϕk2(r⃗1)ϕk1(r⃗2) · · ·ϕkN
(r⃗N) + · · ·

}
= CB

∑
P

ϕkP1
(r⃗1)ϕkP2

(r⃗2) · · ·ϕkPN
(r⃗N)

≡ CBper D(ϕk1ϕk2 · · ·ϕkN
)

ΦF
Λ={k1,k2,··· ,kN}(r⃗1, · · · , r⃗N) = CF

{
ϕk1(r⃗1)ϕk2(r⃗2) · · ·ϕkN

(r⃗N)

−ϕk2(r⃗1)ϕk1(r⃗2) · · ·ϕkN
(r⃗N) + − · · ·

}
= CF

∑
P

(−1)P ϕkP1
(r⃗1)ϕkP2

(r⃗2) · · ·ϕkPN
(r⃗N)

= CF det D(ϕk1ϕk2 · · ·ϕkN
) Slater determinants

{D(ϕk1ϕk2 · · ·ϕkN
)}i,j = ϕki

(r⃗j)

EΛ =
N∑

i=1

ϵki

The normalization constants CB and CF will be defined later. Let us use to label

the eigenfunctions of N -particle systems; the wavefunction is independent of the

order k1, k2, · · · , kN (except for the scalar multiplications). Now, we organize the

overlapping parts in k1, k2, · · · , kN as to change the method in defining the state of

N -particle systems from our initially used method of:“defining the single-particle

states which being occupied by particles”to,“method of defining the number of

overlapping occupations for each single-particle state which is defined by the label

k of the single-particle states.”Further, these overlaps are called the occupation

numbers of a single-particle states k. The states of N -particle systems can be

determined by defining all possible occupation numbers of the single-particle states

k. Therefore, we obtain the occupation number nk for the single-particle states k,

and give {nk} to finally determine the states. In the boson systems, the occupation

numbers can be nk = 0, 1, 2, 3, · · · while it can become nk　 = 0, 1 for the fermion

systems. (Pauli ’s principle) We use this occupation number representation to

write the Schroedinger equation and the energy of N -particle system:

H　ΦB,F
{nk}(r⃗1, · · · , r⃗N) = E{nk}Φ

B,F
{nk}(r⃗1, · · · , r⃗N)

E{nk} =
∑

k

　ϵknk
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6.6 Second Quantization

We now consider a new form of Schoedinger equation through the following

procedures:

HN → H =
∑

k

　ϵkn̂k, n̂k = d†
kdk

ΦB,F
{nk}(r⃗1, · · · , r⃗N) → |{nk}⟩ =

∏
k

|nk⟩ ≡
∏

k

1√
nk!

(dk
†)nk |0⟩

The negative sign ? is used for Bosons (commutation relation) while the positive

sign + is used for Fermions (anti-commutation relation) in equation [A,B]∓ =

AB ∓BA. Thus, we understand that d†
k and dk are the creation and annihilation

operators which satisfy

[d†
k, d

†
k′ ]∓ = 0, [dk, dk′ ]∓ = 0, [dk, d

†
k′ ]∓ = δkk′

Take notice of n̂k|nk⟩ = nk|nk⟩、|nk⟩ = 1√
nk!

(d†
k)

nk |0⟩ which are derived from the

eqquations above, one can write the Schroedinger equation that corresponds to H:

H|{nk}⟩ = E{nk}|{nk}⟩
E{nk} =

∑
k

　ϵknk

The form of energy can be written in the same form that was given before. Here

note that the vacuum |0⟩ is being defined by

∀k, dk|0⟩ =0

⟨0|0⟩ =1

These procedures H → H are called the second quantization.

We can express |{nk}⟩ in which tha label of k decides the one-dimensional order

where we denote the order by ≺ and obtain k1 ≺ k2 ≺ k3 · · · such that

|{nk}⟩ = |nk1 , nk2 , nk3 , · · · ⟩

=
∏

k1≺k2≺k3···

1√
nki

!
(d†

k1
)nk1 (d†

k2
)nk2 (d†

k3
)nk3 · · · |0⟩

The normalization of this state is written

⟨{nk}|{n′
k}⟩ = δ{nk}{n′

k}

=
∏

δnk1,k′1
δnk2,k′2

· · ·

In the following discussions, let us express only the non-zero nk found in |{nk}⟩.
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Field Operator

We use the operator which is defined by the so called field operator

ψ̂(r) =
∑

k

ϕk(r)dk

and write

[ψ̂(r⃗), ψ̂†(r⃗ ′)]± = δ(r⃗ − r⃗ ′)

[ψ̂(r⃗), ψ̂(r⃗ ′)]± = 0

[ψ̂†(r⃗), ψ̂†(r⃗ ′)]± = 0

The Hamiltonian of the free-particle systems can be written

H =

∫
d3rψ̂†(r⃗)(−~2∇⃗2

2m
)ψ̂(r⃗)

This equation represents the first quantization of energy such that the wavefunc-

tion corresponds to the operator in the form; the reason why we call“ second

quantization.”It should be clear to most of us by now that the Hamiltonian for

the general single-particle can be discussed in the same manner. The general

treatment for the operators will be discussed later yet; we can still obtain the

Hamiltonian that corresponds to the energy based on the knowledge we have ob-

tained up to this point.

In our next step, we consider how to treat the state vectors. The relation between

the state vector |{nk}⟩ by second quantization formalism and the many-particle

wavefunction in first quantization can be written 144

Φ{nk}(r⃗1, · · · , r⃗N) = ⟨r⃗1, · · · , r⃗N |{nk}⟩

|r⃗1, · · · , r⃗N⟩ ≡ 1√
N !

ψ̂†(r⃗1) · · · ψ̂†(r⃗N)|0⟩ =
1√
N !

N∏
j=1

ψ̂†(r⃗j)|0⟩

144For fermions:

⟨r⃗1, · · · , r⃗N |{nk}⟩ =
1√
N !

⟨0|ψ(r⃗N ) · · ·ψ(r⃗1)|nk1 , nk2 , · · ·nkN
⟩

=
1√
N !

∑
i1,···iN

ϕiN
(r⃗N ) · · ·ϕi1(r⃗1)⟨0|diN

· · · di1 |nk1 , nk2 , · · ·nkN
⟩

=
1√
N !

∑
P

(±)P ϕkP N
(r⃗N ) · · ·ϕkP1(r⃗1) =

1√
N !

detϕki
(r⃗j)
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The normalization constants CF and CB are given

CF =
1√
N !

CB =
1√

N !
∏

k nk!

The normalization can be given by 145∫
d3r1 · · · r⃗N |ΦΛ(r⃗1 · · · r⃗N)|2 = 1

For bosons:

⟨r⃗1, · · · , r⃗N |{nk}⟩ =
1√
N !

⟨0|ψ(r⃗N ) · · ·ψ(r⃗1)|nk1 , nk2 , · · · ⟩

=
1√
N !

∑
i1,···iN

ϕiN (r⃗N ) · · ·ϕi1(r⃗1)⟨0|diN · · · di1 |nk1 , nk2 , · · · ⟩

=
1√
N !

∑
i1,···iN

ϕiN
(r⃗N ) · · ·ϕi1(r⃗1)⟨0| · · · (dk2)

nk2 (dk1)
nk1 |nk1 , nk2 , · · · ⟩

{i1, · · · iN} = {

nk1︷ ︸︸ ︷
k1, k1 · · · k1,

nk2︷ ︸︸ ︷
k2, k2 · · · k2, · · · }, as a set

=
1√
N !

∑
i1,···iN

ϕiN (r⃗N ) · · ·ϕi1(r⃗1)
√

nk1 !nk2 ! · · ·

=
1√
N !

1
nk1 !nk2 ! · · ·

∑
P

ϕiP N (r⃗N ) · · ·ϕiP1(r⃗1)
√

nk1 !nk2 !, · · ·

We cannot find the overlapped values by the substitution in the form of natural free sum. Thus,

= 1
√

N !nk1 !nk2 !···
P

P ϕiP N
(r⃗N )···ϕiP1 (r⃗1), {i1,i2,··· ,iN}={

nk1︷ ︸︸ ︷
k1, k1 · · · k1,

nk2︷ ︸︸ ︷
k2, k2 · · · k2,··· }

145Consider the noemalization. For the fermions:∫
d3r1 · · · r⃗N |Φ{nki

}(r⃗1 · · · r⃗N )|2 =
1

N !

∑
PQ

(−)P (−)Q

∫
d3r1 · · · d3rN ϕ∗

kQ1
(r⃗1)ϕkP1(r⃗1) · ϕ∗

kQ2
(r⃗2)ϕkP2(r⃗2) · · ·

=
1

N !

∑
P

∫
d3r1 · · · d3rN ϕ∗

kP1
(r⃗1)ϕkP1(r⃗1) · ϕ∗

kP2
(r⃗2)ϕkP2(r⃗2) · · · = 1

While for the bosons:∫
d3r1 · · · r⃗N |Φ{nki

}(r⃗1 · · · r⃗N )|2 =
1

N !nk1 !nk2 ! · · ·
∑
PQ

∫
d3r1 · · · d3rN ϕ∗

iQ1
(r⃗1)ϕiP1(r⃗1) · ϕ∗

iQ2
(r⃗2)ϕiP2(r⃗2) · · ·

{i1, · · · iN} = {

nk1︷ ︸︸ ︷
k1, k1 · · · k1,

nk2︷ ︸︸ ︷
k2, k2 · · · k2, · · · },

=
1

nk1 !nk2 ! · · ·
∑
P

∫
d3r1 · · · d3rN ϕ∗

i1(r⃗1)ϕiP1(r⃗1) · ϕ∗
i2(r⃗2)ϕiP2(r⃗2) · · · = 1
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Further, the orthonormal condition can be given by

⟨r⃗1, · · · , r⃗N |r⃗1
′, · · · , r⃗N

′⟩ =
1

N !

∑
P

(±)P δ(r⃗1 − r⃗P1
′) · · · δ(r⃗N − r⃗PN

′)

6.7 Operator and the Interactoin in Second Quantization

Formalism

Now we consider the second quantization approach and the form of operator that

can be introduced to the given single-particle operator F and to the two-particle

operator G, which we defined in first quantization earlier:

F =
N∑

i=1

f(r⃗i)

G =
1

2

∑
i ̸=j

g(r⃗i, r⃗j)

146

First, we need to confirm the complete system IN of N -particle systems: 147

146In first quantization, the kinetic energy can be an example of the single-particle operator F :

F = −
∑

i

~2∇2
i

2m

For the two-particle operator G, the Coulomb interaction can be of the typical example:

G =
1
2

∑
i,j

e2

|r⃗i − r⃗j |

147In the fermions cases:

ÎN =
∫

d3r1 · · · d3rN |r⃗1, · · · , r⃗N ⟩⟨r⃗1, · · · , r⃗N |

=
1

N !

∑
i′1,··· ,i′N

∑
i1,··· ,iN

d†
ı′1
· · · d†

i′N
|0⟩⟨0|di1 · · · diN

×
∫

d3r1 · · · d3rN ϕ∗
i′1

(r⃗1)ϕi1(r⃗1) · · ·ϕ∗
i′N

(r⃗N )ϕiN (r⃗N )

=
1

N !

∑
i1,··· ,iN

|nı1 · · ·niN
⟩⟨ni1 · · ·niN

|

=
∑

i1≺···≺iN

|nı1 · · ·niN
⟩⟨ni1 · · ·niN

| Note that there are only non-zeros.
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148

|r⃗1, · · · , r⃗N⟩ =
1√
N !

ψ̂†(r⃗1) · · · ψ̂†(r⃗N)|0⟩ =
1√
N !

N∏
j=1

ψ̂†(r⃗j)|0⟩

ÎN =

∫
d3r1 · · · d3rN |r⃗1, · · · , r⃗N⟩⟨r⃗1, · · · , r⃗N |

=
∑

α1,··· ,αN

∏
αi

nαi
!

N !
|nα1 · · ·nαN

⟩⟨nα1 · · ·nαN
|

=
∑

α1≺α2≺···

|nα1nα2 · · · ⟩⟨nα1nα2 · · · |

Calculate the matrix elements of the operator below for the arbitrary N -particle

states α = {nα1 · · · , nαN
} and β = {nβ1 · · · , nβN

}:

F =

∫
d3rψ̂†(r⃗)f(r⃗)ψ̂(r⃗)

⟨α|F|β⟩ =

∫
d3r

∫
d3r1 · · · d3rN−1 ⟨α|ψ̂†(r⃗)|r⃗1, · · · , r⃗N−1⟩f(r⃗)⟨r⃗1, · · · , r⃗N−1|ψ̂(r⃗)|β⟩

= N

∫
d3r1 · · · d3rN−1d

3r ⟨α|r⃗1, · · · , r⃗N−1, r⃗⟩f(r⃗)⟨r⃗1, · · · , r⃗N−1, r⃗|β⟩

=

∫
d3r1 · · · d3rN

N∑
i=1

Φ∗
α(r⃗1, · · · , r⃗N)f(r⃗i)Φβ(r⃗1, · · · , r⃗N)

=

∫
d3r1 · · · d3rN Φ∗

α(r⃗1, · · · , r⃗N)FΦβ(r⃗1, · · · , r⃗N)

148For the bosons:

ÎN =
∫

d3r1 · · · d3rN |r⃗1, · · · , r⃗N ⟩⟨r⃗1, · · · , r⃗N |

=
1

N !

∑
i′1,··· ,i′N

∑
i1,··· ,iN

d†ı′1
· · · d†

i′N
|0⟩⟨0|di1 · · · diN

×
∫

d3r1 · · · d3rN ϕ∗
i′1

(r⃗1)ϕi1(r⃗1) · · ·ϕ∗
i′N

(r⃗N )ϕiN
(r⃗N )

=
∑

k1,k2···

∏
k nk!
N !

|nk1 , nk2 , · · · ⟩⟨nk1 , nk2 , · · · |

{i1, · · · , iN} = {

nk1︷ ︸︸ ︷
k1, k1 · · · k1,

nk2︷ ︸︸ ︷
k2, k2 · · · k2, · · · }

=
∑

k1≺k2···

|nk1 , nk2 , · · · ⟩⟨nk1 , nk2 , · · · |,
∑

nki = N
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The above indicates that we can use calF to correspond to the single-particle

operator F . 149

In the same way, we consider the two-particle operator:

G =
1

2

∫
d3rd3r ′ψ̂†(r⃗)ψ̂†(r⃗ ′)g(r⃗i, r⃗j)ψ̂(r⃗ ′)ψ̂(r⃗), g(ri, rj) = g(rj, ri), (i ̸= j)

Calculation for the matrix elements of the above yields

⟨α|G|β⟩ =
1

2

∫
d3rd3r ′

∫
d3r1 · · · d3rN−2

×⟨α|ψ̂†(r⃗)ψ̂†(r⃗ ′)|r⃗1, · · · , r⃗N−2⟩g(r⃗, r⃗ ′)⟨r⃗1, · · · , r⃗N−2|ψ̂(r⃗ ′)ψ̂(r⃗)|β⟩

=
1

2
N(N − 1)

∫
d3r1 · · · d3rN−2d

3rd3r ′

× ⟨α|r⃗1, · · · , r⃗N−2, r⃗, r⃗
′⟩g(r⃗, r⃗ ′)⟨r⃗1, · · · , r⃗N−2, r⃗, r⃗

′|β⟩

=

∫
d3r1 · · · d3rN

×1

2

N∑
i ̸=j

Φ∗
α(r⃗1, · · · , r⃗N)g(r⃗i, r⃗j)Φβ(r⃗1, · · · , r⃗N)

=

∫
d3r1 · · · d3rN Φ∗

α(r⃗1, · · · , r⃗N)GΦβ(r⃗1, · · · , r⃗N)

This indicates that we can use calG to correspond to the two-particle operator G.
150 We can summarize that in the form:

F ⇔ F
G ⇔ G

Second Quantized Example

• Particle density operator

∑
i

δ(r⃗ − r⃗i) −→ n̂(r⃗) = ψ̂†(r⃗)ψ̂(r⃗)

149We put the complete system IN−1 of N − 1 particle system into the equation:

ψ̂†(r⃗)|r⃗1, · · · , r⃗N−1⟩ = (−1)N−1
√

N |r⃗1, · · · , r⃗N−1, r⃗⟩

and
Φ∗

α(r⃗1, · · · , r⃗N )Φβ(r⃗1, · · · , r⃗N )

Note that the commutation of arbitrary ri and rj is symmetric.
150In our typical case, we used g(r1, r2) = g(r2, r1 in the equation; however, in general cases, we

will obtain G = 1
2

∫ ∫
d3r d3r′ψ†(r⃗)ψ†(r⃗ ′)gS(r⃗, r⃗ ′)ψ(r⃗ ′)ψ(r⃗) when we use G = 1

2

∑
i,j g(ri, rj) =

1
2

∑
i,j gS(ri, rj)
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• Total energy-momentum operator 151

−
∑

i

~2

2m
∇⃗2

i −→ −
∫

d3r ψ̂†(r⃗)
~2

2m
∇⃗2ψ̂(r⃗) =

∫
d3r

1

2m

(
~
i
∇⃗ψ̂(r⃗)

)†(~
i
∇⃗ψ̂(r⃗)

)

• Density-density correlation operator 152

n̂(r⃗, r⃗′) =
∑
i̸=j

δ(r⃗ − r⃗i)δ(r⃗
′ − r⃗j) −→= n̂(r⃗)n̂(r⃗ ′) − δ(r⃗ − r⃗ ′)n̂(r⃗)

151Use the integration by parts.
152

n̂(r⃗, r⃗′) =
∑
i ̸=j

δ(r⃗ − r⃗i)δ(r⃗′ − r⃗j)

−→ ψ̂†(r⃗)ψ̂†(r⃗ ′)ψ̂(r⃗ ′)ψ̂(r⃗) = ±ψ̂†(r⃗)ψ̂†(r⃗ ′)ψ̂(r⃗)ψ̂(r⃗ ′)

= ψ̂†(r⃗)
(
ψ̂†(r⃗ ′)ψ̂(r⃗) − δ(r⃗ − r⃗ ′)

)
ψ̂(r⃗ ′) = n̂(r⃗)n̂(r⃗ ′) − δ(r⃗ − r⃗ ′)n̂(r⃗)
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7 Single-particle States and Mean-field Approx-

imations in Fermion Systems

Generally speaking, to obtain the eigenstates of many-particle systems with in-

teractions is considered much complicated. Among the different types of approxi-

mation methods performed effectively to solve the many-particle problems, we fo-

cus our discussion on the most fundamental and essential of which; the mean-field

approximations and the single-particle approximations. We begin our discussion

by considering the simplified spinless fermion systems. Following our discussion

in the previous section, we let one-body of potential be v(r⃗) and let the inter-

electronic interaction be g(r⃗ − r⃗ ′). In such case, the Hamiltonian can be written

as

H =

∫
d3r ψ†(r⃗)

(
−~2∇2

2m
+ v(r⃗)

)
ψ(r⃗)

+
1

2

∫
d3r

∫
d3r ′ ψ†(r⃗)ψ†(r⃗ ′)g(r⃗ − r⃗ ′)ψ(r⃗ ′)ψ(r⃗)

The Coulomb force can be written

g(r⃗ − r⃗ ′) =
1

4πϵ0

e2

|r⃗ − r⃗′|
.

Let us now consider a problem of determining the ground state |G⟩ of the fixed

number of particles N in the system:

N = ⟨G|N̂ |G⟩

N̂ =

∫
d3r n̂(r⃗), n̂(r⃗) = ψ†(r⃗)ψ(r⃗)

In fact, this is commonly known to be insoluble for N ¿ 2 (many-body problem).

In our following subsections, we will consider the certain types of approximated

solutions to solve the many-body problems.

7.1 Single-particle Orbit and Unitary Transformation of

Fermi Operator

Let us consider the following trial function for the ground state in the many-

particle system: 153

|G⟩ = c†1c
†
2 · · · c

†
N |0⟩

153The wavefunction in such form is called the single-particle wavefunction.
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Note that cj can be transformed in applying the unitary transformation Uij to the

annihilation operator dj of the fermions used in second quantization: (Vacuum |0⟩
is the invariable)

di =
∑

j

Uijcj, cj =
∑

j

dkU
∗
kj

Uij = {U}ij, U
yU = UU y = I∑

k

UikU
∗
jk =

∑
k

UkiU
∗
kj = δij

The field operator can be written in correspond to the above transformation:

ψ̂(r⃗) =
∑

j

ϕj(r⃗)dj =
∑

k

φk(r⃗)ck

φk(r⃗) =
∑

j

ϕj(r⃗)Ujk

Now we can demonstrate that φj(r⃗), j = 1, 2, · · · formulates the following or-

thonormalized complete system: 154

∫
d3r φ∗

i (r⃗)φj(r⃗) = δij∑
j

φ∗
j(r⃗)φj(r⃗

′) = δ(r⃗ − r⃗ ′)

While contrarily in the arbitrary orthonormalized complete system {φk(r⃗)},
each function of this complete system can be expanded over the complete sys-

tem {ϕj(r⃗)}:

φk(r⃗) =
∑

j

ϕj(r⃗)Ujk

The expansion coefficient in the above can formulate Uij, by which the unitary

154 ∫
d3r φ∗

i (r⃗)φj(r⃗) =
∫

d3r ϕ∗
k(r⃗)U∗

kiϕl(r⃗)Ulj = U∗
kiUkj = δij

φj(r⃗)φ∗
j (r⃗

′) = ϕk(r⃗)Ukjϕ
∗
l (r⃗

′)U∗
lj = ϕk(r⃗)ϕ∗

k(r⃗ ′) = δ(r⃗ − r⃗ ′)
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matrix is formed. 155 Hence, the new operator {cj} defined by this unitary matrix

also satisfies the anticommutation relation of fermion. 156 Based on which we

write

⟨r⃗1, r⃗2, · · · , r⃗N |G⟩ = CF det{φi(r⃗j)}

This may give us a act that to consider |G⟩ analogues to having φk(r⃗) for the

single-particle orbit which takes oart in making the ground state. We use the

variation principle for φk(r⃗)

⟨G|H|G⟩

In our following discussions, we will consider the mean-field approximation that

takes the smallest value in the above. We will now demonstrate a step-by-step

calculation of each term that makes up ⟨G|H|G⟩.

7.2 Total Energy of Single-particle States

The equation {ψ̂(r⃗), c†j} = φj(r⃗) gives ψ̂(r⃗)c†j = −c†jψ̂(r⃗) + φj(r⃗), which further

giving:

ψ̂(r⃗)|G⟩ = {−c†1ψ̂(r⃗) + φ1(r⃗)}c†2 · · · c
†
N |0⟩

= −
N∑

j=1

(−1)jφj(r⃗)c
†
1 · · · c

†
j−1c

†
j+1 · · · c

†
N |0⟩

A one-body energy term can be written

⟨G|
∫

d3r ψ̂†(r⃗)

(
−~2∇2

2m
+ v(r⃗)

)
ψ̂(r⃗)|G⟩ =

N∑
j=1

I(j)

I(j) =

∫
d3r φ∗

j(r⃗)

(
− ~2

2m
∇2 + v(r⃗)

)
φj(r⃗)

155 ∫
d3r φ∗

i (r⃗)φj(r⃗) =
∫

d3r ϕ∗
k(r⃗)U∗

kiϕl(r⃗)Ulj = U∗
kiUkj = δij

Ujk =
∫

d3r ϕ∗
j (r⃗)φk(r⃗)

UikU∗
jk =

∫
d3r′ ϕ∗

i (r⃗
′)φk(r⃗′)

∫
d3r ϕj(r⃗)φ∗

k(r⃗) =
∫

d3r ϕ∗
i (r⃗)ϕj(r⃗) = δij

156

{ci, c
†
j} = {dkU∗

ki, d
†
l Ulj} = U∗

kiUkj = δij
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In the same way, we may write

ψ̂(r⃗ ′)ψ̂(r⃗)|G⟩ = ψ̂(r⃗ ′){−c†1ψ̂(r⃗) + φ1(r⃗)}c†2 · · · c
†
N |0⟩

= −
N∑

j=1

(−1)jφj(r⃗)ψ̂(r⃗ ′)c†1 · · · c
†
j−1c

†
j+1 · · · c

†
N |0⟩

=
∑
k<j

(−1)j+kφk(r⃗
′)φj(r⃗)c

†
1 · · · c

†
k−1c

†
k+1 · · · c

†
j−1c

†
j+1 · · · c

†
N |0⟩

+
∑
j<k

(−1)j+k+1φk(r⃗
′)φj(r⃗)c

†
1 · · · c

†
j−1c

†
j+1 · · · c

†
k−1c

†
k+1 · · · c

†
N |0⟩

=
∑
k<j

(−1)j+k{φk(r⃗
′)φj(r⃗) − φj(r⃗

′)φk(r⃗)}

×c†1 · · · c
†
k−1c

†
k+1 · · · c

†
j−1c

†
j+1 · · · c

†
N |0⟩

Thus,

⟨G| 1

2

∫
d3r

∫
d3r ′ ψ̂†(r⃗)ψ̂†(r⃗ ′)g(r⃗ − r⃗ ′)ψ̂(r⃗ ′)ψ̂(r⃗)|G⟩

=
1

2

∫
d3r

∫
d3r ′g(r⃗ − r⃗ ′)

∑
k<j

|φk(r⃗
′)φj(r⃗) − φj(r⃗

′)φk(r⃗)|2

=
1

2

∫
d3r

∫
d3r ′g(r⃗ − r⃗ ′)

∑
k ̸=j

{|φk(r⃗
′)|2|φj(r⃗)|2 − φ∗

k(r⃗
′)φj(r⃗

′)φ∗
j(r⃗)φk(r⃗)}

=
∑
k<j

(J(k, j) − K(k, j))

J(k, j) =

∫
d3r

∫
d3r ′|φi(r⃗)|2 g(r⃗ − r⃗ ′) |φj(r⃗)|2

=
e2

4πϵ0

∫
d3r

∫
d3r ′ |φk(r⃗

′)|2|φj(r⃗)|2

|r⃗ − r⃗′|

K(k, j) =

∫
d3r

∫
d3r ′φ∗

k(r⃗
′)φj(r⃗

′) g(r⃗ − r⃗ ′) φ∗
j(r⃗)φk(r⃗)

=
e2

4πϵ0

∫
d3r

∫
d3r ′φ

∗
k(r⃗

′)φj(r⃗
′)φ∗

j(r⃗)φk(r⃗)

|r⃗ − r⃗′|

The total energy ET can be given 157

ET =
∑

i

I(i) +
∑
i<j

(
J(i, j) − K(i, j)

)
These J(k, j) and K(k, j) are respectively called the Coulomb integral and the

exchange integral of both having positive quantities. The integrals satisfy the

following relations:
157The i = j terms are canceled by the Coulomb integral and the exchange integral
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158 159 160

J(i, j) ≥ K(i, j) ≥ 0

Further, satisfy the following: 161

J(i, i) + J(j, j) ≥ 2J(i, j)

158

J(1, 2) − K(1, 2) =
e2

4πϵ0

∫
d3r

∫
d3r ′ 1

|r⃗ − r⃗ ′|
1
2

(
|φ1(r⃗ ′)|2|φ2(r⃗)|2 + |φ1(r⃗)|2|φ2(r⃗ ′)|2

−φ∗
1(r⃗

′)φ2(r⃗ ′)φ∗
2(r⃗)φ1(r⃗) − φ∗

1(r⃗)φ2(r⃗)φ∗
2(r⃗

′)φ1(r⃗ ′)
)

=
e2

4πϵ0

∫
d3r

∫
d3r ′ 1

|r⃗ − r⃗ ′|
1
2
(|Z|2|Y |2 + |X|2|U |2 − X∗Y ZU ∗ −Z∗UXY ∗)

=
e2

4πϵ0

∫
d3r

∫
d3r ′ 1

|r⃗ − r⃗ ′|
1
2
|XU − Y Z|2 ≥ 0

X = φ1(r⃗ ′), Y = φ2(r⃗ ′), Z = φ2(r⃗), U = φ1(r⃗)

159Let us write
e−µr

r
=

1
2π2

∫
d3k eik⃗·r⃗ 1

k2 + µ2
=

1
V

∑
k⃗

eik⃗·r⃗ 4π

k2 + µ2

Where we interpret as µ → 0 so that

1
r

=
1

2π2

∫
d3k eik⃗·r⃗ 1

k2
=

1
V

∑
k⃗

eik⃗·r⃗ 4π

k2

160

K(1, 2) =
e2

4πϵ0

1
2π2

∫
d3k

1
k2

∫
d3r

∫
d3r ′ eik⃗·(r⃗−r⃗ ′) φ∗

1(r⃗
′)φ2(r⃗ ′)φ∗

2(r⃗)φ1(r⃗)

=
e2

4πϵ0

1
2π2

∫
d3k

1
k2

∫
d3reik⃗·r⃗φ∗

2(r⃗)φ1(r⃗)
∫

d3r ′e−ik⃗·r⃗ ′
φ∗

1(r⃗
′)φ2(r⃗ ′)

=
e2

4πϵ0

1
2π2

∫
d3k

1
k2

∣∣∣∣ ∫
d3reik⃗·r⃗φ∗

2(r⃗)φ1(r⃗)
∣∣∣∣2 ≥ 0

161

J(i, i) + J(j, j) − J(i, j) − J(j, i) =
e2

4πϵ0

∫
dr⃗

∫
dr⃗ ′

× 1
|r⃗ − r⃗ ′|

(
|φi(r⃗)|2|φi(r⃗ ′)|2 + |φj(r⃗)|2|φj(r⃗ ′)|2 − |φi(r⃗)|2|φj(r⃗ ′)|2 − |φj(r⃗)|2|φi(r⃗ ′)|2

)
=

e2

4πϵ0

1
V

∑
k⃗

4π

k2

∫
dr⃗

∫
dr⃗ ′eik⃗·r⃗e−ik⃗·r⃗ ′

×
(
|φi(r⃗)|2 − |φj(r⃗)|2

)(
|φi(r⃗ ′)|2 − |φj(r⃗ ′)|2

)

=
e2

4πϵ0

1
V

∑
k⃗

4π

k2

∣∣∣∣ ∫
dr⃗eik⃗·r⃗

(
|φi(r⃗)|2 − |φj(r⃗)|2

)∣∣∣∣2 ≥ 0
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Expectation Value of Free Fermion System

In contrast to the fermion systems, the simplest form of many-particle states

where the single-particle states are packed to the fermi energy of EF , is called a

“ Fermi sea”. In the second quantization representation, we can write

|F ⟩ =
∏

ϵ
k⃗
≤EF

d†
k⃗
|0⟩

ϵk⃗ =
~2k2

2m

ψk⃗(r⃗) =
∑

k⃗

1√
V

eik⃗·r⃗

Let us now demonstrate the calculations for the expectation values of the second

quantized operators in the Fermi sea.

• Particle density 162

⟨F | n̂(r⃗)｜F ⟩ =
N

V
=

1

6π
k3

F

• Particle-particle correlation function 163

⟨F |n̂(r⃗, r⃗ ′)｜F ⟩ =

(
N

V

)2(
1 − (f(kF |r⃗ − r⃗ ′|))2

)
f(kF R) = 3

sin kF R − kF R cos kF R

k3
F R3

The above equations show that the particles repel each other in the real

space given by the Pauli ’s exclusion principle; the effect is known as the

Exchange hole.

162

⟨F |n̂(r⃗)｜F ⟩ = ⟨F |ψ̂†(r⃗)ψ̂(r⃗)|F ⟩

=
1
V

∑
k⃗,⃗k ′

e−i(k⃗−k⃗ ′)·r⃗⟨F |d†
k⃗
dk⃗ ′ |F ⟩

=
1
V

∑
k⃗,ϵ

k⃗
≤EF

⟨F |d†
k⃗
dk⃗|F ⟩ =

N

V

while

N =
∑

k⃗,ϵ
k⃗
≤EF

1 =
(

L

2π

)3 ∫
ϵ

k⃗
≤EF

dk⃗ = V
1

8π3

4π2

3
k3

F = V
1
6π

k3
F

163In calculating the interaction terms, we first write g(r⃗− r⃗ ′) = δ(r⃗−R⃗A)δ(r⃗ ′−R⃗B) to directly
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7.3 Mean Field Equations: Hartree-Fock Equations

Now we consider obtaining the basis function φi(r⃗) that includes the lowest

variational energy we evaluated in the last subsection. Since the basis function

is known as the complex quantity, we write the variation of φ∗
i (r⃗) while knowing

that we may take the variation of φ∗
i (r⃗) independently of φi(r⃗). Before we do

so, we consider the binding condition by introducing the normalization condition∫
d3r φ∗

i (r⃗)φi(r⃗) = 1 using a set of N Lagrangian uncertain multipliers ϵi, i =

1, · · · , N : (We will consider the orthogonal conditions later.)

δ

δφ∗
i (r⃗)

(
ET −

∑
i

ϵi

∫
d3r φ∗

i (r⃗)φi(r⃗)

)
= 0

=

(
− ~2∇2

2m
+ v(r⃗) +

e2

4πϵ0

N∑
j=1

∫
d3r ′ |φj(r⃗

′)|2

|r⃗ − r⃗ ′|
− ϵi

)
φi(r⃗)

− e2

4πϵ0

N∑
j=1

( ∫
d3r ′φ

∗
j(r⃗

′)φi(r⃗
′)

|r⃗ − r⃗ ′|

)
φj(r⃗)

obtain from J − K as following:

⟨F | n̂(r⃗, r⃗ ′)｜F ⟩ =
∑

k≤kF ,k′≤kF

∫
d3r

∫
d3r ′δ(r⃗ − R⃗A)δ(r⃗ ′ − R⃗B)

(
|ψk⃗(r⃗ ′)|2|ψk⃗ ′(r⃗)|2 − ψ∗

k⃗
(r⃗ ′)ψk⃗ ′(r⃗ ′)ψ∗

k⃗ ′(r⃗)ψk⃗(r⃗)
)

=
∑

k≤kF ,k′≤kF

(
1

V 2
− 1

V 2
e−ik⃗·R⃗Beik⃗ ′·R⃗Be−ik⃗ ′·R⃗Aeik⃗·R⃗A

)

=
1

V 2

∑
k≤kF ,k′≤kF

(
1 − ei(k⃗−k⃗ ′)·(R⃗A−R⃗B)

)

=
1

V 2

( ∑
k≤kF

1
)2 − 1

V 2

∣∣ ∑
k≤kF

eik⃗·(R⃗A−R⃗B)
∣∣2 =

(
N

V

)2(
1 − f(kF |R⃗A − R⃗B |)

)
Here we calculate below:

N

V
f(kF |R⃗A − R⃗B |) =

1
V

∑
k≤kF

eik⃗·(R⃗A−R⃗B) =
1
V

L3

(2π)3

∫
k≤kF

dk⃗ eik|R⃗A−R⃗B | cos θ

=
1

(2π)3
(2π)

∫ kF

0

dk k2 eikRAB − e−ikRAB

ikRAB
=

1
2π2RAB

∫ kF

0

∫ kF

0

dk k sin kRAB

= k3
F

1
2π2

sin kF RAB − RAB cos kF RAB

kF R3
AB

=
N

V
3

sin kF RAB − RAB cos kF RAB

k3
F R3

AB

giving
∫ K

0
dk cos kR = 1

R sin KR, note that we have
∫ K

0
dkk sin kR = 1

R2 (sinKR−KR cos KR).
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We rewrite the above:

HF φi(r⃗) = ϵiφi(r⃗)

The operator HF can be defined as:

HFO =

(
− ~2∇2

2m
+ v(r⃗) +

e2

4πϵ0

N∑
j=1

∫
d3r ′ |φj(r⃗

′)|2

|r⃗ − r⃗ ′|

)
O(r⃗)

− e2

4πϵ0

N∑
j=1

( ∫
d3r ′φ

∗
j(r⃗

′) · O(r⃗ ′)

|r⃗ − r⃗ ′|

)
φj(r⃗)

The non-linear operator HF provided above can be applied to all i and therefore,

the solution will be the orthogonal system. 164 This is called the Hartree-Fock

equation. Here note that the equation itself depends on φi of the solution thereby,

the solution must be determined self-consistently. Usually, this equation possesses

more than one solution in the N -particle system:

{φi(r⃗)}, i = 1, · · · , N

However, based on the variation principle, we know the solution that contributes

to the lowest total energy can only become the ground state. We organize the

N -functions that provide the ground states to the N -particle system:

φN
1 (r⃗), · · · , φN

N(r⃗)

The eigenvalue ϵN
i and the total energy of the Hartree-Fock equation can be

given by (we clarify the N -particles dependence in the form) 165

ϵN
i = IN(i) +

N∑
j=1

(
JN(i, j) − KN(i, j)

)
EN

T =
N∑

i=1

IN(i) +
N∑

i<j

(
JN(i, j) − KN(i, j)

)
164If we show a Hermitian of HF while no degeneration being observed, we can understand that

the eigenfunctions of different eigenvalues become orthogonal. The Hermitian we show is clear
by leaving out the kinetic energy; the Hermitian of the kinetic energy is already known.

165The Hartree-Fock equation is integrated over all space after multiplied by φ∗
i (r⃗):

ϵN
i = IN (i) +

∑
j

(JN (i, j) − KN (i, j))
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166 Now we consider taking away (to make travel a finite distance) one electron

in φα(r⃗). To be succinct, we consider the ionization of the orbit φα(r⃗). In this way,

the Hartree-Fock equation changes its form, which causing its solution to change

in accordance. So far as the degree of change being negligible, the system |G,α⟩
in N ? 1 particles system can be obtained as described in the below. The system

below comprises the electron configuration of excluding φα from φN
1 (r⃗), · · · , φN

N(r⃗)

that attributes to the ground state in N -particle system:

|G,α⟩ = c†1 · · · c
†
α−1c

†
α+1 · · · |0⟩

The total energy of the ionization of the system within this approximation can be

written

EN−1
T (α) = ⟨G,α|H|G,α⟩

=
∑
i ̸=α

IN(i) +
∑

i<j;i̸=α,j ̸=α

(
JN(i, j) − KN(i, j)

)
Let us define the ionization energy I(α) (where there is no relaxation of the elec-

trons system) as

I(α) = EN−1
T (α) − EN

T

So, −ϵα gives the ionization energy of the orbit: 167 168

I(α) = −ϵN
α (Koopman′sTheorem)

Fermi Sea and Hartree-Fock Equations

Let us now identify that the solution of Hartree-Fock equation includes the Fermi

sea. Here, we assume the system is in a uniform positive charge background to

satisfy the condition of electric neutrality. One-body potential is therefore given

v(r⃗) = − e2

4πϵ0

ρ+

∫
d3r ′ e−µ|r⃗−r⃗ ′|

|r⃗ − r⃗ ′|
= −4πρ+

e2

4πϵ0

1

µ2
, µ = +0

166Note that i = j terms in Coulomb integral and the exchange integral cancel each other
(cancel the self-interaction).

167

I(α) = EN−1
T (α) − EN

T

= −IN (α) −
N∑

i=1

(JN (α, i) − K(α, i))

= −ϵN
α

168In general, a stable particle-system takes ϵi < 0
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Here, the electric neutrality condition gives the charge density of the uniform

positive charge:

ρ+ =
N

V

In the following, we consider the Hartree-Fock equation of the orbital function φk =
1√
V

eik⃗·r⃗ . First, we write the Coulomb term of the operator as (given (|φk|2 = 1
V

) )

e2

4πϵ0

∑
k′≤kF

∫
d3r ′ 1

V

1

|r⃗ − r⃗ ′|
=

e2

4πϵ0

∫
d3r ′ N

V

1

|r⃗ − r⃗ ′|
= −v(r⃗)

This can be canceled by the potential term. While, for the commuting term we

may write

− e2

4πϵ0

∫
d3r ′

∑
k′≤kF

1

V 3/2

1

|r⃗ − r⃗ ′|
e−ik⃗ ′·r⃗ ′

eik⃗·r⃗ ′
eik⃗ ′·r⃗

=

(
− e2

4πϵ0

∫
d3r ′

∑
k′≤kF

1

V

1

|r⃗ − r⃗ ′|
e−i(k⃗−k⃗,′)·(r⃗−r⃗ ′)

)
1√
V

eik⃗·r⃗

=

(
− e2

4πϵ0

∫
d3r ′

∑
k′≤kF

1

V

ei(k⃗−k⃗,′)·R⃗

R

)
1√
V

eik⃗·r⃗
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This indicates that the orbital function 1√
V

eik⃗·r⃗ becomes the eigenfunction of the

Hartree-Fock equation such that the eigenvalue ϵk⃗ can be obtained by 169 170

ϵk⃗ =
~2k2

2m
− ϵex

k⃗

ϵex
k⃗

=
e2

4πϵ0

∫
d3r ′

∑
k′≤kF

1

V

ei(k⃗−k⃗,′)·R⃗

R

=
e2

4πϵ0

1

π

(
kF +

k2
F − k2

2k
log

∣∣∣∣kF + k

kF − k

∣∣∣∣)

169

e2

4πϵ0

∫
d3r ′

∑
k′≤kF

1
V

ei(k⃗−k⃗,′)·R⃗

R
=

e2

4πϵ0

1
2π2

∫
d3r ′

∫
dK⃗

eiK⃗·R⃗

K2
ei(k⃗−k⃗,′)·R⃗

=
e2

4πϵ0

∑
k′≤kF

1
V

1
2π2

∫
dK⃗(2π)3δ(k⃗ − k⃗,′ +K⃗)

1
K2

=
e2

4πϵ0

∑
k′≤kF

1
V

(4π)
1

|⃗k − k⃗ ′|2

=
e2

4πϵ0

1
π2

∫
k′≤kF

dk⃗ ′ 1

|⃗k − k⃗ ′|2

=
e2

4πϵ0

1
π2

2π

∫ kF

0

dk′k′2
∫ −1

1

d(cos θ)
1

k2 + k′2 − 2kk′ cos θ

=
e2

4πϵ0

1
π2

2π

∫ kF

0

dk′ k′2 1
−2kk′ log

∣∣k2 + k′2 − 2kk′t
∣∣∣∣∣∣t=1

t=−1

=
e2

4πϵ0
πk

∫ kF

0

dk′ k′ log
∣∣k′ + k

k′ − k

∣∣∣∣
=

e2

4πϵ0

1
π

(
kF +

k2
F − k2

2k
log

∣∣∣∣kF + k

kF − k

∣∣∣∣)
170
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8 The Single-particle State and Mean Field Ap-

proximation in Electron Spin System

8.1 Hamiltonian of Many-particle System

Based on our discussion in the last section, we investigate the many-electron

systems as the model of typical fermion systems with the spin. Note that the

Coulomb force is independent of the spin in the Hamiltonian, which we may write

as

H = H0 + Hint

H0 =
∑
σ=1,2

∫
d3r ψ†

σ(r⃗)

(
−~2∇2

2m
+ v(r⃗)

)
ψσ(r⃗)

Hint =
1

2

∑
σ,σ′=1,2

∫
d3r

∫
d3r ′ ψ†

σ(r⃗)ψ†
σ′(r⃗

′)
e2

4πϵ0

1

|r⃗ − r⃗′|
ψσ′(r⃗ ′)ψσ(r⃗)

8.2 Spin-orbital Function

Except for the interaction, the term H0 forms the simple sum of the spin variables

in the Hamiltonian thus, has a single-particle state in the separation of variable

form |jµ⟩. We can describe the fact in the form

H0|jµ⟩ = ϵjµ|jµ⟩ (ϵjµ = ϵj)

|jµ⟩ = φj(r⃗)χµ(σ)c†jµ|0⟩(
−~2∇2

2m
+ v(r⃗)

)
φj(r⃗) = ϵjφj(r⃗)

Here cjµ is the annihilation operator of the fermions, which satisfies the anticom-

mutation relation

{cjµ, c
†
j′µ′} = δjj′δµµ′ , {cjµ, cj′µ′} = 0, {c†jµ, c

†
j′µ′} = 0

While χµ(σ) represents the orthonormalized spin function. Let us suppose sz =
~
2
σz whose eigenstate µ =↑↓ can be written as 171

sz|χ↑⟩ =
~
2
|χ↑⟩ sz|χ↓⟩ = −~

2
|χ↓⟩

171

sz =
~
2

(
1 0
0 −1

)
|χ↑⟩ =

(
1
0

)
|χ↓⟩ =

(
0
1

)
In this way, we have χ↑(1) = 1, χ↑(2) = 0, χ↓(1) = 0, χ↓(2) = 1.
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χ↑(σ) = |χ↑⟩σ, χ↓(σ) = |χ↓⟩σ, σ = 1, 2

These spin functions satisfy both the orthonormality

⟨χµ|χµ′⟩ =
∑

σ

χ∗
µ(σ)χµ′(σ) = δµµ′

and the condition for the completeness∑
µ

|χµ⟩⟨χµ| = I2∑
µ

χµ(σ)χ∗
µ(σ′) = δσσ′

The space coordinates r⃗ and the spin coordinates σ = 1, 2 are together regarded

as τ = (r⃗, σ), the orbital function ϕjµ(τ) can be defined as

ϕjµ(τ) = φj(r⃗)χµ(σ), τ = (r⃗, σ)

Note that our discussion in previous section can be applied exactly the same way

to the cases having the spin by considering the spin-orbital function.

8.3 The Total Energy of Single-particle States

We write the following single-particle wavefunction for the N -particle system:

|G⟩ = |j1µ1, · · · , jNµN⟩ = c†j1µ1
· · · c†jNµN

|0⟩

The expectation value of H0 under this state can be written according to the

discussion in the previous section: 172

⟨G|H0|G⟩ =
N∑

n=1

I(jn)

I(jn) =
N∑

n=1

∫
d3r φ∗

jn
(r⃗)

(
− ~2

2m
∇2 + v(r⃗)

)
φjn(r⃗)

172We use the normalization of the spin function: (⟨µ|µ⟩ = 1 )
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The expectation value of interaction also follows our discussion in the previous

section:

⟨G|Hint|G⟩ =
∑
n<n′

(J(knµn, jn′τn′) − K(knµn, jn′τn′))

J(kµ, jν) =
e2

4πϵ0

∫
d3r

∫
d3r ′ |φk(r⃗

′)|2⟨µ|µ⟩|φj(r⃗)|2⟨ν|ν⟩
|r⃗ − r⃗′|

=
e2

4πϵ0

∫
d3r

∫
d3r ′ |φk(r⃗

′)|2|φj(r⃗)|2

|r⃗ − r⃗′|
= J(k, j)

K(kµ, jν) =
e2

4πϵ0

∫
d3r

∫
d3r ′φ

∗
k(r⃗

′)φj(r⃗
′)⟨µ|ν⟩φ∗

j(r⃗)⟨ν|µ⟩φk(r⃗)

|r⃗ − r⃗′|

=
e2

4πϵ0

∫
d3r

∫
d3r ′φ

∗
k(r⃗

′)φj(r⃗
′)φ∗

j(r⃗)φk(r⃗)

|r⃗ − r⃗′|
δµν =

{
K(k, j) µ = ν

0 µ ̸= ν

Note that the exchange integrals here contribute only to the same spin functions.

The total energy ET is therefore written

ET =
∑

n

I(jn) +
∑
n<n′

J(jn, jn′) −
∑

n < n′

µn = µn′

K(jn, jn′)

となる。

8.4 The Hartree-Fock Equation in Electron Systems

We discussed the one-body wavefunction in the last section:

|G⟩ = |j1µ1, · · · , jNµN⟩ = c†j1µ1
· · · c†jNµN

|0⟩

Now we consider obtaining the orbital function φi(r⃗) which includes the total

energy as“ stationary” in variation terms. In here, we assume that the spin

function is already given. We write the orbital function that possesses spin up

↑ electrons as φ↑
i while we describe the orbital function that possesses the spin

down ↓ electrons as φ↓
i , and introduce them by using normalization condition and

N -undetermined multipliers. The result, which is in the form of the Hartree-Fock

equation, can be easily obtained by recalling the spinless cases:

H↑
F φ↑

i (r⃗) = ϵ↑i φ
↑
i (r⃗)

H↓
F φ↓

i (r⃗) = ϵ↓i φ
↓
i (r⃗)
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The operators H↑
F and H↓

F are defined respectively in the forms:

H↑
FO =

(
− ~2∇2

2m
+ v(r⃗) +

e2

4πϵ0

N∑
n=1

∫
d3r ′ |φjn(r⃗ ′)|2

|r⃗ − r⃗ ′|

)
O(r⃗)

− e2

4πϵ0

∑
n,µn=↑

( ∫
d3r ′φ

∗
jn

(r⃗ ′) · O(r⃗ ′)

|r⃗ − r⃗ ′|

)
φjn(r⃗)

H↓
FO =

(
− ~2∇2

2m
+ v(r⃗) +

e2

4πϵ0

N∑
n=1

∫
d3r ′ |φjn(r⃗ ′)|2

|r⃗ − r⃗ ′|

)
O(r⃗)

− e2

4πϵ0

∑
n,µn=↓

( ∫
d3r ′φ

∗
jn

(r⃗ ′) · O(r⃗ ′)

|r⃗ − r⃗ ′|

)
φjn(r⃗)

These nonlinear operators H↑
F and H↓

F are found in the equivalent forms in the

equations for the orbital functions of respective spins thereby, the solutions of the

equations can be naturally given in the orthogonal systems. One can understand

the solution of the different spins by considering the spin functions; the orthogonal

systems can be also given.
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PartIV

Electronic Structure of

Many-Electron Atoms

9 Periodic Table and One-electronic Level of Atoms

9.1 One-electronic Level Structure of a Hydrogen-like Atom

We begin with obtaining a single-particle structure of a hydrogen-like atom. The

Schroedinger equation for the Hamiltonian in our case can be written

h =
p2

2m
− α

r

hψ = Eψ

α =
Ze2

4πϵ0

The angular momentum operator:

L⃗ = r⃗ × p⃗

Li = ϵijkrjpk
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can give 173 174

[L⃗, h] = 0

Further (obeys the Pauli ’s),

M⃗ =
1

2m
(p⃗ × L⃗ − L⃗ × p⃗) − α

r
r⃗

173We can first write

[ri, pj ]f = ripjf − pjrif = ripjf − (pjri)f − ripjf = +i~∂jrif = i~δijf−→[ri, pj ] = i~δij

[pi, f ]g = pifg − fpig = (pif)g + fpig − fpig = (pif)g = −i~(∂if)g −→[pi, f ] = −i~(∂if)

[pi, r
−n] = −i~∂i(rjrj)−n/2 = i~(n/2)(rjrj)−n/2−12ri = i~nr−n−2ri

174

[Li, pa] = ϵijk[rjpk, pa] = ϵijk[rj , pa]pk = i~ϵiakpk

[Li, p
2] = ϵiab[rapb, pℓpℓ] = ϵiab(pℓ[ra, pℓ] + [ra, pℓ]pℓ)pb = 2i~ϵiℓbpℓpb = 0 [L⃗,

p2

2m
] = 0

[Li, r
−1] = ϵiab[rapb, r

−1] = ϵiabra[pb, r
−1] = ϵiabrai~r−3ri = 0

Likewise, [Li, r
−n] = 0

Thus,

[L⃗, h] = 0
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which gives 175

[M⃗, h] = 0

So, L⃗ and M⃗ become the conserved quantities. Further, 176

[Ma,Mb] = −i~
2

m
hϵabcLc

175

[(p⃗ × L⃗ − L⃗ × p⃗)i, p
2] = ϵijk[pjLk − Ljpk, pℓpℓ] = ϵijk(pj [Lk, p2] − [Lj , p

2]pk) = 0

[(p⃗ × L⃗ − L⃗ × p⃗)i, r
−1] = ϵijk[pjLk − Ljpk, r−1] = ϵijk([pj , r

−1]Lk − Lj [pk, r−1]) = i~r−3ϵijk(rjLk − Ljrk)

= i~r−3ϵijk(rjϵkabrapb − ϵjabrapbrk)

= i~r−3{(δiaδjb − δibδja)rjrapb + (δiaδkb − δibδka)rapbrk)}
= i~r−3{(rjripj − rjrjpi + ripkrk − rkpirk)

= i~r−3{rjripj − r2pi + ripkrk − rk(rkpi + [pi, rk])}
= i~r−3(rjripj − 2r2pi + ripkrk + i~ri)

[r−1ri, p
2] = −[p2, r−1ri] = −r−1[p2, ri] − [p2, r−1]ri = 2i~r−1pi − [p2, r−1]ri

= 2i~r−1pi − pℓ[pℓ, r
−1]ri − [pℓ, r

−1]pℓri

= 2i~r−1pi − i~pℓr
−3rℓri − i~r−3rℓpℓri

= 2i~r−1pi − i~(r−3pℓ + [pℓ, r
−3])rℓri − i~r−3rℓpℓri

= 2i~r−1pi − i~r−3pℓrℓri − i~[pℓ, r
−3]rℓri − i~r−3rℓpℓri

= i~r−3(2r2pi − pℓrℓri − rℓpℓri) − 3(i~)2r−5rℓrℓri

= i~r−3(2r2pi − pℓrℓri − rℓpℓri − 3i~ri)

Thus,

[Mi, h] = − α

2m
i~r−3(rjripj + ripkrk − pℓrℓri − rℓpℓri − 2i~ri)

= − α

2m
i~r−3(rℓripℓ + ripℓrℓ − pℓrℓri − rℓpℓri − 2i~ri)

= − α

2m
i~r−3(rℓ[ri, pℓ] + [ri, pℓrℓ] − 2i~ri)

= − α

2m
i~r−3(ri[ri, pi] + [ri, pi]ri − 2i~ri) = 0

176

(p⃗ × L⃗ − L⃗ × p⃗)i = ϵijk(pjLk − Ljpk) = ϵijk(pjLk − pkLj − [Lj , pk])
= ϵijk(pjLk − pkLj − i~ϵjklpl) = ϵijk(pjLk − pkLj) − 2i~δilpl

= ϵijk(pjLk − pkLj) − 2i~pi

= ϵijk(pjϵkab − pkϵjab)rapb − 2i~pi

= {(δiaδjb − δibδja)pj + (δiaδkb − δibδka)pk}rapb − 2i~pi

= pjripj − pjrjpi + pkripk − pkrkpi − 2i~pi

= 2pjripj − 2pjrjpi − 2i~pi

= 2pj(pjri + i~δij) − 2pj(pirj + i~δij) − 2i~pi

= 2p2ri − 2pjpirj − 2i~pi
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In the bound states E < 0, we can write

M̃a =

√
− m

2E
Ma

Such that we can assume:

[M̃a, M̃b] = i~ϵabcLc

1
4
[(p⃗ × L⃗ − L⃗ × p⃗)a, (p⃗ × L⃗ − L⃗ × p⃗)b]

=[p2ra − pipari − i~pa, p2rb − pjpbrj − i~pb]

=[p2ra, p2rb − pjpbrj − i~pb]

− [pipari, p
2rb − pjpbrj − i~pb]

− i~[pa, p2rb − pjpbrj − i~pb]

=[p2ra, p2rb] − [p2ra, pjpbrj ] − i~[p2ra, pb]

− [pipari, p
2rb] + [pipari, pjpbrj ] + i~[pipari, pb]

− i~[pa, p2rb] + i~[pa, pjpbrj ] + (i~)2[pa, pb]

={p2[ra, p2]rb + p2[p2, rb]ra} − {p2[ra, pjpb]rj + pjpb[p2, rj ]ra} − i~p2[ra, pb]

− {pipa[ri, p
2]rb + p2[pipa, rb]ri} + {pipa[ri, pjpb]rj + pjpb[pipa, rj ]ri} + i~pipa[ri, pb]

− i~p2[pa, rb] + i~pjpb[pa, rj ]

={2i~p2parb − 2i~p2pbra} − i~{p2(δajpb + δabpj)rj − 2pjpbpjra} − (i~)2p2δab

− {2i~pipapirb − i~p2(δibpa + δabpi)ri} + i~{pipa(δijpb + δibpj)rj − pjpb(δijpa + δajpi)ri} + (i~)2pipaδib

+ (i~)2p2δab − (i~)2pjpbδaj

={

4︷ ︸︸ ︷
2i~p2parb −

5︷ ︸︸ ︷
2i~p2pbra} − i~{p2(pbra +

1︷ ︸︸ ︷
δabpjrj) −

5︷ ︸︸ ︷
2pjpbpjra} −

2︷ ︸︸ ︷
(i~)2p2δab

− {
4︷ ︸︸ ︷

2i~pipapirb −i~p2(parb +

1︷ ︸︸ ︷
δabpiri)} + i~{

6︷ ︸︸ ︷
pipapbri +

7︷ ︸︸ ︷
pbpapjrj −

7︷ ︸︸ ︷
pipbpari −

6︷ ︸︸ ︷
papbpiri} +

3︷ ︸︸ ︷
(i~)2pbpa

+

2︷ ︸︸ ︷
(i~)2p2δab −

3︷ ︸︸ ︷
(i~)2papb

=i~p2(parb − pbra) = i~p2(rbpa − rapb) = −i~p2(rapb − rbpa)
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1
2
[(p⃗ × L⃗ − L⃗ × p⃗)a, r−1rb]

=[p2ra − pipari − i~pa, r−1rb] = [p2ra, r−1rb] − [pipari, r
−1rb] − i~[pa, r−1rb]

=pi[pi, r
−1rb]ra + [pi, r

−1rb]pira − pi[pa, r−1rb]ri − [pi, r
−1rb]pari − i~[pa, r−1rb]

([pα, r−1rβ ] = r−1[pα, rβ ] + [pα, r−1]rβ = −i~r−1δαβ + i~r−3rαrβ)

=i~pi(−r−1δib + r−3rirb)ra + i~(−r−1δib + r−3rirb)pira − i~pi(−r−1δab + r−3rarb)ri

− i~(−r−1δib + r−3rirb)pari − (i~)2(−r−1δab + r−3rarb)

=i~{−pbr
−1ra +

3︷ ︸︸ ︷
pir

−3rirbra −

2︷ ︸︸ ︷
r−1pbra +

1︷ ︸︸ ︷
r−3rirbpira +δabpir

−1ri −

3︷ ︸︸ ︷
pir

−3rarbri

+

2︷ ︸︸ ︷
r−1parb −

1︷ ︸︸ ︷
r−3rirbpari +i~r−1δab − i~r−3rarb}

=i~{−pbr
−1ra +

2︷ ︸︸ ︷
r−1(parb − pbra) +

1︷ ︸︸ ︷
r−3rirb(pira − pari)+δabpir

−1ri + i~r−1δab − i~r−3rarb}

=i~{−pbr
−1ra +

2︷ ︸︸ ︷
r−1(rbpa − rapb) +

1︷ ︸︸ ︷
r−3rirb(rapi − ripa)+δabpir

−1ri + i~r−1δab − i~r−3rarb}

=i~{−pbr
−1ra + r−1(

1︷︸︸︷
rbpa −rapb) + r−3rirbrapi −

1︷ ︸︸ ︷
r−1rbpa +δabpir

−1ri + i~r−1δab − i~r−3rarb}
=i~{−pbr

−1ra − r−1rapb + r−3rirbrapi + δabpir
−1ri + i~r−1δab − i~r−3rarb}

This gives

1
2
{[(p⃗ × L⃗ − L⃗ × p⃗)a, r−1rb] + [r−1ra, (p⃗ × L⃗ − L⃗ × p⃗)b]}

= i~{−pbr
−1ra + par−1rb − r−1(rapb − rbpa)}

= i~{−r−1pbra − [pb, r
−1]ra + r−1parb + [pa, r−1]rb − r−1(rapb − rbpa)}

= i~{r−1(−pbra + parb) − r−1(rapb − rbpa)}
= i~{r−1(−rapb + rbpa) − r−1(rapb − rbpa)}
= −2i~r−1(rapb − rbpa)

Thus,

[Ma, Mb] = [
1

2m
(p⃗ × L⃗ − L⃗ × p⃗)a − αr−1ra,

1
2m

(p⃗ × L⃗ − L⃗ × p⃗)b − αr−1rb]

= − 1
m2

i~p2(rapb − rbpa) +
α

m
2i~r−1(rapb − rbpa)

= −i~
2
m

(
p2

2m
− α

r

)
ϵabcLc = −i~

2
m

hϵabcLc

ϵabcLc = ϵabcϵcijripj = (δaiδbj − δajδbi)ripj = rapb − rbpa



— Quantum Mechanics 3: Electronic Structure of Many-Electron Atoms — Hatsugai138

Now we write 177

L⃗ · M⃗ = M⃗ · L⃗ = 0

L⃗ · ⃗̃M = ⃗̃M · L⃗ = 0

Further we can write 178

[Mi, Lj] =ϵijkMk

[M̃i, Lj] =ϵijkM̃k

177

M⃗ · L⃗ =
1

2m
(p⃗ × L⃗ − L⃗ × p⃗)iLi − αr−1riLi

=
1
m

(p2ri − pjpirj − i~pi)ϵiabrapb − αr−1riϵiabrapb

= − 1
m

ϵiab(pjpirjrapb + i~pirapb)

= − 1
m

ϵiab{pjpi(pbrjra + [rjra, pb]) + i~pi(pbra + [ra, pb])}

= − 1
m

ϵiab{pjpi[rjra, pb] + i~pi[ra, pb]}

= − 1
m

ϵiab{pjpi(δjapb + δabra) + (i~)2piδab} = 0

L⃗ · M⃗ = (M⃗ · L⃗)† = 0

178

[Mi, Lj ] =
2
m

ϵjab[p2ri − pjpirj − i~pi, rapb] − αϵjab[r−1ri, rapb]

=
2
m

ϵjab{[p2, ra]pbri + p2ra[ri, pb]

− [pjpi, ra]pbrj − pjpira[rj , pb]
− i~[pi, ra]pb}
− αϵjabra{r−1[ri, pb] + [r−1, pb]ri}

=
2i~
m

ϵjab{−2papbri + p2raδib

+ (δjapi + δiapj)pbrj − pjpiraδjb

+ i~δiapb}
− αϵjabra{r−1δib − r−3rbri}

=
2i~
m

{ϵjaip
2ra

+ ϵjibpjpbrj

+ ϵjibi~pb}
− αϵjairar−1

=i~ϵija{
2
m

(p2ra − pjparj − i~pa) − αr−1ra} = ϵijaMa
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Calculate for M2, we obtain 179

179

M2 ={ 1
2m

ϵiab(paLb − Lapb) − αr−1ri}{
1

2m
ϵicd(pcLd − Lcpd) − αr−1ri}

=
1

4m2
(δacδbd − δadδbc)(paLb − Lapb)(pcLd − Lcpd)

− α

2m
ϵiab{(paLb − Lapb)r−1ri + r−1ri(paLb − Lapb)} + α2

=
1

4m2
{(paLb − Lapb)(paLb − Lapb) − (paLb − Lapb)(pbLa − Lbpa)}

− α

2m
ϵiab{(paLb − Lapb)r−1ri + r−1ri(paLb − Lapb)} + α2

First,

(paLb − Lapb)(paLb − Lapb) − (paLb − Lapb)(pbLa − Lbpa)
=(paLb − Lapb)(paLb − Lapb − pbLa + Lbpa)
=(paLb − pbLa − [La, pb])(paLb − pbLa − [La, pb] − pbLa + paLb + [Lb, pa])
=(paLb − pbLa − i~ϵabcpc)(paLb − pbLa − i~ϵabcpc − pbLa + paLb + i~ϵbacpc)
=2(paLb − pbLa − i~ϵabcpc)(paLb − pbLa − i~ϵabdpd)

=2
{

paLb(paLb − pbLa − i~ϵabdpd)

− pbLa(paLb − pbLa − i~ϵabdpd)

− i~ϵabcpc(paLb − pbLa − i~ϵabdpd)
}

=2
{

paLbpaLb − paLbpbLa − i~ϵabdpaLbpd

− pbLapaLb + pbLapbLa + i~ϵabdpbLapd

− i~ϵabcpcpaLb + i~ϵabcpcpbLa − ~2ϵabdϵabcpcpd

}
=2

{
pa(paLb + [Lb, pa])Lb − papbLbLa − i~ϵabdpa(pdLb + [Lb, pd])

− pbpaLaLb + pb(pbLa + [La, pb])La + i~ϵabdpb(pdLa + [La, pd])

− ~22p2

}
=2

{
p2L2 − papbLbLa + ~2ϵabdϵbdcpapc

+ pbpaLaLb + p2L2 − ~2ϵabdϵadcpbpc − 2~2p2

}
=2

{
2p2L2 − papbLbLa + ~22δacpapc

+ pbpaLaLb + ~22δbcpbpc − 2~2p2

}
=4p2L2 + 4~2p2 + 2papb(LaLb − LbLa) = 4p2(L2 + ~2)
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M2 =
2

m
h(L2 + ~2) + α2

In the next step:

ϵiab{(paLb − Lapb)r−1ri = ϵiab{par−1Lbri − La(r−1pb + [pb, r
−1])ri}

=ϵiab{(r−1pa + [pa, r−1])Lbri − r−1Lapbri − i~Lar−3rbri}
=ϵiab{(r−1pa + i~r−3ra)Lbri − r−1Lapbri}
=ϵiab{r−1paLbri + i~r−3(Lbra + i~ϵbajrj)ri − r−1Lapbri}
=ϵiab{r−1paLbri + i~r−3i~ϵbajrjri − r−1Lapbri}

[ri, Lj ] = ϵjab[ri, rapb] = ϵjabra[ri, pb] = i~ϵjabraδib = i~ϵijara

=r−1ϵiab(paLb − Lapb)ri + 2~2r−1

By adding the two above, we obtain

M2 =
p2

m2
(L2 + ~2)

− α

2m
r−1{ϵiab

(
ri(paLb − Lapb) + (paLb − Lapb)ri

)
+ 2~2} + α2

While we know

ϵiab{ri(paLb − Lapb) + (paLb − Lapb)ri} = ϵiab{ripaLb − riLapb + paLbri − Lapbri}
=ϵiab{ripaLb − ri(pbLa + [La, pb]) + (Lbpa + [pa, Lb])ri − Lapbri}
=ϵiab{ripaLb − ripbLa − i~riϵabcpc + Lbpari + i~ϵabcpcri − Lapbri}
=ϵiab{ripaLb − ripbLa + Lbpari − Lapbri}
=ϵiab{ripaLb − rapiLb + Lbpari − Lbpira}
=ϵiab(ripa − rapi)Lb + Lbϵiab(pari − pira)

=ϵiab(ripa − rapi)Lb + Lbϵiab(ripa − rapi) = 2L2

We can obtain

M2 =
p2

m2
(L2 + ~2) − α

m

2
r
(L2 + ~2) + α2

=
2
m

h(L2 + ~2) + α2
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For the bound states energy E < 0, we can write 180

0 =
2E

m
((L ± M̃)2 + ~2) + α2

At the same time, we know that

I⃗ =
1

2
(L⃗ + ⃗̃M)

J⃗ =
1

2
(L⃗ − ⃗̃M)

and 181

[Ii, Ij] =i~ϵijkIk

[Ji, Jj] =i~ϵijkJk

satisfy the commutation relations for the angular momentum thereby, independent

of each other: 182

[Ii, Jj] = 0

180

−2E

m
M̃2 =

2E

m
(L2 + ~2) + α2

0 =
2E

m
(L2 + M̃2 + ~2) + α2

=
2E

m
((L ± M̃)2 + ~2) + α2

181

[Ii, Ij ] =
1
4

(
[M̃i, M̃j ] + [M̃i, Lj ] + [Li, M̃j ] + [Li, Lj ]

)
=

i~
4

ϵijk(L̃k + M̃k + M̃k + Lk) = ϵijkIk

[Ji, Jj ] =
1
4

(
[M̃i, M̃j ] − [M̃i, Lj ] − [Li, M̃j ] + [Li, Lj ]

)
=

i~
4

ϵijk(L̃k − M̃k − M̃k + Lk) = ϵijkJk

182

[Ii, Jj ] =
1
4
[Li + M̃i, Lj − M̃j ]

=
1
4
([Li, Lj ] − [Li, M̃j ] + [M̃i, Lj ] − [M̃i, M̃j ])

=i~ϵijk(Lk − M̃k + M̃k − Lk) = 0
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Using the half-odd integers i and j, we can express

I2 =~2i(i + 1)

J2 =~2j(j + 1)

and given L⃗ · M̃ = 0, we let n be the integers and further write 183

E = − mα2

2~2

1

n2

Since the degeneration I⃗ = L⃗ + ⃗̃M is given, the possible L for i = n−1
2

can be

found in

0, 1, · · · ,
n − 1

2

The total degeneration therefore can be expressed as

n−1
2∑

ℓ=0

(2ℓ + 1) = n2

183

i = j =
n − 1

2

Thus we write

0 =
2E

m
(4I2 + ~2) + α2

=
2E~2

m
(4i(i + 1) + 1) + α2

=
2E~2

m
((n − 1)(n + 1) + 1) + α2 =

2E~2

m
n2 + α2

E = − mα2

2~2

1
n2
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9.2 The Hamiltonian in Many-electron Atoms

We consider the following second quantization formalism as the Hamiltonian in

many-electron atoms of having the nucleus at the origin with the charge +Ze:

H = H0 + Hint

H0 =

∫
dτ ψ†(τ)h(τ)ψ†(τ)

=
∑

σ

∫
dr⃗ ψ†

σ(r⃗)

(
− ~2∇⃗2

2m
− 1

4πϵ0

Ze2

r

)
ψσ(r⃗)

Hint =
1

2

∫
dτ

∫
dτ ′ψ†(τ)ψ†(τ ′)g(|τ − τ ′|)ψ(τ ′)ψ(τ)

=
1

4πϵ0

e2

2

∫
dr⃗

∫
dr⃗′

∑
σ

∑
σ′

ψ†
σ(r⃗)ψ†

σ′(r⃗
′)

1

|r⃗ − r⃗′|
ψσ′(r⃗ ′)ψσ(r⃗)∫

dτ =

∫
d3r

∑
σ

The second quantized operator:

ψ(τ) = ψσ(r⃗), τ = (r⃗, σ)

which forms

ϕαµ(τ) = ϕα(r⃗)χµ(σ)

,a complete set of normalized spin-orbital function for the bound states in central

force field, and which can be further defined as in the followings:

ψ(τ) = ψσ(r⃗) =
∑
α,µ

ϕα(r⃗)χµ(σ)cαµ

{c†αµ, cα′µ′} = δαα′δµµ′ , {cα,µ, cα′µ′} = 0,

α : nlm = {1s, 2s, 2pm=1 · · ·}(
− ~2∇⃗2

2m
− 1

4πϵ0

Ze2

r

)
ϕnlm(r⃗) = ϵnlmϕnlm(r⃗)

ℓ⃗ 2ϕnlm(r⃗) = ~2l(l + 1)ϕnlm(r⃗)

ℓzϕnlm(r⃗) = ~mϕnlm(r⃗)

ℓ⃗ = r⃗ × ~
i
∇⃗

szχ↑↓(σ) = ±1

2
~χ↑↓(σ)

s⃗ 2χ↑↓(σ) =
1

2
(
1

2
+ 1)~2χ↑↓(σ)
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Now, by using the fact that both the angular momentum and the spin being

conserved, we can express by spectroscopy notation:

s(l = 0), p(l = 1), d(l = 2), f(l = 3), g(l = 4), h(l = 5), · · ·

9.3 Periodic Law of the Elements and the Shielding Effect

If the interaction between electrons can be ignored while the electrons move

independently then, the ground state of N -electron system can be obtained by

packing the particles of up to two for each level of the eigenstate of H0 in the

lower to the higher energy order. Let us summarize the single-particle eigenenergy

ϵnlm of H0:

• Let n be the principal quantum number, be the orbital angular momen-

tum quantum number, and m be the magnetic angular momentum quantum

number.

• We define n = 1, 2, 3, · · · , which can be also expressed as ℓ = 0, 1, 2, · · · , n

or ℓ = 0(s), ℓ = 1(p), ℓ = 2(d), and ℓ = 3(f).

• The energy degenerates for the magnetic angular momentum quantum num-

ber. (Spherical-symmetric potential)

ϵnlm = ϵnlm′

• The energy also degenerates for the orbital angular momentum quantum

number. (Peculiarity of Coulomb force)

ϵnlm = ϵnl′m

• The smaller the principal quantum number n, the lower the energy becomes.

ϵnlm < ϵn′lm, n < n′,

(1s) < (2s) < (3s) < · · ·
(2p) < (3p) < (4p) < · · ·
(3d) < (4d) < · · ·

In considering the interaction among electrons, the center of the nucleus is

known to have relatively large electron density, and which gives a stronger shielding

against the central force generated by the nucleus thereby, the interaction energy
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is considered to be low. There is a greater probability for the existence of inter-

action at periphery of atomic nucleus when there is smaller angular momentum.

Such effects may in fact provide us a clue for solving the degeneration problem of

the orbital angular momentum for a pure Coulomb force. Given these facts, it is

clear that the ground states of the elements in the small to large electron number

order are given by the electron configurations described in the following.

H1 (1s)1

He2 (1s)2

Li3 (He)(2s)1

Be4 (He)(2s)2

B5 (He)(2s)2(2p)1

C6 (He)(2s)2(2p)2

N7 (He)(2s)2(2p)3

O8 (He)(2s)2(2p)4

F 9 (He)(2s)2(2p)5

Ne10 (He)(2s)2(2p)6

Na11 (Ne)(3s)

Mg12 (Ne)(3s)2

Al13 (Ne)(3s)2(3p)1

Si14 (Ne)(3s)2(3p)2

P 15 (Ne)(3s)2(3p)3

S16 (Ne)(3s)2(3p)4

Cl17 (Ne)(3s)2(3p)5

Ar18 (Ne)(3s)2(3p)6

Up until this point, we all understand the above with considering the Coulomb

force. Now, we only consider the Coulomb force to just pack the electron in 3d;

however, now we should further consider the shielding effect we have discussed

before, which makes (4s) energetically lower than 3d:

K19 (Ar)(4s)1

Ca20 (Ar)(4s)2

Therefore, the electron is filled first in (4s). After for a while, the electrons go into

(3d), which are called the transition metals. The electron in such elements found
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at the farthest from the nucleus possesses some common properties that (4s)2 has,

hence the two shares the similar chemical properties.

Sc21 (Ar)(3d)1(4s)2

Ti22 (Ar)(3d)2(4s)2

V 23 (Ar)(3d)3(4s)2

Cr24 (Ar)(3d)5(4s)1 ( exception)

Mn25 (Ar)(3d)5(4s)2

Fe26 (Ar)(3d)6(4s)2

Co27 (Ar)(3d)7(4s)2

Ni28 (Ar)(3d)8(4s)2

Cu29 (Ar)(3d)10(4s)1 ( exception)

Zn30 (Ar)(3d)10(4s)2

...
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10 Electron Configurations and Multiplet Struc-

tures

10.1 Multiplet Terms and Perturbation Theory

In the previous section, we generalized to understand the effects of many-electron

via the shielding effect. Now, we take a look at the Coulomb interaction with a

perspective of the perturbation theory. Before we start, it is important to note

that the Hamiltonian including the interaction takes the total orbital angular mo-

mentum as well as the total spin as the conserved quantity. We will study this in a

second quantization form. Generally, in the second quantization, the total orbital

angular momentum operator and the spin operator is given as

L⃗ =

∫
d3r

∑
σ

ψ†
σ(r⃗) ℓ⃗(r⃗)ψσ(r⃗)

S⃗ =

∫
d3r

∑
σ,σ′

ψ†
σ(r⃗)s⃗σσ′ψσ′(r⃗)

More precisely, the operators above can be expressed by using a specific repre-

sentation:

ℓ⃗(r⃗) = −i~r⃗ × ∇⃗

s⃗ =
~
2
[σ⃗]σσ′

Here σ⃗ = (σx, σy, σz) can be understood as the matrix representations called Pauli

matrices in the following: 184

σx =

(
0 1

1 0

)
, σy =

(
0 −i

i 0

)
, σz =

(
1 0

0 −1

)
,

184

σ2
α = I, σασβ = −σβσα (α ̸= β), σxσy = iσz, · · ·
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The above satisfies the commutation relations for the angular momentum: 185

[Li, Lj] = i~ϵijkLk

[Si, Sj] = i~ϵijkSk

185For example,

LxLy =
∫

d3r

∫
d3r′

∑
σ

∑
τ

ψ†
σ(r⃗)(−i~r⃗ × ∇⃗r)xψσ(r⃗)ψ†

τ (r⃗′)y(−i~r⃗′ × ∇⃗r′)ψτ (r⃗′)

=
∫

d3r

∫
d3r′

∑
σ

∑
τ

ψ†
σ(r⃗)(−i~r⃗ × ∇⃗r)x{−ψ†

τ (r⃗′)ψσ(r⃗) + δ(r⃗ − r⃗′)δστ}(−i~r⃗′ × ∇⃗r′)yψτ (r⃗′)

=
∫

d3r

∫
d3r′

∑
σ

∑
τ

ψ†
σ(r⃗)ψ†

τ (r⃗′)(−i~r⃗ × ∇⃗r)x(−i~r⃗′ × ∇⃗r′)yψτ (r⃗′)ψσ(r⃗)

+
∫

d3r
∑

σ

ψ†
σ(r⃗)(−i~r⃗ × ∇⃗r)x(−i~r⃗′ × ∇⃗r)yψσ(r⃗)

Thus,

[Lx, Ly] =
∫

d3r
∑

σ

ψ†
σ(r⃗)[(−i~r⃗ × ∇⃗r)x, (−i~r⃗′ × ∇⃗r)y]ψσ(r⃗)

= i~
∫

d3r
∑

σ

ψ†
σ(r⃗)(−i~r⃗ × ∇⃗r)zψσ(r⃗)

= i~Lz

To give an example for the spin operator:

SxSy =
∫

d3r

∫
d3r′

∑
σσ′

∑
ττ ′

ψ†
σ(r⃗)

~
2
[σx]σσ′ψσ(r⃗)ψ†

τ (r⃗′)y
~
2
[σy]ττ ′ψτ (r⃗′)

=
~2

4

∫
d3r

∫
d3r′

∑
σσ′

∑
ττ ′

ψ†
σ(r⃗)

~
2
[σx]σσ′{−ψ†

τ (r⃗′)ψσ′(r⃗) + δ(r⃗ − r⃗′)δσ′τ}[σy]ττ ′ψτ ′(r⃗′)

=
~2

4

∫
d3r

∫
d3r′

∑
σσ′

∑
ττ ′

ψ†
σ(r⃗)ψ†

τ (r⃗′)[σx]σσ′ [σy]ττ ′ψτ ′(r⃗′)ψσ′(r⃗)

+
~2

4

∫
d3r

∑
στ ′

ψ†
σ(r⃗)[σxσy]στ ′ψτ ′(r⃗)

Thus,

[Sx, Sy] = i~
∫

d3r
∑
σσ′

ψ†
σ(r⃗)

~
2
[σz]σσ′ψσ′(r⃗)

= i~Sz
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L⃗ and S⃗ commute with Hamiltonians that include interaction. 186 187 188 189 190

186For
[H0, L⃗] = 0

, we understand from the following that it obeys:

H0Lα = −
( ~2

2m

) ∫
d3r

∫
d3r ′

∑
σ

∑
σ′

ψ†
σ(r⃗)∇⃗r

2ψσ(r⃗)ψ†
σ′(r⃗ ′)ℓr′

α ψσ′(r⃗ ′)

= −
( ~2

2m

) ∫
d3r

∫
d3r ′

∑
σ

∑
σ′

ψ†
σ(r⃗)∇⃗r

2(−ψ†
σ′(r⃗ ′)ψσ(r⃗) + δ(r⃗r⃗ ′)δσσ′)ℓr′

α ψσ′(r⃗ ′)

= −
( ~2

2m

) ∫
d3r

∫
d3r ′

∑
σ

∑
σ′

ψ†
σ′(r⃗ ′)ψ†

σ(r⃗)∇⃗r
2ψσ(r⃗)ℓr′

α ψσ′(r⃗ ′)

−
( ~2

2m

) ∫
d3r

∑
σ

ψ†
σ′(r⃗)∇⃗r

2
[
ℓr
αψσ′(r⃗)

]

LαH0 = −
( ~2

2m

) ∫
d3r

∫
d3r ′

∑
σ

∑
σ′

ψ†
σ′(r⃗ ′)ℓr′

α ψσ′(r⃗ ′)ψ†
σ(r⃗)∇⃗r

2ψσ(r⃗)

= −
( ~2

2m

) ∫
d3r

∫
d3r ′

∑
σ

∑
σ′

ψ†
σ′(r⃗ ′)ℓr′

α (−ψ†
σ(r⃗)ψσ′(r⃗ ′) + δ(r⃗r⃗ ′)δσσ′)∇⃗r

2ψσ(r⃗)

= −
( ~2

2m

) ∫
d3r

∫
d3r ′

∑
σ

∑
σ′

(−)ψ†
σ′(r⃗ ′)ψ†

σ(r⃗)ℓr′

α ψσ′(r⃗ ′)∇⃗r
2ψσ(r⃗)

−
( ~2

2m

) ∫
d3r ′

∑
σ′

ψ†
σ′(r⃗ ′)ℓr′

α ∇⃗r′
2ψσ(r⃗ ′)

187Next, we consider the interaction term. First we have(e2

2
)−1

HintLα =
∫

d3rd3r ′d3r ′′
∑

σσ′σ′′

ψ†
σ(r⃗)ψ†

σ′(r⃗ ′)g(r⃗ − r⃗ ′)ψσ′(r⃗ ′)ψσ(r⃗)ψ†
σ′′(r⃗ ′′)ℓr′′

α ψσ′′(r⃗ ′′)

=
∫

d3rd3r ′d3r ′′
∑

σσ′σ′′

ψ†
σ(r⃗)ψ†

σ′(r⃗ ′)g(r⃗ − r⃗ ′)ψσ′(r⃗ ′)
(
− ψ†

σ′′(r⃗ ′′)ψσ(r⃗) + δ(r⃗ − r⃗ ′′)δσσ′′

)
ℓr′′

α ψσ′′(r⃗ ′′)

=
∫

d3rd3r ′d3r ′′
∑

σσ′σ′′

ψ†
σ(r⃗)ψ†

σ′(r⃗ ′)g(r⃗ − r⃗ ′)(−)ψσ′(r⃗ ′)ψ†
σ′′(r⃗ ′′)ψσ(r⃗)ℓr′′

α ψσ′′(r⃗ ′′)

+
∫

d3rd3r ′
∑

σ

∑
σ′

ψ†
σ(r⃗)ψ†

σ′(r⃗ ′)g(r⃗ − r⃗ ′)ψσ′(r⃗ ′)ℓr
αψσ(r⃗)

=
∫

d3rd3r ′d3r ′′
∑

σσ′σ′′

ψ†
σ(r⃗)ψ†

σ′(r⃗ ′)g(r⃗ − r⃗ ′)
(

ψ†
σ′′(r⃗ ′′)ψσ′(r⃗ ′) − δ(r⃗ ′ − r⃗ ′′)δσ′σ′′

)
ψσ(r⃗)ℓr′′

α ψσ′′(r⃗ ′′)

+
∫

d3rd3r ′
∑

σ

∑
σ′

ψ†
σ(r⃗)ψ†

σ′(r⃗ ′)g(r⃗ − r⃗ ′)ψσ′(r⃗ ′)ℓr
αψσ(r⃗)

=
∫

d3rd3r ′d3r ′′
∑

σσ′σ′′

ψ†
σ′′(r⃗ ′′)ψ†

σ(r⃗)ψ†
σ′(r⃗ ′)g(r⃗ − r⃗ ′)ψσ′(r⃗ ′)ψσ(r⃗)ℓr′′

α ψσ′′(r⃗ ′′)

−
∫

d3rd3r ′
∑
σσ′

ψ†
σ(r⃗)ψ†

σ′(r⃗ ′)g(r⃗ − r⃗ ′)ψσ(r⃗)ℓr′

α ψσ′(r⃗ ′)

+
∫

d3rd3r ′
∑

σ

∑
σ′

ψ†
σ(r⃗)ψ†

σ′(r⃗ ′)g(r⃗ − r⃗ ′)ψσ′(r⃗ ′)ℓr
αψσ(r⃗)
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188While we can write(e2

2
)−1

LαHint =
∫

d3r d3r ′d3r ′′
∑

σσ′σ′′

ψ†
σ′′(r⃗ ′′)ℓr′′

α ψσ′′(r⃗ ′′)ψ†
σ(r⃗)ψ†

σ′(r⃗ ′)g(r⃗ − r⃗ ′)ψσ′(r⃗ ′)ψσ(r⃗)

=
∫

d3r d3r ′d3r ′′
∑

σσ′σ′′

ψ†
σ′′(r⃗ ′′)ℓr′′

α

(
− ψ†

σ(r⃗)ψσ′′(r⃗ ′′) + δ(r⃗ − r⃗ ′′)δσσ′′

)
ψ†

σ′(r⃗ ′)g(r⃗ − r⃗ ′)ψσ′(r⃗ ′)ψσ(r⃗)

=
∫

d3r d3r ′d3r ′′
∑

σσ′σ′′

ψ†
σ′′(r⃗ ′′)(−)ψ†

σ(r⃗)ℓr′′

α ψσ′′(r⃗ ′′)ψ†
σ′(r⃗ ′)g(r⃗ − r⃗ ′)ψσ′(r⃗ ′)ψσ(r⃗)

+
∫

d3r ′d3r ′′
∑
σ′σ′′

ψ†
σ′′(r⃗ ′′)ℓr′′

α

(
ψ†

σ′(r⃗ ′)g(r⃗ ′′ − r⃗ ′)ψσ′(r⃗ ′)ψσ′′(r⃗ ′′)
)

=
∫

d3r d3r ′d3r ′′
∑
σ′σ′′

ψ†
σ′′(r⃗ ′′)ψ†

σ(r⃗)ℓr′′

α

(
ψ†

σ′(r⃗ ′)ψσ′′(r⃗ ′′) − δ(r⃗ ′ − r⃗ ′′)δσ′σ′′

)
g(r⃗ − r⃗ ′)ψσ′(r⃗ ′)ψσ(r⃗)

+
∫

d3r ′d3r ′′
∑

σσ′σ′′

ψ†
σ′′(r⃗ ′′)ℓr′′

α

(
ψ†

σ′(r⃗ ′)g(r⃗ ′′ − r⃗ ′)ψσ′(r⃗ ′)ψσ′′(r⃗ ′′)
)

=
∫

d3r d3r ′d3r ′′
∑

σσ′σ′′

ψ†
σ′′(r⃗ ′′)ψ†

σ(r⃗)ψ†
σ′(r⃗ ′)ℓr′′

α ψσ′′(r⃗ ′′)g(r⃗ − r⃗ ′)ψσ′(r⃗ ′)ψσ(r⃗)

−
∫

d3r d3r ′′
∑
σσ′′

ψ†
σ′′(r⃗ ′′)ψ†

σ(r⃗)ℓr′′

α

(
g(r⃗ − r⃗ ′′)ψσ′(r⃗ ′′)ψσ(r⃗)

)
+

∫
d3r ′d3r ′′

∑
σ′σ′′

ψ†
σ′′(r⃗ ′′)ℓr′′

α

(
ψ†

σ′(r⃗ ′)g(r⃗ ′′ − r⃗ ′)ψσ′(r⃗ ′)ψσ′′(r⃗ ′′)
)

=
∫

d3r d3r ′d3r ′′
∑

σσ′σ′′

ψ†
σ′′(r⃗ ′′)ψ†

σ(r⃗)ψ†
σ′(r⃗ ′)g(r⃗ − r⃗ ′)ψσ′(r⃗ ′)ψσ(r⃗)ℓr′′

α ψσ′′(r⃗ ′′)

+
∫

d3r d3r ′′
∑
σσ′′

ψ†
σ′′(r⃗ ′′)ψ†

σ(r⃗)g(r⃗ − r⃗ ′′)ψσ(r⃗)ℓr′′

α ψσ′(r⃗ ′′)

+
∫

d3r d3r ′′
∑
σσ′′

ψ†
σ′′(r⃗ ′′)ψ†

σ(r⃗)
(

ℓr′′

α g(r⃗ − r⃗ ′′)
)

ψσ(r⃗)ψσ′(r⃗ ′′)

+
∫

d3r ′d3r ′′
∑
σ′σ′′

ψ†
σ′′(r⃗ ′′)ψ†

σ′(r⃗ ′)g(r⃗ ′′ − r⃗ ′)ψσ′(r⃗ ′)ℓr′′

α ψσ′′(r⃗ ′′)

+
∫

d3r ′d3r ′′
∑

σσ′σ′′

ψ†
σ′′(r⃗ ′′)ψ†

σ′(r⃗ ′)
(

ℓr′′

α g(r⃗ ′′ − r⃗ ′)
)

ψσ′(r⃗ ′)ψσ′′(r⃗ ′′)

Therefore,

(e2

2
)−1[Hint, Lα] =

∫
d3r d3r ′′

∑
σσ′σ′′

ψ†
σ′′(r⃗ ′′)ψ†

σ′(r⃗ ′)
((

ℓr′

α + ℓr′′

α

)
g(r⃗ ′′ − r⃗ ′)

)
ψσ′(r⃗ ′)ψσ′′(r⃗ ′′)

= 0

We used the fact that the angular momentum is the first order differential operator. Physically,
the interaction is the internal force of the two body force such that the angular momentum is
conserved.
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189As for the spin we can write

H0Sα =
∫

d3r d3r ′
∑

σσ′σ′′

ψ†
σ(r⃗)h(r)ψσ(r⃗)ψ†

σ′(r⃗ ′)[sα]σ′σ′′ψσ′′(r⃗ ′)

=
∫

d3r d3r ′
∑

σσ′σ′′

ψ†
σ(r⃗)h(r)

(
− ψ†

σ′(r⃗ ′)ψσ(r⃗) + δ(r⃗ − r⃗ ′)δσσ′

)
[sα]σ′σ′′ψσ′′(r⃗ ′)

=
∫

d3r d3r ′
∑

σσ′σ′′

ψ†
σ′(r⃗ ′)ψ†

σ(r⃗)h(r)[sα]σ′σ′′ψσ(r⃗)ψσ′′(r⃗ ′)

+
∫

d3r
∑
σσ′′

ψ†
σ(r⃗)h(r)[sα]σσ′′ψσ′′(r⃗)

SαH0 =
∫

d3r d3r ′
∑

σσ′σ′′

ψ†
σ′(r⃗ ′)[sα]σ′σ′′ψσ′′(r⃗ ′)ψ†

σ(r⃗)h(r)ψσ(r⃗)

=
∫

d3r d3r ′
∑

σσ′σ′′

ψ†
σ′(r⃗ ′)[sα]σ′σ′′

(
− ψ†

σ(r⃗)ψσ′′(r⃗ ′) + δ(r⃗ − r⃗ ′)δσσ′′

)
h(r)ψσ(r⃗)

=
∫

d3r d3r ′
∑

σσ′σ′′

ψ†
σ(r⃗)ψ†

σ′(r⃗ ′)[sα]σ′σ′′h(r)ψσ′′(r⃗ ′)ψσ(r⃗)

+
∫

d3r d3r ′
∑
σσ′

ψ†
σ′(r⃗)[sα]σ′σh(r)ψσ(r⃗)

Thus,
[SαH0] = 0

190

[Hint, Sα] =
1
2

∫
d3r d3r′ g(|r⃗ − r⃗ ′|)

∫
d3r′′

∑
σσ′σ′′σ′′′

[ψ†
σ(r⃗)ψ†

σ′(r⃗′ )ψσ′(r⃗′ )ψσ(r⃗), ψ†
σ′′(r⃗′′ )[sα]σ′′σ′′′ψσ′′′(r⃗′′ )]

=
1
2

∫
d(1)

∫
d(2)g(1, 2)

∫
d(3)

∫
d(4)[ψ†(1)ψ†(2)ψ(2)ψ(1), ψ†(3)[s]34ψ(4)]

Here we have

[ψ†(1)ψ†(2)ψ(2)ψ(1), ψ†(3)[s]34ψ(4)] = ψ†(1)ψ†(2)[ψ(2)ψ(1), ψ†(3)[s]34ψ(4)]

+ [ψ†(1)ψ†(2), ψ†(3)[s]34ψ(4)]ψ(2)ψ(1)

= ψ†(1)ψ†(2)[ψ(2)ψ(1), ψ†(3)][s]34ψ(4)

+ ψ†(3)[s]34[ψ†(1)ψ†(2), ψ(4)]ψ(2)ψ(1)
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[ψ(2)ψ(1), ψ†(3)] = ψ(2)ψ(1)ψ†(3) − ψ†(3)ψ(2)ψ(1)

= ψ(2)(−ψ†(3)ψ(1) + δ(31)) − ψ†(3)ψ(2)ψ(1)
= δ(31)ψ(2) − δ(32)ψ(1)

[ψ†(1)ψ†(2), ψ(3)] = −δ(31)ψ†(2) + δ(32)ψ†(1)

[ψ†(1)ψ†(2), ψ(4)] = −δ(41)ψ†(2) + δ(42)ψ†(1)

Thus,

[Hint, Sα] =
1
2

∫
d(1)

∫
d(2)g(1, 2)

∫
d(4)ψ†(1)ψ†(2)(ψ(2)[s]14ψ(4) − ψ(1)[s]24ψ(4))

+
1
2

∫
d(1)

∫
d(2)g(1, 2)

∫
d(3)(−ψ†(3)[s]31ψ†(2)ψ(2)ψ(1) + ψ†(3)[s]32ψ†(1)ψ(2)ψ(1))

=
1
2

∫
d(1)

∫
d(2)g(1, 2)

∫
d(3)ψ†(1)ψ†(2)(ψ(2)[s]13ψ(3) − ψ(1)[s]23ψ(3))

+
1
2

∫
d(1)

∫
d(2)g(1, 2)

∫
d(3)(−ψ†(3)[s]31ψ†(2)ψ(2)ψ(1) + ψ†(3)[s]32ψ†(1)ψ(2)ψ(1))

=
1
2

∫
d(1)

∫
d(2)g(1, 2)

∫
d(3)

× {ψ†(2)ψ(2)ψ†(1)[s]13ψ(3) + ψ†(1)ψ(1)ψ†(2)[s]23ψ(3)

− ψ†(2)ψ(2)ψ†(3)[s]31ψ(1) − ψ†(1)ψ(1)ψ†(3)[s]32ψ(2)} = 0
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In this way, we may have

[Hint, Lα] =
1
2

∫
d(1)d(2)d(3)[ψ†(1)ψ†(2)g(12)ψ(2)ψ(1), ψ†(3)ℓα(3)ψ(3)]

=
1
2

∫
d(1)d(2)d(3)

× {ψ†(3)ℓα(3)[ψ†(1)ψ†(2)g(12)ψ(2)ψ(1), ψ(3)] + [ψ†(1)ψ†(2)g(12)ψ(2)ψ(1), ψ†(3)]ℓα(3)ψ(3)}

=
1
2

∫
d(1)d(2)d(3)

× {ψ†(3)ℓα(3)[ψ†(1)ψ†(2), ψ(3)]g(12)ψ(2)ψ(1) + ψ†(1)ψ†(2)g(12)[ψ(2)ψ(1), ψ†(3)]ℓα(3)ψ(3)}

=
1
2

∫
d(1)d(2)d(3)

× {ψ†(3)ℓα(3)(−δ(31)ψ†(2) + δ(32)ψ†(1))g(12)ψ(2)ψ(1)

+ ψ†(1)ψ†(2)g(12)(δ(31)ψ(2) − δ(32)ψ(1))ℓα(3)ψ(3)}

=
1
2

∫
d(1)d(2)

× {
(
− ψ†(1)ℓα(1)ψ†(2) + ψ†(2)ℓα(2)ψ†(1)

)
g(12)ψ(2)ψ(1)

+ ψ†(1)ψ†(2)g(12)
(

ψ(2)ℓα(1)ψ(1) − ψ(1)ℓα(2)ψ(2)
)
}

=
1
2

∫
d(1)d(2)

× {−ψ†(1)ψ†(2)ℓα(1)g(12)ψ(2)ψ(1) − ψ†(1)ψ†(2)ℓα(2)g(12)ψ(2)ψ(1)

+ ψ†(1)ψ†(2)g(12)ℓα(1)ψ(2)ψ(1) + ψ†(1)ψ†(2)g(12)ℓα(2)ψ(2)ψ(1)}

= − 1
2

∫
d(1)d(2){ψ†(1)ψ†(2)

(
ℓα(1)g(12)

)
ψ(2)ψ(1) + ψ†(1)ψ†(2)

(
ℓα(2)g(12)

)
ψ(2)ψ(1)}

= − 1
2

∫
d(1)d(2){ψ†(1)ψ†(2)

(
(ℓα(1) + ℓα(2))g(12)

)
ψ(2)ψ(1)} = 0
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191

[H, L⃗] = 0, [H, S⃗] = 0, [L⃗, S⃗] = 0

Each energy eigenstate can be given as a set of simultaneous eigenstates of S⃗2, Sz,

L⃗2, and L⃗z. Among which, the degeneration of energy can be observed for those

having different Sz = MS and Lz = ML. While among the levels with different

S⃗2 = S(S + 1) and L⃗2 = L(L + 1), there is no matrix element for the Hamiltonian

thus, the energy can be considered separately. 192

To be more specific, when electric configuration {(nℓ)nℓ} (1 ≤ nℓ ≤ 2(2ℓ + 1) is

191Let us have

A =
∫

d(1)ψ†(1)A(1)ψ(1), B =
∫

d(2)ψ†(2)B(2)ψ(2) then,

[A,B] =
∫

d(1)
∫

d(2)[ψ†(1)A(1)ψ(1), ψ†(2)B(2)ψ(2)]

=
∫

d(1)
∫

d(2)
(

ψ†(1)A(1)[ψ(1), ψ†(2)B(2)ψ(2)] + [ψ†(1)A(1), ψ†(2)B(2)ψ(2)]ψ(1)

ψ†(1)A(1)[ψ(1), ψ†(2)B(2)ψ(2)] = ψ†(1)A(1){ψ(1)ψ†(2)B(2)ψ(2) − ψ†(2)B(2)ψ(2)ψ(1)}
= ψ†(1)A(1){ψ(1)ψ†(2)B(2)ψ(2) + ψ†(2)B(2)ψ(1)ψ(2)}
= ψ†(1)A(1){ψ(1)ψ†(2)B(2)ψ(2) + (−ψ(1)ψ†(2) + δ(12))B(2)ψ(2)}
= ψ†(1)A(1)B(2)ψ(2)δ(12)

[ψ†(1)A(1), ψ†(2)B(2)ψ(2)]ψ(1) = {ψ†(1)A(1)ψ†(2)B(2)ψ(2) − ψ†(2)B(2)ψ(2)ψ†(1)A(1)}ψ(1)

= {ψ†(1)A(1)ψ†(2)B(2)ψ(2) − ψ†(2)B(2)(−ψ†(1)ψ(2) + δ(12))A(1)}ψ(1)

= ψ†(1)ψ†(2)A(1)B(2)ψ(2)ψ(1) − ψ†(2)ψ†(1)B(2)A(1)ψ(1)ψ(2) − ψ†(2)B(2)A(1)ψ(1)δ(12)

[A,B] =
∫

d(1)ψ†(1)[A,B]ψ(1)

192When the Hermitian operator O is commutable with the conserved quantity; i.e., commutable
with Hamiltonian, the matrix element of the Hamiltonian becomes zero among the states with
different eigenvalues of O:

[H,O] = HO −OH = 0
O|1⟩ = o1|1⟩
O|2⟩ = o2|2⟩

o1 ̸= o2

Here,

0 = ⟨o1[H,O]|o2⟩
= ⟨o1HO −OH|o2⟩
= (o1 − o2)⟨o1|H|o2⟩

Given o1 ̸= o2, we can write
⟨o1|H|o2⟩ = 0
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given, the interaction terms are not made merely by the summation of the spins

such that each spin can possibly hold different energies. Under no interaction, the

levels which have been degenerating may begin splitting at each value of the total

spin. These are called multiplet terms. We will investigate the multiplet with a

few examples after some preparation steps in the followings.

10.2 Angular Momentum Operator, Spin-orbital Function,

and Second Quantization

Let us first make some preparation before we demonstrate a concrete example

of calculations. We use a particular spin-orbital function to rewrite the angular

momentum operator and the spin operator. 193

193

ℓ±ϕℓm = ~
√

(ℓ ∓ m)(ℓ ± m + 1)ϕℓm±1

ℓzϕℓm = ~mϕℓm

s+| ↓⟩ = ~| ↑⟩
s−| ↑⟩ = ~| ↓⟩

sz| ↑⟩ =
1
2

~| ↑⟩

sz| ↓⟩ = −1
2

~| ↓⟩

Lz =
∫

d3r
∑

σ

ψσ(r⃗)ℓzψσ(r⃗)

=
∑
µµ′

χ∗
µ(σ)χµ′(σ)

∫
d3r

∑
jj′

ϕ∗
j (r⃗)ℓzϕj′(r⃗)c†jµcj′µ′

=
∑
nlm

~mc†nlmµcnlmµ

and so on.
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Lz =
∑
nlmµ

~mc†nlmµcnlmµ

L± = Lx ± iLy

=
∑
nlmµ

~
√

(l ∓ m)(l ± m + 1)c†nlm±1µcnlmµ

Sz =
∑
nlm

1

2
~(c†nlm↑cnlm↑ − c†nlm↓cnlm↓)

S+ =
∑
nlm

~c†nlm↑cnlm↓

S− =
∑
nlm

~c†nlm↓cnlm↑

The operator is expressed as

ψσ(r⃗) =
∑
αµ

ϕα(r⃗)χµ(σ)cα,µ, α = (nlm)

While one body term of the Hamiltonian can be written as

H0 =
∑

nlm,µ

ϵnlmc†nlm,µcnlm,µ
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The interaction term can be written as 194

Hint =
∑

n1,l1;n2,l2;n3,l3;n4,l4

I(n1, l1; n2, l2; n3, l3; n4, l4)
∑
ℓ,m

∑
m1,m2,m3, m4

m1 + m = m4

m3 + m = m2

∑
µ1,µ2

cℓ(l1m1, l4m4)c
ℓ(l2m2, l3m3)

×c†α1,µ1
c†α2,µ2

cα3,µ2cα4,µ1

cℓ(lm, l′m′) =
√

4π
2ℓ+1

∫
dΩ Y ∗

lm(Ω)Yℓ,m−m′(Ω)Yl,m,(Ω) : real

194

Hint =
∑
σσ′

∫
dr⃗ dr⃗ ′ ψσ(r⃗)†ψσ′(r⃗ ′)†

e2

4πϵ0

1
|r⃗ ′ − r⃗|

ψσ′(r⃗ ′)ψσ(r⃗)

=
∑
σσ′

∫
dr⃗ dr⃗ ′ e2

4πϵ0

1
|r⃗ ′ − r⃗|

∑
α1,α2,α3,α4

ϕ∗
α1

(r⃗)ϕ∗
α2

(r⃗ ′)ϕα3(r⃗
′)ϕα4(r⃗)

×
∑

µ1,µ2,µ3,µ4

χ∗
µ1

(σ)χ∗
µ2

(σ′)χµ3(σ
′)χµ4(σ)c†α1,µ1

c†α2,µ2
cα3,µ3cα4,µ4

=
∫

dr⃗ dr⃗ ′ e2

4πϵ0

1
|r⃗ ′ − r⃗|

∑
α1,α2,α3,α4

ϕ∗
α1

(r⃗)ϕ∗
α2

(r⃗ ′)ϕα3(r⃗
′)ϕα4(r⃗)

∑
µ1,µ2

c†α1,µ1
c†α2,µ2

cα3,µ2cα4,µ1

=
∑

α1,α2,α3,α4

∫
dr dr ′

∫
dΩ

∫
dΩ′ e2

4πϵ0

1
|r⃗ ′ − r⃗|

R∗
n1l1(r)R

∗
n2l2(r

′)Rn3l3(r
′)Rn4l4(r)

×Y ∗
l1m1

(Ω)Y ∗
l2m2

(Ω ′)Yl3m3(Ω
′)Yl4m4(Ω)

∑
µ1,µ2

c†α1,µ1
c†α2,µ2

cα3,µ2cα4,µ1

=
e2

4πϵ0

∑
α1,α2,α3,α4

∑
ℓm

4π

2ℓ + 1

∫
dr R∗

n1l1(r)Rn4l4(r)
∫

dr ′ R∗
n2l2(r

′)Rn3l3(r
′) ·

rℓ
<

rℓ+1
>

×
∫

dΩY ∗
l1m1

(Ω)Y ∗
ℓm(Ω)Yl4m4(Ω)

∫
dΩ′ Y ∗

l2m2
(Ω ′)Yℓm(Ω′)Yl3m3(Ω

′)

×
∑

µ1,µ2

c†α1,µ1
c†α2,µ2

cα3,µ2cα4,µ1

=
∑

n1,l1;n2,l2;n3,l3;n4,l4

I(n1, l1; n2, l2;n3, l3; n4, l4)
∑
ℓ,m

∑
m1, m2, m3, m4
m1 + m = m4
m3 + m = m2

∑
µ1,µ2

cℓ(l1m1, l4m4)cℓ(l2m2, l3m3)

×c†α1,µ1
c†α2,µ2

cα3,µ2cα4,µ1

cℓ(lm, l′m′) =

√
4π

2ℓ + 1

∫
dΩ Y ∗

lm(Ω)Yℓ,m−m′(Ω)Yl,m,(Ω) : real
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10.3 Some Concrete Examples of Multiplet Terms and the

Method of Trace

10.3.1 (1s)(2s)

In this case, there are possibly four different degeneration states for the non-

perturbation:

|(1s)↑(2s)↑⟩ = c†1s↑c
†
2s↑|0⟩

|(1s)↑(2s)↓⟩ = c†1s↑c
†
2s↓|0⟩

|(1s)↓(2s)↑⟩ = c†1s↓c
†
2s↑|0⟩

|(1s)↓(2s)↓⟩ = c†1s↓c
†
2s↓|0⟩

We use the above as basis for calculating the degenerate perturbation theory. To

make diagonalization of 4 × 4 Hamiltonian matrices, the conservation of the spin

and angular momentum, which we discussed in the last subsection, should be

considered. Here, we use ~ = 1 in the calculations. The linear combination of the

four states above can give the eigenstate for the total spin. To demonstrate this, let

us first confirm that S+|(1s)↑(2s)↑⟩ = 0 and Sz|(1s)↑(2s)↑⟩ = (1
2

+ 1
2
) |(1s)↑(2s)↑⟩

195

are the eigenstates of S = 1 and MS = 1 :

S⃗2|(1s)↑(2s)↑⟩ = 1(1 + 1)|(1s)↑(2s)↑⟩
Sz|(1s)↑(2s)↑⟩ = 1 · |(1s)↑(2s)↑⟩

In other form, the above can be written as

|S = 1,MS = 1⟩ = |(1s)↑(2s)↑⟩

Likewise, we can write

S⃗2|(1s)↓(2s)↓⟩ = 1(1 + 1)|(1s)↓(2s)↓⟩
Sz|(1s)↓(2s)↓⟩ = −1 · |(1s)↓(2s)↓⟩

The above indicates that |(1s)↓(2s)↓⟩ being the eigenstate of S = 1 and MS =

−1:

|S = 1,MS = −1⟩ = |(1s)↓(2s)↓⟩

The states for MS = 0 can be obtained by linear combination of |(1s)↑(2s)↓⟩
and |(1s)↓(2s)↑⟩, and among which the state for S = 1 is proportional to 196

195Demonstrate this.
196Demonstrate this.
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S−|(1s)↑(2s)↑⟩ = (c†1s↓c1s↑ + c†1s↓c1s↑ + · · · )|(1s)↑(2s)↑⟩
= |(1s)↑(2s)↓⟩ + |(1s)↓(2s)↑⟩

Consider the normalization we have

|S = 1,MS = 0⟩ =
1√
2

(
|(1s)↑(2s)↓⟩ + |(1s)↓(2s)↑⟩

)
=

1√
2
(c†1s↑c

†
2s↑ + c†1s↑c

†
2s↓)|0⟩

The rest of the states we know from general theory of angular momentum for

S = 0 can be written as an orthogonal form of the above:

|S = 0,MS = 0⟩ =
1√
2

(
|(1s)↑(2s)↓⟩ − |(1s)↓(2s)↑⟩

)
=

1√
2
(c†1s↑c

†
2s↓ − c†1s↓c

†
2s↑)|0⟩

We obtained the eigenstates without conducting diagonalization of the Hamil-

tonian matrices. This, in fact is one of the important features of the conserved

quantity. We can easily understand how this may take place by the figures below

that describe the dimension of the basis using the orbital angular momentum ML

and the spin angular momentum MS:

MS

ML

121
1-1 0

Abbreviate the negative parts, we have
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M L

12

10

M S

In general, the state for the total angular momentum L and the total spin S

is expressed as 2S+1L (S(L = 0), P (L = 1), D(L = 2), F (L = 3) ). The triplet

degeneration state for S = 1, for example, we have 3S while for S = 0 we have 1S.

The energy for 3S: 197

E(3S) = ⟨3S|H|3S⟩ = ⟨(1s)↑(2s)↑|H|(1s)↑(2s)↑⟩
= I(1s) + I(2s) + J(1s, 2s) − K(1s, 2s)

While the energy for 1S be 198

E(1S) = ⟨1S|H|1S⟩ = I(1s) + I(2s) + J(1s, 2s) + K(1s, 2s)

|1S⟩ =
1√
2
( |(1s)↑(2s)↓⟩ − |(1s)↓(2s)↑⟩ )

In the above, we directly obtained the energy for 1S. We now reconsider the

above from different view. The Hamiltonian matrices are diagonalized by unitary

transformation of the basis as we have demonstrated, and the traces of matrices

are known to be invariables. The z-component of the angular momentum M is the

conserved quantity so that the diagonalization procedures can be taken by each

M since there is no matrix element found among the blocks that have different

Ms. Hence, the trace is same for the before and after diagonalization. In our

197Using the degeneration, we have |(1s)↑(2s)↑⟩ for 3S.
198

ψσ′(r⃗ ′)ψσ(r⃗)|(1s)↑(2s)↓⟩ = (−1)
(

φ1s(r⃗ ′)| ↑⟩σ′φ2s(r⃗)| ↓⟩σ − φ2s(r⃗ ′)| ↓⟩σ′φ1s(r⃗)| ↑⟩σ
)
|0⟩

ψσ′(r⃗ ′)ψσ(r⃗)|(1s)↓(2s)↑⟩ = (−1)
(

φ1s(r⃗ ′)| ↓⟩σ′φ2s(r⃗)| ↑⟩σ − φ2s(r⃗ ′)| ↑⟩σ′φ1s(r⃗)| ↓⟩σ
)
|0⟩

Thus,

⟨1S|Hint|1S⟩ =
1
2
(2J(1s, 2s) − 2K(1s, 2s) + 4K(1s, 2s)) = J(1s, 2s) + K(1s, 2s)
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present case, for example, the block of M = 0 is the 2× 2 matrix having the basis

(1s)↑(2s)↓ and (1s)↓(2s)↑. After we make diagonalization for them, [consider the

multiplet terms which will be given by this block] we have 1S and 3S. So, we can

write

⟨(1s)↑(2s)↓|H|(1s)↑(2s)↓⟩ + ⟨(1s)↓(2s)↑|H|(1s)↓(2s)↑⟩ = ⟨1S|H|1S⟩ + ⟨3S|H|3S⟩

Thus,

E(1S) + E(3S) = E((1s)↑, (2s)↓) + E((1s)↓, (2s)↑)

= 2(I(1s) + I(2s) + J(1s, 2s))

For the block of M = 1 we have

E(3S) = E((1s)↑, (2s)↑)

= I(1s) + I(2s) + J(1s, 2s) − K(1s, 2s)

Hence, we obtain

E(1S) = I(1s) + I(2s) + J(1s, 2s) + K(1s, 2s)

We call the above,the method of trace. Further, we determine the wavefunction

for the coordinates ’representation:

Ψ3S,MS=1(r⃗1, r⃗2) = ⟨r1, r2; σ1, σ2|3S⟩

=
1√
2!

∣∣∣∣∣ φ1s(r⃗1)χ↑(σ1) φ1s(r⃗2)χ↑(σ2)

φ2s(r⃗1)χ↑(σ1) φ2s(r⃗2)χ↑(σ2)

∣∣∣∣∣
=

1√
2

∣∣∣∣∣ φ1s(r⃗1) φ1s(r⃗2)

φ2s(r⃗1) φ2s(r⃗2)

∣∣∣∣∣ χ↑(σ1)χ↑(σ2)

=
1√
2

(
φ1s(r⃗1)φ2s(r⃗2) − φ2s(r⃗1)φ1s(r⃗2)

)
χ↑(σ1)χ↑(σ2)

=
1√
2

(
φ1sφ2s − φ2sφ1s

)
χ↑χ↑

In the same way we can write

Ψ3S,MS=−1(r⃗1, r⃗2) =
1√
2

(
φ1s(r⃗1)φ2s(r⃗2) − φ2s(r⃗1)φ1s(r⃗2)

)
χ↓(σ1)χ↓(σ2)

=
1√
2

(
φ1sφ2s − φ2sφ1s

)
χ↓χ↓
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The wavefunction for 3S and MS = 0 that are left out can be written as 199

Ψ3S,MS=0(r⃗1, r⃗2) =
1√
2

(
φ1s(r⃗1)φ2s(r⃗2) − φ2s(r⃗1)φ1s(r⃗2)

)
χ↑(σ1)χ↓(σ2) + χ↓(σ1)χ↑(σ2)√

2

=
1√
2

(
φ1sφ2s − φ2sφ1s

)
χ↑χ↓ + χ↓χ↑√

2

Apparently, the functions which belong to 3S are antisymmetric to the switching

of the particles r⃗1σ1 ↔ r⃗2σ2; however, we should note that the space component

for the functions, the antisymmetric spin component, has symmetric property.

For 1S, the function can be obtained as

Ψ1S,MS=0(r⃗1, r⃗2) =
1√
2

(
φ1s(r⃗1)φ2s(r⃗2) + φ2s(r⃗1)φ1s(r⃗2)

)
χ↑(σ1)χ↓(σ2) − χ↓(σ1)χ↑(σ2)√

2

=
1√
2

(
φ1sφ2s + φ2sφ1s

)
χ↑χ↓ − χ↓χ↑√

2

The space component is symmetric while the spin component is antisymmetric

for the above. The difference observed in the space components of the wavefunction

creates the energy gap in physical terms.

10.3.2 (1s)(1s)

In this case, only one state is applicable to the non-perturbation state:

|(1s)↑(1s)↓⟩ = c†1s↑c
†
2s↓|0⟩

where MS = 0 is only valid. It is obvious that S = 0 therefore, 1S is the only state

we obtain.

10.3.3 (1s)(2s)(3s)

In this case, we can consider 23 = 8 degenerate states for the non-perturbation.

To make a list of the states in terms of MS, we have:

199

⟨r1, r2; σ1, σ2|(1s)↑(2s)↓⟩ =
1√
2!

∣∣∣∣ φ1s(r⃗1)χ↑(σ1) φ1s(r⃗2)χ↑(σ2)
φ2s(r⃗1)χ↓(σ1) φ2s(r⃗2)χ↓(σ2)

∣∣∣∣
=

1√
2

(
φ1s(r⃗1)φ2s(r⃗2)χ↑(σ1)χ↓(σ2) − φ2s(r⃗1)φ1s(r⃗2)χ↓(σ1)χ↑(σ2)

)

⟨r1, r2; σ1, σ2|(1s)↓(2s)↑⟩ =
1√
2

(
φ1s(r⃗1)φ2s(r⃗2)χ↓(σ1)χ↑(σ2) − φ2s(r⃗1)φ1s(r⃗2)χ↑(σ1)χ↓(σ2)

)
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m1s m2s m3s MS

1
2

1
2

1
2

3
2

1
2

1
2

−1
2

1
2

1
2

−1
2

1
2

1
2

1
2

−1
2

−1
2

−1
2

−1
2

1
2

1
2

1
2

−1
2

1
2

−1
2

−1
2

−1
2

−1
2

1
2

−1
2

−1
2

−1
2

−1
2

−3
2

Therefore,

MS Number of states
3
2

1
1
2

3

M L

3 1
1

M S

2
3
2

1 01 1
M S

= + 2

In short, we are having one 4S and two 2S.

10.3.4 (2p)(3p)

In this case, we can think of (2 × 3)2 = 36 degenerate states for the non-

perturbation. To make a list of the possible basis states using MS and ML, we

have:
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MS ML (2pℓz)
↑,↓(3pℓz)

↑,↓

1 2 (2p1)
↑(3p1)

↑

0 2 (2p1)
↑(3p1)

↓, (2p1)
↓(3p1)

↑

−1 2 (2p1)
↓(3p1)

↓

1 1 (2p1)
↑(3p0)

↑, (2p0)
↑(3p1)

↑

0 1 (2p1)
↑(3p0)

↓, (2p1)
↓(3p0)

↑, (2p0)
↑(3p1)

↓ (2p0)
↓(3p1)

↑

−1 1 (2p1)
↓(3p0)

↓, (2p0)
↓(3p1)

↓

1 0 (2p1)
↑(3p−1)

↑, (2p0)
↑(3p0)

↑, (2p−1)
↑(3p1)

↑

0 0 (2p1)
↑(3p−1)

↓, (2p0)
↑(3p0)

↓, (2p−1)
↑(3p1)

↓, (2p1)
↓(3p−1)

↑, (2p0)
↓(3p0)

↑, (2p−1)
↓(3p1)

↑

−1 0 (2p1)
↓(3p−1)

↓, (2p0)
↓(3p0)

↓, (2p−1)
↓(3p1)

↓

1 −1 (2p−1)
↑(3p0)

↑, (2p0)
↑(3p−1)

↑

0 −1 (2p−1)
↑(3p0)

↓, (2p−1)
↓(3p0)

↑, (2p0)
↑(3p−1)

↓ (2p0)
↓(3p−1)

↑

−1 −1 (2p−1)
↓(3p0)

↓, (2p0)
↓(3p−1)

↓

1 −2 (2p−1)
↑(3p−1)

↑

0 −2 (2p−1)
↑(3p−1)

↓, (2p−1)
↓(3p−1)

↑

−1 −2 (2p−1)
↓(3p−1)

↓

Therefore,

M L

M S
6

4

2 1

2

3 1

1

1 1

1

1

2

1

1

=

5

3

1 

1

2

+

D
3

5

3

1 

1

2 1

1

1 



 4

2

 

1

2

= +

D
1

4

2

 

1

2 1

1

 

1

1 3

1

 



1

= +

P
3

3

1

 



1 1

1

 



 2



 



1

= +

P
1
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2



 



1 1



 



1 1



 





= +

S
3

S
1

In other words 3D, 1D, 3P , 1P , 3S, 1S are given as multiplet terms.

According to the method of trace, the energy can be expressed as following forms

as we are given E(α, β) = ⟨α|H|β⟩ and 3D = E(3D):

3D=⟨(2p1)
↑(3p1)

↑|H|(2p1)
↑(3p1)

↑⟩ = E((2p1)
↑(3p1)

↑) (MS = 1,ML = 2)

=I(2p1) + I(3p1) + J(2p1, 3p1) − K(2p1, 3p1)
1D+3D=E((2p1)

↑(3p1)
↓) + E((2p1)

↓(3p1)
↑) (MS = 0,ML = 2)

=2I(2p1) + 2I(3p1) + 2J(2p1, 3p1)
3P +3D=E((2p1)

↑(3p0)
↑) + E((2p0)

↑(3p1)
↑) (MS = 1,ML = 1)

=I(2p1) + I(3p0) + I(2p0) + I(3p1)

+ J(2p1, 3p0) − K(2p1, 3p0) + J(2p0, 3p1) − K(2p0, 3p1)
3S +3P +3D=E((2p1)

↑(3p−1)
↑) + E((2p0)

↑(3p0)
↑) + E((2p−1)

↑(3p1)
↑) (MS = 1,ML = 0)

=I(2p1) + I(3p−1) + I(2p0) + I(3p0) + I(2p−1) + I(3p1)

+ J(2p1, 3p−1)) − K(2p1, 3p−1) + J(2p0, 3p0) − K(2p0, 3p0)

+ J(2p−1, 3p1) − K(2p−1, 3p1)
1P+3P+1D+3D=E((2p1)

↑(3p0)
↓) + E((2p1)

↓(3p0)
↑)

+ E((2p0)
↑(3p1)

↓) + E((2p0)
↓(3p1)

↑) (MS = 0,ML = 1)

=I(2p1) + I(3p0) + I(2p1) + I(3p0) + I(2p0) + I(3p1) + I(2p0) + I(3p1)

+ J(2p1, 3p0) + J(2p1, 3p0) + J(2p0, 3p1) + J(2p0, 3p1)
1S+3S+1P+3P+1D+3D=E((2p1)

↑(3p−1)
↓) + E((2p0)

↑(3p0)
↓) + E((2p−1)

↑(3p1)
↓) + E((2p1)

↓(3p−1)
↑)

+ E((2p0)
↓(3p0)

↑) + E((2p−1)
↓(3p1)

↑) (MS = 0,ML = 0)

= 2I(2p1) + 2I(3p−1) + 2I(2p0) + 2I(3p0) + 2I(3p1) + 2I(2p−1)

+ J((2p1, 3p−1) + J(2p0, 3p0)) + J(2p−1, 3p1) + J(2p1, 3p−1)+

+ J(2p0, 3p0) + J(2p−1, 3p1)
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Recast the above to have

1

1 1

1 1

1 1 1 1

1 1 1

1 1 1 1 1 1





3D
1D
3P
1P
3S
1S


=



∗
∗
∗
∗
∗
∗


The equation has a solution because the left side of the matrix has 1.

10.3.5 (2p)2

There are 6C2 = 15 degenerate states for the non-perturbation. We make a list

of possible states to be the basis by using MS and ML:

MS ML (2pℓz)
↑,↓

0 2 (2p1)
↑(2p1)

↓

1 1 (2p1)
↑(2p0)

↑

0 1 (2p1)
↑(2p0)

↓

1 0 (2p1)
↑(2p−1)

↑

0 0 (2p1)
↑(2p−1)

↓

0 1 (2p1)
↓(2p0)

↑

−1 1 (2p1)
↓(2p0)

↓

0 0 (2p1)
↓(2p−1)

↑

−1 0 (2p1)
↓(2p−1)

↓

0 0 (2p0)
↑(2p0)

↓

1 −1 (2p0)
↑(2p−1)

↑

0 −1 (2p0)
↑(2p−1)

↓

0 −1 (2p0)
↓(2p−1)

↑

−1 −1 (2p0)
↓(2p−1)

↓

0 −2 (2p−1)
↑(2p−1)

↓
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MS ML 状態数
0 2 1

0 1 2

0 0 3

0 −1 2

0 −2 1

1 1 1

1 0 1

1 −1 1

−1 1 1

−1 0 1

−1 −1 1

Therefore,

M L

M S
3

2

1 

1

1 1

1



1

1

2

1

1

=

2

1

1





+

P
3

2

1

1 



 1

1

1 



 1



 





= +

S
1D

1

In other words, 3P , 1D, and 1S are given as the multiplet terms.

In determining the energy by using the method of trace,

1D = E((2p1)
↑(2p1)

↓) (MS = 0,ML = 2)

= 2I(2p1) + J(2p1, 2p1)
3P = E(2p1)

↑, (2p0)
↑) (MS = 1,ML = 1)

= I(2p1) + I(2p0) + J(2p1, 2p0) − K(2p1, 2p0)
1S+1D+3P = E((2p1)

↑(2p−1)
↓) + E((2p1)

↓(2p−1)
↑) + E((2p0)

↑(2p0)
↓) (MS = 0,ML = 0)

= 2I(2p1) + 2I(2p0) + 2I(2p−1) + 2J(2p1, 2p−1) + J(2p0, 2p0)

can give the energy. To provide with other multiplet examples and their results,



— Quantum Mechanics 3: Electronic Structure of Many-Electron Atoms — Hatsugai168

10.3.6 pd

3F,3 D,3 P,1 F,1 D,1 P

10.3.7 pds

4F,4 D,4 P, 2(2F ), 2(2D), 2(2P )

10.4 Electron-hole Transformation and the Multiplet (nl)x

10.4.1 Multiplet (nl)x

For the multiplets which fill the electrons of the particular orbits, we can obtain

the following results:

• p1 : 2P

• p2 : 3P,1 D,1 S

• p3 : 4S,2 D,2 P

• p4 : 3P,1 D,1 S

• p5 : 2P

• d1 : 2D

• d2 : 3F,3 P,1 G,1 D,1 S

• d3 : 4F,4 P,2 H,2 G,2 F, 2(2D),2 P

• d4 : 5D,3 H,3 G, 2(3F ),3 D, 2(3P ),1 I, 2(1G),1 F, 2(1D), 2(1S)

• d5 : 6S,4 G,4 F,4 D,4 P,2 I,2 H, 2(2G), 2(2F ), 3(2D),2 P,2 S

• d6 : 5D,3 H,3 G, 2(3F ),3 D, 2(3P ),1 I, 2(1G),1 F, 2(1D), 2(1S)

• d7 : 4F,4 P,2 H,2 G,2 F, 2(2D),2 P

• d8 : 3F,3 P,1 G,1 D,1 S

• d9 : 2D

The above indicates that (nl)x and (nl)2(2l+1)−x are given by the same multiplet

term due to the electron-hole symmetry. In the following, we will investigate this

characteristic.
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10.4.2 Electron-hole Transformation

When we limit the electron configuration to the particular (nl), the angular

momentum and the spin operator can be

Lz =
∑
m

∑
µ

~mc†mµcmµ

L± =
∑
m

∑
µ

~
√

(l ∓ m)(l ± m + 1)c†m±1µcmµ

Sz =
1

2
~

∑
m

(c†m↑cm↑ − c†m↓cm↓)

S+ = ~
∑
m

c†m↑cm↓

S− = ~
∑
m

c†m↓cm↑

Let us define

U =
∏
m

∏
µ

(cmµ + c†mµ)

then U and

U †U = UU † = 1

are the unitary operator. 200 Now we write

L⃗′ = UL⃗U †,

S⃗ ′ = US⃗U †

which giving

L′
z = −Lz, L′

± = −L∓

S ′
z = −Sz, S ′

± = −S∓

therefore, 201

L⃗′2 =
1

2
(L′

+L′
− + L′

−L′
+) + L′

z
2

= L⃗2

S⃗ ′2 = S⃗2

200

(c + c†)(c† + c) = cc† + c†c = 1

201

(c + c†)c(c + c†) = c†cc† = c†

(c + c†)c†(c + c†) = c
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So, for the arbitrary multiplet |G⟩, we can write

L⃗2|G⟩ = ~L(L + 1)|G⟩

S⃗2|G⟩ = ~S(S + 1)|G⟩

This gives

UcmµU† = c†mµ

Uc†mµU† = cmµ

Thus,

L′
z =

∑
m

∑
µ

~mcmµc†mµ

=
∑
m

∑
µ

~m(1 − c†mµcmµ) = −Lz

L′
± =

∑
m

∑
µ

~
√

(l ∓ m)(l ± m + 1)cm±1µc†mµ

= −
∑
m

∑
µ

~
√

(l ∓ m)(l ± m + 1)c†mµcm±1µ

L′
+ = −

∑
m

∑
µ

~
√

(l − m)(l + m + 1)c†mµcm+1µ

= −
∑
m′

∑
µ

~
√

(l − m′ + 1)(l + m′)c†m′−1µcm′µ, m′ = m + 1

= −L−

L′
− = −

∑
m

∑
µ

~
√

(l + m)(l − m + 1)c†mµcm−1µ

= −
∑
m′

∑
µ

~
√

(l + m′ + 1)(l − m′)c†m′+1µcm′µ, m′ = m − 1

= −L+

S′
z =

1
2

~
∑
m

(cm↑c
†
m↑ − cm↓c

†
m↓) = −Sz

S′
+ = ~

∑
m

cm↓c
†
m↑ = −S−

S′
− = ~

∑
m

cm↑c
†
m↓ = −S+
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So that we can write in the form: 202

L⃗′2|G′⟩ = ~L(L + 1)|G′⟩

S⃗ ′2|G′⟩ = ~S(S + 1)|G′⟩
|G′⟩ = U |G′⟩

As we can readily confirm: 203

|G⟩ ∈ (nl)x ↔ |G′⟩ ∈ (nl)2(2l+1)−x

Therefore, generally speaking, (nl)x and (nl)2(2l+1)−x may give the same multiplet

term.

10.5 Hund ’s Rule

Although we can determine the multiplets that are given in the way described

in the last few subsections, further calculations (integrations) are required to de-

termine the energy states for such multiplets. In considering the states which

contributes to the lowest energy level, an experiential rule called the Hund’s rule

can be applied.

Hund’s Rule: Among all multiplets that are given by an electron

configuration, the spin with the greatest level may possess the lowest

energy. When there are more than one maximum multiplicity spins

then, the one with the greatest orbital angular momentum among them

has the lowest energy level. In the case where there are more than

one maximum multiplicities of the greatest orbital angular momentum

then, the spin which has the greatest orbital angular momentum L has

the lowest energy level.

202

UL⃗2U†U |G⟩ = ~L(L + 1)U |G⟩

US⃗2U†U |G⟩ = ~S(S + 1)U |G⟩

203In the case for dx, if we have

|t⟩ = c†1↑c
†
1↓c

†
2↓|0⟩

then we can write

|t′⟩ = U |t⟩ = c†−2↑c
†
−2↓c

†
−1↑c

†
−1↓c

†
0↑c

†
0↓c

†
2↑|0⟩
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Yet it is considered as an experiential rule, the Hund ’s rule has been widely

accepted. As we have discussed earlier, in the physical terms, the spin function

indeed holds symmetric property in electron replacement for the spins with maxi-

mum multiplicity while the space part of the wavefunction is antisymmetric based

on the Pauli ’s principle. In other words, the wavefunction becomes zero when

arbitrary two electron coordinates are the same, and from which we may assume

that the Coulomb interaction energy among electrons can be obtained. For the

orbital angular momenta of the same spin, the greater the momentum, the less

chances are for the electrons to come close to each other since they move at farther

distance away because of the centrifugal force. For the last part of the rule that

relates to L, there is a small Coulomb repulsion and the low probability for the

electrons of greater m value to come close to each other in filling out the parallel

spin.

10.6 Spin-orbit Interaction

In considering the electrons in an atom with large atomic number, the relativistic

correction will be required. The most important term can be the spin-orbit inter-

action. By following the procedures we demonstrated in our earlier discussions,

the term written below can be added after the second quantization: 204

204

HSO = C

∫
d3r

∑
σσ′

ψ†
σ(r⃗)

1
r

∂V

∂r
s⃗σσ′ · ℓ⃗ ψσ′(r⃗), C =

~
4m2c2

= C
∑
nl

∑
n′l′

∫
dr r2ϕ∗

nl(r)
1
r

∂V

∂r
ϕn′l′(r) −→ ξ(nl, n′l′)

×
∑
σσ′

∑
µµ′

χ∗
µ(σ)s⃗σσ′χµ′(σ) ·

∫
dΩY ∗

lm(Ω) ℓ⃗ Yl′m′(Ω)c†nlmµcn′l′m′µ′

=
∑
nn′l

ξ(nl, n′l)
∑
m

×
[
1
2

{
⟨χ↑|s+|χ↓⟩

∫
dΩY ∗

lm−1(Ω) ℓ− Ylm(Ω)c†nlm−1↑cn′lm↓

+ ⟨χ↓|s−|χ↑⟩
∫

dΩY ∗
lm+1(Ω) ℓ− Ylm(Ω)c†nlm−1↑cn′lm↓

}
+

∑
µ

⟨χµ|sz|χµ⟩
∫

dΩY ∗
lm(Ω) ℓz Ylm(Ω)c†nlmµcn′lmµ

]

=
∑
nn′l

ξ(nl, n′l)
∑
m

~2

2

{√
(l + m)(l − m + 1)c†nlm−1↑cn′lm↓ +

√
(l − m)(l + m + 1)c†nlm+1↑cn′lm↓

+ m(c†nlm↑cn′lm↑ − c†nlm↓cn′lm↓)
}
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HSO = C

∫
d3r

∑
σσ′

ψ†
σ(r⃗)

1

r

∂V

∂r
s⃗σσ′ · ℓ⃗ ψσ′(r⃗), C =

~
4m2c2

= C
∑
nl

∑
n′l′

∫
dr r2ϕ∗

nl(r)
1

r

∂V

∂r
ϕn′l′(r) −→ ξ(nl, n′l′)

×
∑
σσ′

∑
µµ′

χ∗
µ(σ)s⃗σσ′χµ′(σ) ·

∫
dΩY ∗

lm(Ω) ℓ⃗ Yl′m′(Ω)c†nlmµcn′l′m′µ′

=
∑
nn′l

ξ(nl, n′l)
∑
m

∑
µµ′

⟨Ylmχµ| (s⃗ · ℓ⃗) |Ylm′χµ′⟩ c†nlmµcn′lm′µ′

As far as the effect of the term described above is concerned with only to the

discussion of the multiplet; i.e., the eigenstate of L and S, an effective addition of

the term to the Hamiltonian is known to be able to bring such discussion:

Heff
SO = AS⃗ · L⃗

Having confirmed with the fact above, we can easily understand that the appli-

cation of the term no longer allows to conserve the spin and the orbital angular

momentum; however,

Heff
SO = A

1

2
(J⃗2 − S⃗2 − L⃗2)

J⃗ = S⃗ + L⃗

which indicates that the composition of the spin and the orbital angular mo-

mentum J⃗ is in fact the conserved quantity:

J⃗2 = J(J + 1)

J = |L − S|, |L − S| + 1, · · · , L + S

Therefore, the degenerating levels other than 1S in the multiplet, which we dis-

cussed in the last subsection, are considered to further split due to the spin-orbit

interaction. The structure of further splitting of the multiplet is called the fine

structure. This fine structure can be given by

EJ
SO = A

1

2

[
J(J + 1) − L(L + 1) − S(S + 1)

]
The interval among the levels,

∆EJ
SO = EJ

SO − EJ−1
SO = AJ
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is proportional to J within one multiplet term. This is known as the Lande ’s
interval rule. 205

Equivalence of HSO and Heff
SO

Let us first define:

Ham =

∫
dτ ψ†(τ)ξ(r)saℓmψ(τ), a,m = x, y, z

HSO =Hxx + Hyy + Hzz

According to [sa, sb] = i~ϵabcsc, we can write

[Sa, Hbm] =

∫
dτ ψ†(τ)ξ(r)[sa, sb]ℓmψ(τ) = i~ϵabcHcm

for S⃗ =
∫

dτψ(τ)s⃗ψ(τ)

This yields H±m = Hxm ± iHym so that

(Hxm, Hym, Hzm)

becomes the irreducible vector operator for S. In the same manner,

(Hax, Hay, Haz)

becomes the irreducible vector operator for L.

Now, suppose

(Tx, Ty, Tz)

satisfies

[Jα, Tβ] =i~ϵαβγTγ

for an angular momentum operator J⃗ . In such case,

(Tx, Ty, Tz)

205We first considered the multiplet splitting caused by the Coulomb interaction before we
consider the fine structures given by the spin-orbit interaction. This we call the R-S coupling.
Intrinsically, for the atoms with larger atomic numbers, only the J becomes the conserved quan-
tity. The direct treatment of the levels organized by J is called the J-J coupling.
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is regarded as irreducible vector operator of J . 206

The commutation relations for non-zero can be:

[Jz, T±] = ±~T±

[J+, T−] = 2~Tz

[J−, T+] = −2~Tz

For the eigenfunction |jm⟩ of J2 and Jz, it is written as

⟨jm|[Jz, T±]|jm′⟩ = ± ~⟨jm|T±|jm′⟩
=~(m − m′)⟨jm|T±|jm′⟩

So that we can write

⟨jm|T±|jm′⟩ ≠0, m − m′ = ±1

Moreover,

J+|jm⟩ =~
√

(j − m)(j + m + 1)|jm + 1⟩

J−|jm⟩ =~
√

(j + m)(j − m + 1)|jm − 1⟩

gives

0 = ⟨jm|[J−, T−]|jm′⟩

= ~
√

(j − m)(j + m + 1)⟨jm + 1|T−|jm′⟩ − ~
√

(j + m′)(j − m′ + 1)⟨jm|T−|jm′ − 1⟩

On the one hand, we have m′ = m + 2 so, we can write in the form:√
(j − m)(j + m + 1)⟨jm + 1|T−|jm + 2⟩ =

√
(j + m + 2)(j − m − 1)⟨jm|T−|jm + 1⟩

⟨jm + 1|T−|jm + 2⟩√
(j + m + 2)(j − m − 1)

=
⟨jm|T−|jm + 1⟩√
(j + m + 1)(j − m)

= independentofm

206

[Ja, Ta] =0
[Jz, Tx] =i~Ty

[Jz, Ty] = − i~Txより

[Jz, T±] = ±~T±

[J+, T+] = (i[Jx, Ty] + i[Jy, Tx]) = 0
[J+, T−] = (−i[Jx, Ty] + i[Jy, Tx]) = 2~Tz

[J−, T+] = (i[Jx, Ty] − i[Jy, Tx]) = −2~Tz

[J−, T−] = (−i[Jx, Ty] − i[Jy, Tx]) = 0
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Now,

⟨jm|J−|jm + 1⟩ =
√

(j − m)(j + m + 1)~

gives

⟨jm|T−|jm + 1⟩ =c−⟨jm|J−|jm + 1⟩

Thus, we can write as

0 = ⟨jm|[J+, T+]|jm′⟩

= ~
√

(j + m)(j − m + 1)⟨jm − 1|T+|jm′⟩ − ~
√

(j − m′)(j + m′ + 1)⟨jm|T+|jm′ + 1⟩

For m′ = m − 2, on the other hand, we can write as√
(j + m)(j − m + 1)⟨jm − 1|T+|jm − 2⟩ =

√
(j − m + 2)(j + m − 1)⟨jm|T+|jm − 1⟩

⟨jm − 1|T+|jm − 2⟩√
(j − m + 2)(j + m − 1)

=
⟨jm|T+|jm − 1⟩√
(j + m)(j − m + 1)

= independentofm

Now,

⟨jm|J+|jm − 1⟩ =
√

(j − m + 1)(j + m)~

gives

⟨jm|T+|jm − 1⟩ =c+⟨jm|J+|jm − 1⟩

and gives

0 = ⟨jm|[Jz, Tz]|jm′⟩ =~(m − m′)⟨jm|Tz|jm′⟩
⟨jm|Tz|jm′⟩ ̸= 0, m = m′

Further, we can write

0 =⟨jm|[J+, T−]|jm⟩ = 2~⟨jm|Tz|jm⟩

=~
√

(j + m)(j − m + 1)⟨jm − 1|T−|jm⟩ − ~
√

(j − m)(j + m + 1)⟨jm|T−|jm + 1⟩

=c−~
√

(j + m)(j − m + 1)⟨jm − 1|J−|jm⟩ − ~
√

(j − m)(j + m + 1)⟨jm|J−|jm + 1⟩
=c−2~⟨jm|Jz|jm⟩

This gives

⟨jm|Tz|jm⟩ =c−⟨jm|Jz|jm⟩
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Finally,

0 =⟨jm|[J−, T+]|jm⟩ = −2~⟨jm|Tz|jm⟩

=~
√

(j − m)(j + m + 1)⟨jm + 1|T+|jm⟩ − ~
√

(j + m)(j − m + 1)⟨jm|T+|jm − 1⟩

=c+~
√

(j − m)(j + m + 1)⟨jm + 1|J+|jm⟩ − ~
√

(j + m)(j − m + 1)⟨jm|J+|jm − 1⟩
=c+2~⟨jm|Jz|jm⟩

which is yielding

⟨jm|Tz|jm⟩ =c+⟨jm|Jz|jm⟩

That is

c− =c+

Thus, we can define the reduction of the matrix element ⟨j||T ||j⟩ which does

not depend on m or

⟨jm|T⃗ |jm′⟩ =c⟨jm|J⃗ |jm′⟩

c ≡ ⟨j||T ||j⟩√
j(j + 1)(2j + 1)

We can rewrite the above as

⟨LSMLMS|HSO|LSMLMS⟩ =c⟨LSMLMS|L⃗ · S⃗|LSMLMS⟩

c =
⟨LS||HSO||LS⟩√

L(L + 1)(2L + 1)S(S + 1)(2S + 1)

To provide a concrete example of the above, let us suppose dn where (n ≤ 5), the

ground state should have the maximum multiplicity spin according to the Hund’
s rule:

SL, S =
n

2

This also gives the greatest value for the orbital angular momentum:

L =3n − (1 + 2 + · · · + n) = 3n − n(n + 1)

2
=

5n − n2

2
=

(5 − n)n

2

The states for MS = S and ML = L:

|MS = S,ML = L⟩ =c†3−1↑c
†
3−2↑ · · · c

†
3−n↑|0⟩
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The above is used to calculate both sides of the equation:

ζd~2 1

2
L =cSL

c =~2 ζd

2S

ζd =

∫
dr r2|ϕnl=2(r)|2 > 0

Under n ≥ 6, we may write

S =
10 − n

2

L = − {3(10 − n) − (1 + 2 + · · · + (10 − n)}

= −3(10 − n) +
(10 − n)(11 − n)

2
=

(10 − n)(n − 5)

2

The state can be determined as

|MS = S,ML = L⟩ =c†2↑c
†
1↑c

†
0↑c

†
−1↑c

†
−2↑c

†
3−1↓c

†
3−2↓ · · · c

†
3−(n−5)↓|0⟩

with which we calculate the both sides of the equation:

ζd~2(−)
1

2
(2 + 1 + · · · + (3 − (n − 5))) =ζd~2(−)

(10 − n)(n − 5)

2
= cSLThus,

c = − ~2 ζd

2S

Where c > 0, d1,2,3,4,5 is considered to be in the normal position while d6,7,8,9 is

considered to be in the inverse position under c < 0. We have c = 0 for d0 and

d10.
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PartV

Interaction of Light and Matter

11 Classical Electromagnetic Field

In this section, we discuss the classical electromagnetic field that obeys the

Maxwell ’s equation to help us understand the quantum phenomena associated

with light.

11.1 Maxwell ’s Equation

To begin, let us consider a case with a particle in vacuum, which carries an

electric charge ei, and can be found in the coordinates r⃗i. The Maxwell ’s model

for i = 1, · · · , N becomes

rot E⃗ +
∂B⃗

∂t⃗
= 0

rot H⃗ − ∂D⃗

∂t
= j⃗

div D⃗ = ρ

div B⃗ = 0

The vacuum permittivity and permeability are used to write in the form:

D⃗ = ϵ0E⃗

H⃗ =
1

µ0

B⃗

For the charge density and the current density, the coordinates of the particle is

used and they are written as:

ρ(r⃗) =
N∑

i=1

eiδ(r⃗ − r⃗i)

j⃗(r⃗) =
N∑

i=1

ei
˙⃗riδ(r⃗ − r⃗i)
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Note that the equations satisfy the conservation of electric charge: 207

∂ρ

∂t
+ div j⃗ = 0

As for another fundamental equation to this system, we consider an equation of

motion for a particle in r⃗i that obeys the Lorentz force. Here, we let mi be the

particle mass:

mi
¨⃗ri = eiE⃗(r⃗i) + ei

˙⃗ri × B⃗(r⃗i)

The time resolution for the particle ’s kinetic energy T is expressed by 208

Ṫ =

∫
dV E⃗ · j⃗

Here we assume V to be an arbitrary region that includes r⃗i. The Maxwell ’s

207

∂ρ

∂t
=

∑
i

ei
∂

∂t
δ(r⃗ − r⃗i(t))

=
∑

i

ei
˙⃗ri · ∇⃗riδ(r⃗ − r⃗i(t))

=
∑

i

ei
˙⃗ri · (−1)∇⃗rδ(r⃗ − r⃗i(t))

Further,
div j⃗ =

∑
i

ei
˙⃗ri · ∇⃗rδ(r⃗ − r⃗i(t))

208

d

dt

∑
i

1
2
mi

˙⃗r2
i =

∑
i

mi
˙⃗ri · ¨⃗ri =

∑
i

ei
˙⃗ri · (E⃗i + ˙⃗ri × B⃗i)

=
∑

i

ei
˙⃗ri · E⃗i =

∫
dV E⃗ · j⃗

Ei = E(r⃗i), Bi = B(r⃗i)
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equation provides 209

P⃗ = E⃗ × H⃗

Eem =

∫
dV Eem

Eem =
1

2
(ϵ0E⃗

2 + µ0H⃗
2)

Hence,
d

dt

(
T + Eem) +

∫
∂V

dS⃗ · P⃗ = 0

We understand that P denotes the momentum of the electromagnetic field while

Eem denotes the energy of the electromagnetic field. (P is known as the Poynting

vector.)

11.2 The Vector Potential and Scalar Potential

First, note div B⃗ = 0 can give
210

209Maxwell ’s equation can give

H⃗ · rot E⃗ + µ0H⃗ · ˙⃗
H = 0

E⃗ · rot H⃗ − ϵ0E⃗ · ˙⃗
E = E⃗ · j⃗

We take the difference between the equations above:

−div (E⃗ × H⃗) − 1
2

d

dt
(ϵ0E⃗2 + µ0H⃗

2) = E⃗ · j⃗

div P⃗ +
dHem

dt
+ E⃗ · j⃗ = 0

Thus,

div (A⃗ × B⃗) = ∂iϵijkAjBk

= ϵijk(∂iAj)Bk + ϵijkAj(∂i)Bk

= ϵkij(∂iAj)Bk − ϵjikAj(∂i)Bk

= rot A⃗ · B⃗ − A⃗ · rot B⃗

210An arbitrary vector field X⃗ can be expressed by

X⃗ = X⃗T + X⃗L

div X⃗T = 0
rot X⃗L = 0

Note that X⃗L and X⃗T are respectively called the longitudinal and transverse components.
When the vector field described above is definable in all region of space, we may express the field
by the potential:
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X⃗T = rot A⃗

X⃗L = gradϕ
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211 212

B⃗ = rot A⃗

211The Fourier expansion for the arbitrary field is written as

X⃗(r⃗) =
∑

k⃗

Xk⃗eik⃗·r⃗

which yields

div X =
∑

k⃗

ik⃗ · X⃗k⃗eik⃗·r⃗

rotX =
∑

k⃗

ik⃗ × X⃗k⃗eik⃗·r⃗

Now, let us write down the orthonormalization of the right-handed system for

e⃗k⃗σ=0 =
k⃗

k
, e⃗k⃗σ=1, e⃗k⃗σ=2

we obtain

X⃗L =
∑

k⃗

(X⃗k⃗ · e⃗k⃗,0)e⃗k⃗,0e
ik⃗·r⃗ =

∑
k⃗

(X⃗k⃗ · k⃗)k⃗
k2

eik⃗·r⃗

(X⃗L)α =
∑

k⃗

kαkβ

k2
Xβeik⃗·r⃗

X⃗T =
∑

k⃗

∑
σ=1,2

(X⃗k⃗ · e⃗k⃗σ)e⃗k⃗σeik⃗·r⃗ =
∑

k⃗

(
X⃗k⃗ −

(X⃗k⃗ · k⃗)k⃗
k2

)
eik⃗·r⃗

(X⃗T )α =
∑

k⃗

(δαβ − kαkβ

k2
)Xβeik⃗·r⃗ =

∑
k⃗

(
∑

σ=1,2

(e⃗k⃗σ)α(e⃗k⃗σ)β)Xβeik⃗·r⃗

Conditions for the complete system give∑
σ

(e⃗k⃗σ)α(e⃗k⃗σ)β =
kαkβ

k2
+

∑
σ=1,2

(e⃗k⃗σ)α(e⃗k⃗σ)β = δαβ

such that we write ∑
σ=1,2

(e⃗k⃗σ)α(e⃗k⃗σ)β = δαβ − kαkβ

k2

This is valid since

v⃗ = (v⃗ · e⃗σ)e⃗σ

vα = vβ(e⃗σ)β(e⃗σ)α

is written for the arbitrary vector v⃗. We can further write the above as

(e⃗σ)β(e⃗σ)α = δαβ

A similar formula to the expansion of the function is given as∑
j

ψ∗
j (x)ψj(x′) = δ(x − x′)
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Thus,

rot

(
E⃗ +

∂A⃗

∂t

)
= 0

Rewrite the equation above of the physical quantity:

E⃗ = −∂A⃗

∂t
− ∇⃗ϕ

212Let us summarize the relationship between differential-form and the vector calculus formulas:

Ω0 = f

dΩ0 = ∂if dxi : grad f

d2Ω0 = ∂j∂if dxj ∧ dxi = 0 : rot grad f = 0

Ω1 = Aidxi : A⃗

dΩ1 = ∂jAi dxj ∧ dxi : rot A⃗

d2Ω1 = ∂k∂jAi dxk ∧ dxj ∧ dxi = 0 : div rot A⃗ = 0

Ω2 = Ai ∗ dxi = ϵijkAidxj ∧ dxk : A⃗

dΩ2 = ∂ℓAidxℓ ∗ dxi = ∂iAi dx1 ∧ dx2 ∧ dx3 : div A⃗

d2Ω2 = 0

Here we define

∗1 = dx1 ∧ dx2 ∧ dx3

∗dx1 = dx2 ∧ dx3, ∗dx2 = dx3 ∧ dx1, ∗dx3 = dx1 ∧ dx2,

∗(dx1 ∧ dx2) = dx3, ∗(dx2 ∧ dx3) = dx1, ∗(dx3 ∧ dx1) = dx2,

∗(dx1 ∧ dx2 ∧ dx3) = 1

giving

A = Aidxi

∗dA = rot A = (rotA)idxi

∗d ∗ A = div A

dϕ = gradϕ = ∇ϕ

∗d ∗ dϕ = ∆ϕ

div rot A⃗ = ∗d ∗ (∗dA) = d(dA) = 0
rot grad f = ∗d(df) = 0

For the integral formula, we can write∫
V

dΩ2 =
∫

∂V

Ω2 :
∫

V

div A⃗ dV =
∫

∂V

A⃗ · dS⃗∫
S

dΩ1 =
∫

∂S

Ω1 :
∫

S

rot A⃗ · dS⃗ =
∫

∂S

A⃗ · dr⃗∫
L

dΩ0 =
∫

∂L

Ω0 :
∫

L

grad f · dr⃗ = f(r⃗)
∣∣r⃗=r⃗fin

r⃗=r⃗ini
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by using the vector potential A⃗ and the scalar potential ϕ.

Note that the physical quantities E⃗ and B⃗ stay constant even though the gauge

transformation is conducted under the arbitrary space-time equation χ(r⃗, t):

A⃗ → A⃗′ = A⃗ + ∇⃗χ

ϕ → ϕ′ = ϕ − ∂χ

∂t

E⃗ ′ = E⃗, B⃗′ = B⃗

We must note that there are certain degrees of freedom left in the potential

expression. The Maxwell’s equation is rewritten by using such potential. rot H⃗ −
˙⃗

D = j⃗ gives
213

−2A⃗ ≡ 1

c2

¨⃗
A − ∆A⃗ = −∇⃗(div A⃗ +

1

c2
ϕ̇) + µ0j⃗

c2 =
1

ϵ0µ0

While div D⃗ = ρ gives

−∆ϕ = div
˙⃗

A +
1

ϵ0

ρ

Let us have a particular Coulomb gauge

div A⃗ = 0

and by which we obtain two relational expressions of the Maxwell ’s equation:

−2A⃗ = = µ0J⃗

−∆ϕ =
1

ϵ0

ρ

Note that the equation for the scalar potential

J⃗ = j⃗ − ϵ0∇⃗ϕ̇

can be easily integrated: 214

ϕ(r⃗) =
1

4πϵ0

∑
i

ei

|r⃗ − r⃗i|

213The equation 1
µ0

rot rot A⃗ − ϵ0(−
¨⃗
A − ∇⃗ϕ) = j⃗ gives ∇⃗div A⃗ − ∆A⃗ + 1

c2

(
¨⃗
A + ∇ϕ̇

)
= µ0j⃗

214The solution for
−∆f(r⃗) = δ(r⃗)

is
f(r⃗) =

1
4πr
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Hence, we can further rewrite the first equation into the form:

J⃗ =
∑

i

(
− ∂

∂t
∇⃗ ei

4π|r⃗ − r⃗i|
+ ei

˙⃗
irδ(r⃗ − r⃗i)

)
Note that 215

div J⃗ = 0

Let us now suppose that the system is in a box with the volume V and the edge

length of L. We conduct the Fourier transformation of A under the periodic

boundary condition:
216

A⃗ =
1√
V

∑
k⃗

A⃗k⃗e
ik⃗·r⃗

k⃗ =
2π

L
(nx, ny, nz), ni = · · · ,−2,−1, 0, 1, 2, · · ·

The vector potential can be written in the following form by using k⃗ ·A⃗k⃗ = 0 which

is given by div A⃗ = 0:
217

k̂ · e⃗kσ=1 = 0, k̂ · e⃗kσ=2 = 0, e⃗k1 · e⃗k2 = 0

giving

A⃗(r⃗, t) =
1√
ϵ0V

∑
k⃗

∑
σ=1,2

e⃗k⃗σqk⃗σ(t)eik⃗·r⃗

We can use the fact that A is being real to express e⃗−k⃗σ = e⃗k⃗σ. This allows us to

use A⃗−k⃗ = A⃗∗
k⃗
. Therefore,

q∗
k⃗σ

(t) = q−k⃗σ(t)

In the same way, we can write

ϕ(r⃗, t) =
1√
V

∑
k⃗

ϕk⃗(t)e
ik⃗·r⃗

215

div J⃗ = − ∂

∂t
ϵ0∆ϕ + div j⃗ =

∂

∂t
ρ + div j⃗ = 0

216

Ak⃗ =
1√
V

∫
dV A⃗(r⃗)e−ik⃗·r⃗

217

A⃗k⃗ =
1

√
ϵ0

∑
σ=1,2

e⃗k⃗σqk⃗σ(t)
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j⃗(r⃗, t) =
1√
V

∑
k⃗

j⃗k⃗(t)e
ik⃗·r⃗

Given the information above, we now move on to discuss 2A⃗ = µ0J⃗ . The longitu-

dinal components (components in k⃗ direction) can be expressed by using div A⃗ = 0:

ϵ0ik
2ϕ̇k⃗ − k⃗ · j⃗k⃗ = 0

By time-differentiating the Poisson ’s equation, and further using the continuity

equation, we write:

ϵ0∆ϕ̇ = −ρ̇ = ∇r · j⃗

And from which, the Fourier components are written as −k2ϕ̇k = i⃗k · j⃗k⃗ and there-

fore, the relational expression for the longitudinal components is automatically

satisfied. Now, for the transverse components:
218

q̈k⃗σ + ω2
k⃗
qk⃗σ =

1√
ϵ0V

e⃗k⃗σ ·
∫

dV j⃗(r⃗)e−ik⃗·r⃗

=
1√
ϵ0V

∑
i

ei (e⃗k⃗σ · ˙⃗ri)e
−ik⃗·r⃗i (ω = ck)

This is the equation the vector potential must satisfy, and which is in fact equiva-

lent to the Maxwell’s equation. The equation describes the forced oscillation for

each polarized light e⃗k⃗σ.

218

e⃗k⃗σ ·
(
− 2A⃗(r⃗)

)
= e⃗k⃗σ · 1√

ϵ0V

∑
k⃗

∑
σ=1,2

e⃗k⃗σ

( 1
c2

q̈k⃗σ + k2qk⃗σ

)
eik⃗·r⃗ =

1√
ϵ0V

∑
k⃗

( 1
c2

q̈k⃗σ + k2qk⃗σ

)
eik⃗·r⃗

e⃗k⃗σ · µ0J⃗(r⃗) = e⃗k⃗σ · j⃗(r⃗) = µ0
1√
V

e⃗k⃗σ ·
∑

k⃗

j⃗k⃗eik⃗·r⃗

Thus,

1
c2

q̈k⃗σ + k2qk⃗σ = µ0
√

ϵ0e⃗k⃗σ j⃗k⃗ =
µ0

√
ϵ0√

V

∫
dV e⃗k⃗σ j⃗(r⃗)e−ik⃗·r⃗
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11.3 Classical Field Equations

First, we consider the energy of the electromagnetic field by dividing it into two

parts: 219 220

Eem =
1

2

∫
dV

(
ϵ0(

˙⃗
A + ∇⃗ϕ)2 +

1

µ0

(rot A⃗)2

)
= Erad + Ecoulomb

Erad =
1

2

∫
dV

(
ϵ0

˙⃗
A2 +

1

µ0

(rot A⃗)2

)
Ecoulomb = ϵ0

1

2

∫
dV

(
2

˙⃗
A∇⃗ϕ + ∇⃗ϕ · ∇⃗ϕ

)
= −ϵ0

1

2

∫
dV

(
2ϕ div

˙⃗
A + ϕ∆ϕ

)
=

1

2

∫
dV ρϕ

=
1

2

∑
ij

eiej

4πϵ0|r⃗i − r⃗j|

=
∑
i<j

eiej

4πϵ0|r⃗i − r⃗j|
+ (expansiontermsoftheself − interaction)

Note that Ecoulomb is the Coulomb interaction (we do not consider the expansion

terms of self-interaction here) while Erad is the energy of radiation field. If we have

pk⃗σ(t) = q̇−k⃗σ(t)

219 ∫
dV div (f∇⃗g) =

∫
dV ∇⃗f · ∇⃗g +

∫
dV f∆g =

∫
∂V

dS⃗ · f∇⃗g

The boundary terms are cancelled due to the periodic boundary condition thus,∫
dV ∇⃗f · ∇⃗g = −

∫
dV f∆g = −

∫
dV (∆f)g

220 ∫
div (ϕ ˙⃗

A) =
∫

∂V

dS⃗ · ϕ ⃗̇A = 0

Thus, ∫
dV ϕdiv ˙⃗

A = −
∫

dV A⃗ · ∇⃗ϕ
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then we can write

A⃗(r⃗, t) =
1√
ϵ0V

∑
k⃗

∑
σ=1,2

e⃗k⃗σqk⃗σ(t)eik⃗·r⃗

˙⃗
A(r⃗, t) =

1√
ϵ0V

∑
k⃗

∑
σ=1,2

e⃗k⃗σpk⃗σ(t)e−ik⃗·r⃗

We substitute the above into Erad:
221

Erad =
1

2

∑
k⃗

∑
σ=1,2

(
pk⃗σp−k⃗σ + c2k2qk⃗σq−k⃗σ

)

By adding the kinetic energy T = 1
2

∑
i
¨⃗r2, the classical energy is expressed in

the form:

H = T + Erad + Ecoulomb

We let qk⃗σ, pk⃗σ, of radiation field and r⃗i of the particle system be the canonical

variables, while we let whose conjugate momenta be

P⃗i = mi
˙⃗ri + eiA⃗(r⃗i) = mi

˙⃗ri + eiA⃗i

The Hamiltonian is therefore given by:

H = Hpart + Hrad + Hcoulomb

Hpart =
∑

i

1

2mi

(P⃗i − eiA⃗(r⃗i))
2

=
∑

i

1

2mi

(
P⃗i − ei

1√
ϵ0V

∑
k⃗σ

e⃗k⃗σqk⃗σe
ik⃗·r⃗i

)2

Hrad = +
1

2

∑
k⃗

∑
σ=1,2

(
pk⃗σp−k⃗σ + c2k2qk⃗σq−k⃗σ

)
Hcoulomb =

∑
i<j

eiej

4πϵ0|r⃗i − r⃗j|

221For the energy of a magnetic field:

div (A⃗ × rot A⃗) = rot A⃗ · rot A⃗ − A⃗ · rot rot A⃗, (∇⃗ · (A⃗ × B⃗) = ∇⃗ × A⃗ · B⃗ − A⃗ · ∇⃗ × B⃗)

= rot A⃗ · rot A⃗ − A⃗ · grad div A + A⃗ · ∆A⃗

which cancels the surface terms thus using div A⃗ = 0, we can write∫
dV rot A⃗ · rot A⃗ = −

∫
dV A⃗ · ∆A⃗
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The canonical equations are given by:

∂H

∂qk⃗σ

= −ṗk⃗σ

∂H

∂pk⃗σ

= q̇k⃗σ

∂H

∂rα
k⃗σ

= −Ṗα
k⃗σ

∂H

∂Pα
k⃗σ

= ṙα
k⃗σ
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Therefore, the equation of motion for the particles is written as 222

mi
¨⃗ri = ei(E⃗(r⃗i) + ˙⃗ri × B(r⃗i))

The Maxwell ’s equation is also written as

222For the particle system we can write

ṙα
i =

∂H

∂Pα
i

=
1

mi
(Pα

i − eiA
α(r⃗i))

−Ṗα
i =

∂H

∂rα
i

=
1

mi
(P⃗i − eiA⃗(r⃗i)) · (−ei)∂αA⃗(r⃗i) + ei∂αϕ(r⃗i)

= −eiṙ
β
i ∂αAβ(r⃗i) + ei∂αϕ(r⃗i)

Here note:

∂

∂rα
i

Hcoulomb =
∂

∂rα
i

1
4πϵ0

∑
a<b

1
|r⃗a − r⃗b|

=
∂

∂rα
i

1
4πϵ0

∑
j( ̸=i)

1
|r⃗a − r⃗b|

= ∂αeiϕ(r⃗i) = ∂αeiϕi

A⃗i = A⃗(r⃗i)

d

dt
A⃗i =

dA⃗(r⃗)
dt

∣∣∣∣
r⃗=r⃗i

+ ˙⃗
ir · ∇⃗r⃗i

A⃗i

Hence,

mir̈
α
i = Ṗα

i − eiȦ
α
i (r⃗i) − ei

˙⃗
ir · ∇⃗iA

α
i (r⃗i)

= eiṙ
β
i ∂αAβ(r⃗i) − ei∂αϕ(r⃗i)

−eiȦ
α
i (r⃗i) − eiṙ

β
i ∂βAα

i (r⃗i)

= ei

(
− ∂αϕ(r⃗i) − Ȧα

i (r⃗i) + ṙβ
i ∂αAβ(r⃗i) − ṙβ

i ∂βAα
i (r⃗i)

)
Further,

( ˙⃗r × rot A⃗)α = ϵαβγ ṙβϵγηξ∂ηAξ

= (δαηδβξ − δαξδβη)ṙβ∂ηAxi

= ṙβ∂αAβ − ṙβ∂βAα

Thus,
mi

¨⃗ri = ei(E⃗(r⃗i) + ˙⃗ri × B(r⃗i))
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223

q̈−k⃗σ + c2k2q−k⃗σ =
1√
ϵ0V

∑
i

ei( ˙⃗ri · e⃗k⃗σ)eik⃗·r⃗i

Therefore, we must note that the velocity for a gauge invariant particle is

˙⃗ri =
1

mi

(
Pi − eiA⃗(r⃗i)

)
Finally, we write the quantity by using the canonical variables:

E⃗ = − ˙⃗
A − ∇⃗ϕ

= − 1√
ϵ0V

∑
k⃗σ

e⃗k⃗σpk⃗σe
−ik⃗·r⃗ − ∇⃗ϕ

B⃗ =rot A⃗

=
i√
ϵ0V

∑
k⃗σ

k⃗ × e⃗k⃗σqk⃗σe
ik⃗·r⃗b

11.4 Field Momentum

The momentum of the electromagnetic field G⃗em is calculated with the Poynting

vectors as described in the followings:

223For the radiation field:

−ṗk⃗σ =
∂H

∂qk⃗σ

= c2k2q−k⃗σ +
∑

i

1
mi

(
P⃗i − ei

1√
ϵ0V

∑
k⃗σ

e⃗k⃗σqk⃗σeik⃗·r⃗i

)
·
(
− ei

1√
ϵ0V

e⃗k⃗σeik⃗·r⃗i
)

= c2k2q−k⃗σ +
∑

i

1
mi

(P⃗i − eiA⃗i) ·
(
− ei

1√
ϵ0V

e⃗k⃗σeik⃗·r⃗i
)

= c2k2q−k⃗σ − 1√
ϵ0V

∑
i

ei( ˙⃗ri · e⃗k⃗σ)eik⃗·r⃗i

q̇k⃗σ =
∂H

∂pk⃗σ

= p−k⃗σ

q̈−k⃗σ = ṗ−k⃗σ

= −c2k2q−k⃗σ +
1√
ϵ0V

∑
i

ei( ˙⃗ri · e⃗k⃗σ)eik⃗·r⃗i



Quantum Mechanics 3: Interaction of Light and Matter Hatsugai 193

G⃗ =
1

c2

∫
dV P⃗ =

1

c2

∫
dV E⃗ × H⃗

= − 1

c2

1

µ0

∫
dV

( ˙⃗
A + ∇⃗ϕ

)
× rot A⃗

= G⃗0
em + G⃗′

em

G⃗0
em = − 1

c2

1

µ0

∫
dV

˙⃗
A × rot A⃗

G⃗′
em = − 1

c2

1

µ0

∫
dV ∇⃗ϕ × rot A⃗

The momentum of the pure radiation field G⃗0
em can be described using canonical

variables: 224

G⃗0
em = −i

∑
k⃗σ

k⃗ pk⃗σqk⃗σ

We further rewrite the terms that are given due to the existing particles. (Note

that the boundary terms are cancelled due to the integration by parts and the

periodic boundary condition. Note also the Coulomb gauge conditions.):

G⃗′
em = − 1

c2

1

µ0

∫
dV ∇⃗ × (ϕ rot A⃗) − ϕ rot rot A⃗

= − 1

c2

1

µ0

∫
dV ϕ ∆A⃗ = − 1

c2

1

µ0

∫
dV (∆ϕ) A⃗

=
1

c2

1

ϵ0µ0

∫
dV ρA⃗ =

∑
j

ejA⃗j

224

G⃗0
em = − 1

c2

1
µ0

∫
dV

˙⃗
A × rot A⃗

= − 1
c2

1
µ0

1
√

ϵ0

∑
k⃗

∑
σ

1
√

ϵ0
e⃗k⃗σpk⃗σ × (i⃗k ×

∑
σ′

e⃗k⃗σ′qk⃗σ′)

= −i
∑

k⃗

∑
σσ′

pk⃗σqk⃗σ′ e⃗k⃗σ × (k⃗ × e⃗k⃗σ′)

= −i
∑
k⃗σ

k⃗ pk⃗σqk⃗σ

e⃗ × (k⃗ × e⃗) = k⃗, (|e⃗| = 1)
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Therefore, the total momentum G⃗T is given by the sum of the momentum of

the particle system and the momentum of the radiation field:

G⃗T =
∑

j

mj
˙⃗rj + G⃗em

=
∑

j

P⃗j + G⃗0
em

11.5 Angular Momentum of the Field

Let us calculate for the angular momentum J⃗em of the electromagnetic field:

J⃗em =
1

c2

∫
dV r⃗ × P⃗ =

1

c2

∫
dV r⃗ × (E⃗ × H⃗)

= − 1

c2

1

µ0

∫
dV r⃗ ×

( ˙⃗
A + ∇⃗ϕ

)
× rot A⃗

= J⃗0
em + J ′

em

J⃗0
em = − 1

c2

1

µ0

∫
dV r⃗ × (

˙⃗
A × rot A⃗)

J⃗ ′
em = − 1

c2

1

µ0

∫
dV r⃗ × (∇⃗ϕ × rot A⃗)

We divide the angular momentum J⃗0
em of the pure radiation field into the following

two parts: 225

225

(Ȧ × rot A⃗)i =ϵijkȦjϵklm∂lAm = (δilδjm − δimδjl)Ȧj∂lAm

=Ȧj∂iAj − Ȧj∂jAi = Ȧj∂iAj − ∂j(ȦjAi) +
∂

∂t
(∂jAj)Ai

=Ȧj∂iAj − ∂j(ȦjAi)

(r⃗ × (Ȧ × rot A⃗))a =ϵabcrbȦj∂cAj − ϵabcrb∂j(ȦjAi)

=ϵabcrbȦj∂cAj − ∂j(ϵabcrbȦjAi) + ϵabc∂j(rb)∂j(ȦjAc)

= ϵabcrbȦj∂cAj − ∂j(ϵabcrbȦjAc) + ϵabcȦbAc

= Ȧj(ℓ⃗Aj)a − ∂j(ϵabcrbȦjAc) + ϵabcȦbAc

Leave out the boundary terms to obtain∫
V

d3r r⃗ × (Ȧ × rot A⃗) =
∫

V

d3r Ȧj ℓ⃗Aj +
∫

V

d3r
˙⃗

A × A⃗
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J⃗em = J⃗ ℓ
em + Js

em

J⃗ ℓ
em = − 1

µ0c2

∫
V

d3r Ȧj ℓ⃗Aj

J⃗s
em = − 1

µ0c2

∫
V

d3r
˙⃗

A × A⃗

= −
∑
k,σσ′

(e⃗kσ × e⃗kσ′)pkσqkσ′

If we conduct the integrations by parts to the terms which arisen from the

existence of the particles for a number of times then, we can rewrite the angular

momentum into 226

J⃗ ′
em = − ϵ0

∫
dV ∆ϕ r⃗ × A⃗ =

∫
dV ρr⃗ × A⃗ =

∑
j

r⃗j × (ejA⃗j)

The angular momentum J⃗T is therefore given by the sum of the angular mo-

mentum of the particle system and that of radiation field:

J⃗T =
∑

j

r⃗j × (mj
˙⃗r)j + J⃗em =

∑
j

L⃗j + J⃗0
em

L⃗j =r⃗j × (m ˙⃗rj + ejAj) = r⃗j × P⃗j

226

∇⃗ϕ × rot A⃗ =∇⃗ × (ϕrot A⃗) − ϕrot rot A⃗ = ∇⃗ × (ϕrot A⃗) + ϕ∆A⃗

r⃗ × (∇⃗ϕ × rot A⃗) =r⃗ × (∇⃗ × (ϕrot A⃗)) + r⃗ × ϕ∆A⃗

[r⃗ × (∇⃗ × (ϕrot A⃗))]i =ϵijkrjϵklm∂l(ϕrot A⃗)m = (δilδjm − δimδjl)rj∂l(ϕrot A⃗)m

=rj∂i(ϕrot A⃗)j − rj∂j(ϕrot A⃗)i

=∂i(rjϕ(rot A⃗)j) − ϕ(rot A⃗)i − ∂j(rjϕ(rot A⃗)i) + 3ϕ(rot A⃗)i

=∂i(rjϕ(rot A⃗)j) − ∂j(rjϕ(rot A⃗)i) + 2ϕ(rot A⃗)i

[r⃗ × ϕ∆A⃗]i =ϵijkrjϕ∂l∂lAk

=∂l(ϵijkrjϕ∂lAk) − ϵijkϕ∂jAk − ϵijkrj(∂lϕ)∂lAk

=∂l(ϵijkrjϕ∂lAk) − ϵijkϕ∂jAk − ∂l

(
ϵijkrj(∂lϕ)Ak

)
+ ϵijk(∂jϕ)Ak + ϵijkrj(∂l∂lϕ)Ak

=∂l(ϵijkrjϕ∂lAk) − ϵijkϕ∂jAk − ∂l

(
ϵijkrj(∂lϕ)Ak

)
+ ∂j(ϵijkϕAk) − ϵijkϕ(∂jAk) + ϵijkrj(∂l∂lϕ)Ak

=∂l(ϵijkrjϕ∂lAk) − ∂l

(
ϵijkrj(∂lϕ)Ak

)
+ ∂j(ϵijkϕAk) − 2ϕ(rot A⃗)i + (∆ϕ)(r⃗ × A⃗)i

J⃗ ′
em = − ϵ0

∫
dV ∆ϕ r⃗ × A⃗ =

∫
dV ρr⃗ × A⃗ =

∑
j

r⃗j(ej × Aj)
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12 The Interacting Particle System and Electro-

magnetic Field as Field Quantity

12.1 Lagrangian Density and Equation of Motion

According to our discussions from the last section, the Maxwell ’s equation is

2A⃗ = ∇⃗(div A⃗ +
1

c2
ϕ̇) − µ0j⃗

1

c
∆ϕ = −1

c

∂

∂t
div A⃗ − µ0cρ

227 The Maxwell ’s equation can be written in the covariant form to the Lorentz

transformation:

∂µ(∂µAν − ∂νAµ) = µ0j
ν

∂µf
µν = µ0j

ν

227

2A⃗ = ∇⃗(div A⃗ +
1
c2

ϕ̇) − µ0j⃗

1
c
∆ϕ = −1

c

∂

∂t
div A⃗ − µ0cρ

Note:

div A⃗ +
1
c2

∂ϕ

∂t
= ∂µAµ

the first equation is then rewritten as

−∂µ∂µAi = −∂i∂µAµ − µ0j
i

While the second equation is rewritten by

2
1
c
ϕ +

1
c3

∂ϕ

∂t
= −1

c

∂

∂t

(
∂µAµ − 1

c2

∂

∂t
ϕ

)
− µ0cρ

−∂µ∂µA0 = −∂0∂µAµ − µ0j
0

By organizing the above, the Maxwell ’s equation can be written as

∂µ(∂µAν − ∂νAµ) = µ0j
ν

∂µfµν = µ0j
ν
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Recall our earlier discussions:

A0 =
1

c
ϕ

A1 = −A1 = −Ax

A2 = −A2 = −Ay

A3 = −A3 = −Az

fµν = ∂µAν − ∂νAµ

j0 = cρ

ji = (⃗j)i

The actions derived from the least-action principle, including the actions caused

by the particle systems, can be given by the followings. (τ(i) denotes the eigentime

of the ith particle. (dτ(i) = dt

√
1 − v2

i

c2
):

Sem = S0 + Srad + Sel =

∫
d4x

(
L0(x) + Lrad(x) + Lel(x)

)
(d4x = dx0dx1dx2dx3 = cdtd3r)

L0(x) = −
∑

i

mic

∫
dτ(i)

√
gµν

dxµ
(i)

dτ(i)

dxν
(i)

dτ(i)

δ4(x − x(i))

S0 = −
∑

i

mic

∫
dτ(i)

√
gµν

dxµ
(i)

dτ(i)

dxν
(i)

dτ(i)

= −
∑

i

mic

∫
dt

√
gµν ẋ

µ
(i)ẋ

ν
(i)

Lrad(x) = − 1

4µ0c
fµνf

µν

Srad = − 1

4µ0

∫
dtd3r fµνf

µν

Lel(x) = −jµ(x)Aµ(x)

Sel =

∫
d4xLel(x) = −

∑
i

∫
dt eiAµ(x(i))ẋ

µ
(i) =

∑
i

∫
dt ei

(
− ϕ(r⃗i, t) + ˙⃗ri · A⃗(r⃗i, t)

)
jµ(x) =

∑
i

cei

∫
dτ(i) δ4(x − x(i))x

′µ
(i) = (c

∑
i

eiδ
3(r⃗ − r⃗i), ei

˙⃗riδ
3(r⃗ − r⃗i))

The equation of motion for the radiation field is:

δLrad

δAµ(x)
=

1

4µ0

∂ν
∂

∂∂νAµ

(∂κAρ − ∂ρAκ)(∂
κAρ − ∂ρAκ)

=
1

µ0

∂νf
νµ

δLel

δAµ(x)
= −jµ
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We have already discussed the equation for the particle system.

12.2 Energy-momentum Tensor and the Conservation Law

If we multiply the Maxwell ’s equation (field equation) ∂µf
µν = µ0j

ν by fλν

along with a further calculation, we obtain: 228

∂µT
µ

λ = fλνj
ν

T µ
λ =

1

µ0

(
fκµfκλ −

1

4
δµ

λf
κνfκν

)
T µ

λ is called the energy-momentum tensor of electromagnetic field. Specifically,

it is T µν = gλνT µ
λ :

T µν =
1

µ0

(
gλνgκαgλβfκµfαβ − 1

4
gλνδµ

λf
κνfκν

)
=

1

µ0

(
gκαfκµfαν − 1

4
gµνfκνfκν

)
What we described in the above is symmetric to T µν = T νµ and therefore the

228

fλν∂µfµν = ∂µ(fλνfµν) − fµν∂µfλν

= ∂µ(fλνfµν) − 1
2
fµν(∂µfλν − ∂νfλµ), fµν = −fνµ

= ∂µ(fλνfµν) − 1
2
fµν(∂µfλν + ∂νfµλ + ∂λfνµ) +

1
2
fµν∂λfνµ

= ∂µ(fλνfµν) +
1
2
fµν∂λfνµ

= ∂µ(fλνfµν) − 1
4
∂λ(fµνfµν) = ∂µ(fλνfµν) − 1

4
∂λ(fκνfκν)

= ∂µ(fλνfµν) − 1
4
δµ

λ∂µ(fκνfκν)

= ∂µ

(
fκµfκλ − 1

4
δµ

λfκνfκν

)

Thus,

∂µfλν + ∂νfµλ + ∂λfνµ = ∂µ(∂λAν − ∂νAλ) + ∂ν(∂µAλ − ∂λAµ) + ∂λ(∂νAµ − ∂µAν) = 0
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energy-momentum tensor is expressed in the form: 229

T 00 = −1

2
(ϵ0E⃗

2 + µ0H⃗
2) = −Hem

T k0 = −1

c
(P⃗ )k, P⃗ = E⃗ × H⃗

T kl = ϵ0EkEl + µ0HkHl − δkl
1

2
(ϵ0E⃗

2 − µ0H⃗
2))

Note also:

∂µT
µκ = fκνjν

If the equation of motion for ith particle is written by
dπµ

(i)

dt
= eiẋκ(i)f

µκ, then

we can write:

∫
V

d3r j(x) =
∑

i

eiẋκ(i)f
µκ

229

fµν =


0 Ex

c
Ey

c
Ez

c

−Ex

c 0 −Bz By

−Ey

c Bz 0 −Bx

−Ez

c 0 Bx 0


µν

fαβ = gαµgnuβfµν

=
{

1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1




0 Ex

c
Ey

c
Ez

c

−Ex

c 0 −Bz By

−Ey

c Bz 0 −Bx

−Ez

c 0 Bx 0




1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

 }
αβ

=


0 −Ex

c −Ey

c −Ez

c
Ex

c 0 −Bz By
Ey

c Bz 0 −Bx
Ez

c −By Bx 0


αβ

which gives

fαβfαβ = − 2
c2

E⃗2 + 2B⃗2

Tk0 = − 1
c P⃗k, P⃗ = E⃗ × H⃗

Further, T kl = 1
µ0

( 1
c2 EkEl + BkBl + δkl

1
2 (− 1

c2 E⃗2 + B⃗2))

= ϵ0EkEl + µ0HkHl − δkl
1
2 (ϵ0E⃗2 − µ0H⃗

2))
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Having mentioned the above: 230

d

dt

∑
i

πµ
(i) =

1

c

∂

∂t

∫
V

d3r T 0µ

The expressions in each component:∑
i

Mic
2 +

∫
V

d3rHem(r⃗) = const.

∑
i

Miv⃗i +

∫
V

d3r P⃗ (r⃗) = const.

which represent the conservation of momentum and energy.

13 Quantization of Electromagnetic Field and the

Charged Particles

We conduct quantization of the system as we follow the classic canonical equa-

tion we obtained in the previous section. For the operators, we have the canonical

variables in the radiation field qk⃗σ and pk⃗σ, and the canonical variable of the par-

ticle system r⃗i and its conjugate momentum P⃗i = mi
˙⃗ri + eiA⃗. The commutation

relation is imposed between the operators:

[qk⃗σ, pk⃗′σ′ ] = i~δk⃗k⃗′δσσ′

[rα
i , P β

j ] = i~δijδαβ

To clarify more, we use a differential representation for the particle system:

P⃗i = −i~∇⃗i

230

d

dt

∑
i

πµ
(i) =

∫
V

d3r ∂νT νµ

=
1
c

∂

∂t

∫
V

d3r T 0µ +
∫

V

∂iT
iµ

=
1
c

∂

∂t

∫
V

d3r T 0µ +
∫

S

dSiT
iµ =

1
c

∂

∂t

∫
V

d3r T 0µ
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For the radiation field, we express in boson representation:

qk⃗σ =

√
~

2ωk

(a†
−k⃗σ

+ ak⃗σ)

pk⃗σ = i

√
~ωk

2
(a†

k⃗σ
− a−k⃗σ)

[ak⃗σ, a
†
k⃗′σ′ ] = δk⃗k⃗′δσσ′

[ak⃗σ, a−k⃗′σ′ ] = 0

[a†
k⃗σ

, a†
−k⃗′σ′ ] = 0

The vector potential can be written by using the representations above: 231

A⃗(r⃗) =
1√
ϵoV

∑
k⃗σ

√
~

2ωk

e⃗k⃗σ(a†
k⃗σ

e−ik⃗·r⃗ + ak⃗σe
ik⃗·r⃗)

231

A⃗(r⃗) =
1√
ϵoV

∑
k⃗σ

e⃗k⃗σqk⃗σeik⃗·r⃗

=
1√
ϵoV

∑
k⃗σ

√
~

2ωk
e⃗k⃗σ(a†

−k⃗σ
+ ak⃗σ)eik⃗·r⃗

=
1√
ϵoV

∑
k⃗σ

√
~

2ωk
e⃗k⃗σ(a†

k⃗σ
e−ik⃗·r⃗ + ak⃗σeik⃗·r⃗)
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Commutation Relation of a Field Quantity

Here, we calculate for the commutation relations of the field quantity: 232

[Aα(r⃗), Aβ(r⃗ ′)] =0

[Eα(r⃗), Eβ(r⃗ ′)] =0

[Bα(r⃗), Bβ(r⃗ ′)] =0

[Eα(r⃗), Aκ(r⃗
′)] =i~

1

ϵ0V
ϵαβγ∂

′
γδ(r⃗ − r⃗ ′)

13.1 Hamiltonian

The Hamiltonian of the classical system therefore can be rewritten by the oper-

ators we have defined: 233

232

[Aα(r⃗), Aβ(r⃗ ′)] =0
[Eα(r⃗), Eβ(r⃗ ′)] =0
[Bα(r⃗), Bβ(r⃗ ′)] =0

[Eα(r⃗), Aβ(r⃗ ′)] = − 1
ϵ0V

∑
k⃗σ

(e⃗k⃗σ)α(e⃗k⃗σ)β [pk⃗σ, qk⃗σ]e−ik⃗·(r⃗−r⃗ ′)

=
i~

ϵ0V

∑
k⃗σ

(e⃗k⃗σ)α(e⃗k⃗σ)βeik⃗·(r⃗−r⃗ ′)

=
i~

ϵ0V

∑
k⃗

(δαβ − kαkβ

k2
)eik⃗·(r⃗−r⃗ ′)

[Eα(r⃗), Bβ(r⃗ ′)] =ϵβγκ∂′
γ [Eα(r⃗), Aκ(r⃗ ′)]

= − ~
ϵ0V

∑
k⃗

(δακ − kαkκ

k2
)ϵβγκkγeik⃗·(r⃗−r⃗ ′)

= − ~
ϵ0V

∑
k⃗

ϵβγαkγeik⃗·(r⃗−r⃗ ′)

=i
~

ϵ0V
ϵαβγ∂′

γδ(r⃗ − r⃗ ′)

233

1
2

∑
k

(
pk⃗σp−k⃗σ + ω2

kqk⃗σq−k⃗σ

)
=

∑
k

~ωk

4

(
− (a†

k⃗σ
− a−k⃗σ)(a†

−k⃗σ
− ak⃗σ) + (a†

−k⃗σ
+ ak⃗σ)(a†

k⃗σ
+ a−k⃗σ)

)
=

∑
k

~ωk
1
4
(a−k⃗σa†

−k⃗σ
+ a†

k⃗σ
ak⃗σ) + a†

−k⃗σ
a−k⃗σ) + ak⃗σa†

k⃗σ
)

=
∑

k

~ωk
1
2
(ak⃗σa†

k⃗σ
+ a†

k⃗σ
ak⃗σ)

=
∑

k

~ωk(a†
k⃗σ

ak⃗σ +
1
2
)
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234

H = Hpart + Hrad + Hcoulomb

Hpart =
∑

i

1

2mi

(−i~∇⃗i − eiA⃗(r⃗i))
2

A⃗(r⃗i) =
1√
ϵoV

∑
k⃗σ

√
~

2ωk

e⃗k⃗σ(a†
k⃗σ

e−ik⃗·r⃗i + ak⃗σe
ik⃗·r⃗i)

Hrad =
∑

k⃗

∑
σ=1,2

~ωk(nk⃗σ +
1

2
)

nk⃗σ = a†
k⃗σ

ak⃗σ′

Hcoulomb =
∑

i

eiej

|r⃗i − r⃗j|

13.2 Momentum

Here, the field momentum is written as 235

G⃗0
em =

∑
k⃗σ

~k⃗ nk⃗σ

234

A⃗(r⃗i) =
1√
ϵoV

∑
k⃗σ

√
~

2ωk
e⃗k⃗σ(a†

k⃗σ
e−ik⃗·r⃗i + ak⃗σeik⃗·r⃗i)

235

G0
em = −i

∑
k⃗σ

k⃗ pk⃗σqk⃗σ

=
1
2

∑
k⃗σ

~k⃗(a†
k⃗σ

− a−k⃗σ)(a†
−k⃗σ

+ ak⃗σ)

=
1
2

∑
k⃗σ

~k⃗(a†
k⃗σ

a†
−k⃗σ

− a−k⃗σak⃗σ + a†
k⃗σ

ak⃗σ − a−k⃗σa†
−k⃗σ

)

=
∑
k⃗σ

~k⃗ a†
k⃗σ

ak⃗σ (k⃗ ↔ −k⃗)

Note that we have (k⃗ ↔ −k⃗) in the last form above.
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The momentum of the particle is added to the equation above, and we further

write

G⃗T = G⃗p + G⃗0
em

=
∑

i

~
i
∇⃗i +

∑
k⃗σ

~k⃗ nk⃗σ

G⃗p =
∑

i

~
i
∇⃗i

We can also show that the commutators of the momentum and the Hamiltonian

to be defined as 236

[H, G⃗T ] = 0

14 Interaction of Electromagnetic Field with Mat-

ter

We now consider the terms A and A2 as the perturbation Hamiltonian since the

absence of the terms causes the particle system and the radiation field to be sep-

arated from one another. In our following discussions, we apply the perturbation

theory in considering the issue here. The two terms are in the Coulomb gauge: 237

P⃗i · A⃗(r⃗i) = A⃗(r⃗i) · P⃗i

236

[eik⃗·r⃗j , ∇⃗j ] = −ik⃗eik⃗·r⃗j

[a, a†a] = a

[a†, a†a] = −a†

[(A⃗(r⃗i))α, G⃗T ] =
1√
ϵ0V

∑
k⃗σ

√
~

2ωk
(e⃗k⃗σ)α

(
[a†

k⃗σ
e−ik⃗·r⃗i ,

~
i
∇⃗i + ~k⃗nk⃗σ]

+[ak⃗σeik⃗·r⃗i ,
~
i
∇⃗i + ~k⃗nk⃗σ]

)
= 0

[Hpart, G⃗T ] = 0

[H, G⃗T ] = [Hpart + Hrad + Hcoulomb, G⃗p + G⃗0
em]

= [Hrad + Hcoulomb, G⃗p + G⃗0
em]

= [Hcoulomb, G⃗p + G⃗0
em]

= [Hcoulomb, G⃗p] = 0

237

[P⃗i, A⃗(r⃗i)]∗ = A⃗i · P⃗i(∗) + (P⃗i · A⃗i) ∗ −A⃗i(·P⃗i∗) = −i~div A⃗(r⃗i) = 0
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Having aware of the fact above, separate the Hamiltonian in the system:

H = H0 + Hint

Here H0 is the Hamiltonian described in the following with the particle system

and the radiation field being separated:

H0 = Hp + Hrad

Hp = −
∑

i

~2

2mi

∆i +
∑

i

eiej

|r⃗i − r⃗j|

Hrad =
∑

k⃗

∑
σ=1,2

~ωk(nk⃗σ +
1

2
)

While Hint denotes the interaction between particle system and the radiation field

due to the vector potential:

Hint = H(1) + H(2)

H(1) =
∑

i

i~ei

mi

A⃗(r⃗i) · ∇⃗i

=
1√
ϵoV

∑
i

i~ei

mi

∑
k⃗σ

√
~

2ωk

(a†
−k⃗σ

+ ak⃗σ)eik⃗·r⃗i (e⃗k⃗σ · ∇⃗i)

H(2) =
∑

i

~(ei)
2

2mi

A⃗(r⃗i)
2

=
∑

i

~(ei)
2

2mi

1

ϵoV

∑
k⃗k⃗′σσ′

~(e⃗k⃗σ · e⃗k⃗′σ′)

2
√

ωkωk′
(a†

−k⃗σ
+ ak⃗σ)(a†

−k⃗′σ′ + ak⃗′σ′)e
i(k⃗·r⃗i+k⃗′·r⃗′i)

The non-perturbation basis set can be written by the eigenstate Ψm({r⃗i}) and

eigenenergy Em of the particle system, as well as by the state vector |{nk⃗σ}⟩ of

the radiation field. (We exclude the zero-point energy in this case.):

H0|m; {nk⃗σ}⟩ = (Em +
∑
k⃗σ

nk⃗~ωk⃗))|m; {nk⃗σ}⟩

|m; {nk⃗σ}⟩ = |{nk⃗σ}⟩Ψm({r⃗i})
HpΨm({r⃗i} = EmΨm({r⃗i})
Hrad|{nk⃗σ}⟩ =

∑
k⃗σ

nk⃗~ωk⃗|{nk⃗σ}⟩

Note that H(1) denotes the photon absorption and emission while H(2) denotes

the process involving the two photons. So far, we have ignored the relativity effects

on the particle system but since we recognize the lowest order relativity correction

− e~
2m

σ⃗ · rot A⃗
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the following term then be added to the perturbation Hamiltonian:

H(s) = −
∑

i

ei~
2mi

σ⃗ · roti A⃗i = −
∑

i

ei~
2mi

σ⃗ · ∇⃗i × A⃗i

= − 1√
ϵ0V

∑
i

∑
k,σ

iei~
2mi

√
~

2ωk

(a†
−k⃗σ

+ ak⃗σ)eik⃗·r⃗i σ⃗ · (e⃗k⃗σ × k⃗)

14.1 Fermi ’s Golden Rule

Let us review the Fermi’s golden rule that relates to the transition probability of

the states calculated by the perturbation theory. We consider the non-perturbation

system and its state:

H0|n⟩ = En|n⟩

Then, we suppose all system to be governed by (time independent) Hamiltonian:

H = H0 + Hint

We determine the probability of transition per unit time from the time zero of

non-perturbation state a to the non-perturbation state b. We assume in this case

that the perturbation is small enough while having sufficient observation time.

• Interaction representation

Schroedinger equation:

i~∂tΨ = (H0 + Hint)Ψ

From the equation above, we let 238

Ψ = e−iH0t/~ΨI

giving

i~∂tΨ
I = H I

intΨ
I

H I
int = eiH0t/~Hinte

−iH0t/~

This is known as the interaction representation. Now, we write

ΨI(t) =
∑

n

cn(t)|n⟩

238Make substitution.
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and which gives:

i~ċn =
∑
m

⟨n|H I
int|m⟩cm

=
∑
m

⟨n|Hint|m⟩ei(En−Em)t/~cm

Thus, we can simply derive the conservation of probability (self-evident?):

d

dt

∑
n

|cn(t)|2 = 0

Now, go back to our initial discussion where

ca(t = 0) = 1, cn(t = 0) = 0, (n ̸= a)

and we suppose only a very little time has elapsed from the initial condition. The

successive approximate solution can be obtained by 239

cb(t) = ⟨b|Hint|a⟩
ei(Eb−Ea)t/~ − 1

Eb − Ea

which gives

|cb(t)|2 = |⟨b|Hint|a⟩|22
cos(Eb − Ea)t/~

(Eb − Ea)2

Here, if we use 240 241

δ(x) = lim
α→∞

1 − cos αx

παx2

the probability of transition wa→b from a to b per unit time can be given by the

following: 242

wa→b =
1

t
|cb(t)|2 −→

2π

~
|⟨b|Hint|a⟩|2δ(Eb − Ea)

239

i~ċb(t) = ⟨b|Hint|a⟩ei(Eb−Ea)t/~ca

240The effective range of the successive approximation will be

|⟨b|Hint|a⟩| << |Eb − Ea|

We also know that this is time independent.
241 ∫ ∞

−∞
dy

1 − cos αx

y2
= π

242The validity of the substitution in the delta function can be proven by

|Ea − Eb|t
~

>> 1
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In other words, the transition occurs between the different states with the same

energy. If the final state b, for example, belongs to the continuous spectrum with

the density of states ρ(Eb) at energy interval dEb, there will be ρ(Eb)dEb states,

thereby the transition probability can be∫
wa→bρ(Eb)dEb =

2π

~
|⟨b|Hint|a⟩|2ρ(Eb)

This is known as the Fermi ’s golden rule. 243

14.2 Transition Matrix Elements and Dipole Transition

We now discuss the absorption and emission of light exclusively to during the

first order where we can apply the Fermi’s golden rule. To do so, we must calculate

the following matrix elements: 244

⟨mb; {nk⃗σ}b|H(1)||ma; {nk⃗σ}a⟩ =
∑
k⃗σ

Mp
ba(k⃗, σ)M rad

ba (k⃗, σ)

Mp
ba(k⃗, σ) = =

∫ ∏
dr⃗iΨ

∗
b({r⃗i})

( ∑
i

i~ei

mi

eik⃗·r⃗i(e⃗k⃗σ · ∇⃗i)

)
Ψa({r⃗i})

M rad
ba (k⃗, σ) =

1√
ϵoV

√
~

2ωk

⟨{nk⃗σ}b|(a†
−k⃗σ

+ ak⃗σ)|{nk⃗σ}a⟩

We use the following evaluation for the radiation field:√
~
2ω

⟨n − 1|a|n⟩ =

√
~
2ω

√
n√

~
2ω

⟨n + 1|a†|n⟩ =

√
~
2ω

√
n + 1

Now consider the matrix element Mp
ba(k⃗σ) given by the wavefunction Ψm({r⃗i}) of

the particle system (m = a, b). We let the radius of an atom be a to estimate

the energy difference E for before and after the transition, thereby supposing the

bound energy of the atom as

E = ~ω ≈ e2

4πϵ0a

which gives the wave number k of the related light:

k =
2π

λ
=

ω

c
=

E

~c
≈ 1

a

e2

4πϵ0~c
= α

1

a
243The approximation.
244Consider the fermion system. For the boson system, normalization must be considered.
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Thus,

k ≈ α

a
<<

1

a
, α =

e2

4πϵ0~c
≈ 1

137
,

Note that α is the non-dimensional physical constant called the fine-structure

constant. In the region where the wavefunction of the particle system possesses

the finite values, we can only consider the wave number of the light and

k⃗ = 0

Further, we write the following for the Hamiltonian Hp of the particle system: 245

[Hp, r⃗i] = − ~2

m
∇⃗i

[Hp, ri,α] = − ~2

m
∂i,α

Since the states are the eigenstates of the Hamiltonian:

Mp
ba ≈ Mp,e−dipole

ba

Mp,e−dipole
ba = (Eb − Ea)

∫ ∏
dr⃗iΨ

∗
b({r⃗i})

( ∑
i

(e⃗k⃗=0,σ · r⃗i)
iei

~

)
Ψa({r⃗i})

= (Eb − Ea)⟨b|
∑

i

(e⃗k⃗=0,σ · r⃗i)
iei

~
|a⟩

= −iωbaµ
T
σ,ba

µT
σ,ba =

∑
i

⟨b|µi
σ|a⟩, ~ωba = Eb − Ea

⟨b| · · · |a⟩ ≡
∫ ∏

dr⃗iΨ
∗
b({r⃗i})(· · · )Ψa({r⃗i}),

µi
σ = e⃗k⃗,σ · µ⃗i, µ⃗i = eir⃗i (electricdipole)

The approximation at eik⃗·ri → 1 is called the electric dipole. Commonly, the

oscillator strength fba is defined so as to express the magnitude of the transition

for b → a:

fab =
2m

e2~ωba

|Mp
ba|

2

245

[
p2

2m
, r] =

p

2m
2[p, r] =

p

2m
2(−)i~ = −ip

~
m
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The total sum rule is satisfied by the oscillator strength of the electric dipole

transition: 246 ∑
b

fba =N

Some transitions particularly provide essential contributions, and those contri-

butions are considered as O(1).

If there is a zero contribution from the electric dipole approximation due to the

symmetry, the degree of order described in the following must be considered. Here,

assume eik⃗·ri → 1 + i⃗k · r⃗i,

Mp
ba ≈ Mp,e−d

ba +

∫ ∏
dr⃗iΨ

∗
b({r⃗i})

(
i~ei

mi

∑
i

ik⃗ · r⃗i(e⃗k⃗,σ · ∇⃗i)

)
Ψa({r⃗i})

246First, confirm the double commutator in the following:

[
N∑
i

ri,α, [Hp,
N∑
j

rj,β ]] =
1

2m
[

N∑
i

ri,α, [
N∑
k

p⃗2
k,

N∑
j

rj,β ]]

= − 2i~
1

2m
[

N∑
i

ri,α,

N∑
j

pj,β ]

=(−2i~)(i~)
1

2m
Nδαβ =

~2

m
Nδαβ

[
N∑
i

(e⃗σ · r⃗i), [Hp,
N∑
j

(e⃗σ · r⃗j)]] =(e⃗σ)α(e⃗σ)α
~2

m
N =

~2

m
N

[x, [H,x]] = [x,Hx − xH] = xHx − x2H − Hx2 + xHx = 2xHx − x2H − Hx2 gives

⟨a|[x, [H,x]]|a⟩ =2⟨a|xHx|a⟩ − ⟨a|x2H|a⟩ − ⟨a|Hx2|a⟩
=2⟨a|xHx|a⟩ − Ea⟨a|x2|a⟩ − Ea⟨a|x2|a⟩

=2
∑

b

⟨a|x|b⟩⟨b|Hx|a⟩ − 2Ea

∑
b

⟨a|x|b⟩⟨b|x|a⟩

=2
∑

b

(Eb − Ea)|⟨b|x|a⟩|2

Thus, given x =
∑

i e⃗σ · r⃗i, we use ⟨a|a⟩ = 1 and the completeness of the intermediate state:

∑
b

fba =
∑

b

2m

e2~
ωba|µT

σ,ba|2 =
∑

b

2
e2m~2

(Eb − Ea)|µT
σ,ba|2 = N
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Now, 247

(k⃗ · r⃗)(e⃗ · ∇⃗) =
1

2
(k⃗ × e⃗) · ℓ⃗ +

1

2
[Hp, (k⃗ · r⃗)(e⃗ · r⃗)]

which provides

Mp
ba ≈ Mp,e−d

ba + Mp,e−q
ba + Mp,m−d2

ba

Mp,e−q
ba =(Eb − Ea)

∫ ∏
dr⃗iΨ

∗
b({r⃗i})

( ∑
i

(k⃗ · r⃗i)(e⃗k⃗,σ · r⃗i)
iei

2~

)
Ψa({r⃗i})

Mp,m−d1

ba =

∫ ∏
dr⃗iΨ

∗
b({r⃗i})

( ∑
i

i~ei

mi

(
1

2
(k⃗ × e⃗k⃗σ) · ℓ⃗

)
Ψa({r⃗i})

This Mp,e−q
ba is called the matrix element of the double-dipole transition. The

contribution of Mp,m−d1

ba together with the contribution of (261) is called the matrix

element of the magnetic dipole transition in the following. The contribution of

Mp,m−d2

ba is used for handling the first-oerder contribution of H(s) via eik⃗·r⃗ = 1 and

the dipole approximation:

Mp,m−d
ba =

∫ ∏
dr⃗iΨ

∗
b({r⃗i})

( ∑
i

i~ei

2mi

(e⃗k⃗σ × k⃗) · M⃗
)

Ψa({r⃗i})

M⃗ =ℓ⃗ + σ⃗ = ℓ⃗ + 2s⃗

Before we move on to demonstrate a much more simple calculation for the

electric dipole approximation, let us take care of the calculation for the density of

states in the radiation field. Suppose the system is in a box having side length

L, the number of existing states ρ(E)dE found at energy [E,E + dE] then be

disintegrated into the solid angle dΩ and the wave number [k, k + dk]:

247Confirm the following relation:

(k⃗ × e⃗)(r⃗ × ∇⃗) =ϵijkkjekϵiabra∂b = (δjaδkb − δjbδka)kjekra∂b

=kjekrj∂k − kjekrk∂j

[Hp, rirj ] =ri[Hp, rj ] + [Hp, ri]rj = −~2

m
(ri∂j + ∂jri)

And thus,

(k⃗ · r⃗)(e⃗ · ∇⃗) =kiriej∂j =
1
2
kiej(ri∂j − rj∂i) +

1
2
kiej(ri∂j + rj∂i)

=
1
2
(k⃗ × e⃗) · (r⃗ × ∇⃗) +

1
2
[Hp, (k⃗ · r⃗)(e⃗ · r⃗)]
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248

ρ(E) = V
1

(2π)3

ω2

~c3
dΩ

14.3 Light Emission

We consider the following transition based on our discussion in the last sub-

section:

States of atomic system Energy of atomic system Radiation field

Initial state a Ea {ni}
Final state b Eb

∃ν nν + 1

The energy of the emitted light can be expressed by the conservation of energy

(delta function of the Fermi ’s golden rule):

~ω = Ea − Eb

The emission probability of the light wdΩ into the solid angle dΩ as the polarized

light σ per unit time is determined via the Fermi ’s golden rule:

wdΩ =
2π

~
× 1

ϵ0V
ω2|µT

σ |2 ×
~
2ω

(n̄kσ + 1) × ρ(E)

For the number of photons detected in the radiation field, n̄kσ is used in the

above as the average value of the wave number k and the polarized light σ. By

organizing the above, we obtain:

w = wsp + wind =
ω3

8π2ϵ0~c3
|µT

σ |2(n̄kσ + 1)

wsp =
ω3

8π2ϵ0~c3
|µT

σ |2n̄kσ

wind =
ω3

8π2ϵ0~c3
|µT

σ |2

In the above equations, wind is proportional to n̄kσ, and which is known as the in-

duced emission while the rest of the terms are known as the spontaneous emission.
248

ρdE =
dkk2dΩ
( 2π

L )3
= V

k2dkdΩ
(2π)3

E = ~ck

ρ(E) = V
1

(2π)3
E2

(~c)3
dΩ = V

1
(2π)3

ω2

~c3
dΩ
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14.4 Light Absorption

The transition occurred by the light absorption can be considered in the same

way we did for the emission of the light so that we can write down the following

expression by use of nk⃗σ + 1 → nk⃗σ

wa =
ω3

8π2ϵ0~c3
|µT

σ |2n̄kσ

Note that this representation above can be also written in another way by letting

the strength of incident light I(ω)dω be 249

I(ω)dω = c
~ωn

V
ρωdω = (velocity)(energydensity)ρωdω

thus,

wa =
π

ϵ0~2c
|µT

σ |2I(ω)

If the two-level system a and b is thermal equilibrium through the radiation

field (Eb − Ea = ~ω), we let the atomic numbers of respective level be Na and Nb

to define the transition matrix elements for the particles system as Aa→b = Ab→a

therefore, we obtain:

NbAb→a(n + 1) = NaAa→bn

We assume the Boltzmann distribution for the particles system:

Nb

Na

= e−(Eb−Ea)/kBT = e−hbarω/kBT

which gives the Planck ’s radiation formula:

n =
1

e~ω/kBT − 1

249

ρ(E)dE = ρ̃(ω)dω

which gives
ρ̃(ω) = ρ(E)~

I(ω) =
~2ωcn

V
ρ(E)
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PartVI

Appendix

A Separation of Variables for Hel,holtz Equation

in Polar Coordinates

Consider the Helmholtz equation:

∆u + k2u = 0

We let the polar coordinates be

x = r sin θ cos ϕ, y = r sin θ sin ϕ, x = r cos θ

from which we express

∆3D =
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2

=
1

r2

∂

∂r

(
r2 ∂

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+

1

r2 sin2 θ

∂2

∂ϕ2

∆2D =
∂2

∂x2
+

∂2

∂y2

=
1

r

∂

∂r

(
r

∂

∂r

)
+

1

r2

∂2

∂ϕ2

In the three-dimension:

u(r, θ, ϕ) = R(r)Θ(θ)Φ(ϕ)

Rewrite the Helmholtz equation, we obtain

∆u + k2u =
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2

=
1

r2

∂R

∂r

(
r2 ∂

∂r

)
ΘΦ +

1

r2 sin θ

∂

∂θ

(
sin θ

∂Θ

∂θ

)
+

1

r2 sin2 θ

∂2Φ

∂ϕ2
+ k2RΘΦ = 0

sin2 θ

( d

dr

(
r2dR

dr

)
R

+ k2r2

)
+ sin θ

d

dθ

(
sin θ

dΘ

dθ

)
Θ

= − 1

Φ

d2Φ

dϕ2

Consider the independent variables, we write:

1

Φ

d2Φ

dϕ2
= −µ2 = (constant)
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d

dr

(
r2dR

dr

)
R

+ k2r2 = − 1

sin θ

d

dθ

(
sin θ

dΘ

dθ

)
Θ

+
µ2

sin2 θ

Let both sides of the equation be the constant λ:

1

r2

d

dr

(
r2dR

dr

)
+

(
k2 − λ

r2

)
R = 0

1

sin θ

d

dθ

(
sin θ

dΘ

dθ

)
+

(
λ − µ2

sin2 θ

)
Θ = 0

Where Φ is Φ(ϕ) = eiµϕ, its single-valuedness is ensured by µ = m = scalar :

Φ(ϕ) = eiµϕ, m = · · · ,−2,−1, 0, 1, 2, · · ·

Where Θ is x = cos θ such that

d

dθ
=

dx

dθ

d

dx
= − sin θ

d

dx

, giving

1

sin θ

d

dθ

(
sin θ

dΘ

dθ

)
=

d

dx

(
sin2 θ

dΘ

dx

)
=

d

dx

(
(1 − x2)

dΘ

dx

)
Thus,

d

dx

(
(1 − x2)

dΘ

dx

)
+

(
λ − m2

1 − x2

)
Θ = 0

This is known as the associated Legendre differential equation, and which is in the

form of the Sturm-Liouville equation:

d

dx

(
p(x)

du

dx

)
+ (λρ(x) − q(x))u = 0

In the case of

λ = ℓ(ℓ + 1), ℓ = 0, 1, 2, · · ·

there is bounded solutions at x = ±1, which is expressed by Pm
ℓ (x) and known as

the associated Legendre function of the first kind.

B Spherical Function

B.1 Legendre Differential Equation

d

dx

[
(1 − x2)

dPℓ

dx

]
+ λPℓ =

d

dx

[
(1 − x2)

dPℓ

dx

]
+ ℓ(ℓ + 1)Pℓ

= (1 − x2)P ′′
ℓ − 2xP ′

ℓ + ℓ(ℓ + 1)Pℓ = 0
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This is called the Legendre differential equation. On the closed interval [−1, 1] the

bounded solutions exist at ℓ = 0, 1, 2, 3, · · · . The solutions to the equation are the

polynomials, and they are known as the Legendre polynomials. The characteristics

of the polynomials are described in the followings:

Pℓ(x) =
ℓ∑

n=0

Cnxn,

(
Cn =

n−1∏
j=0

ℓ(ℓ + 1) − j(j + 1)

2(j + 1)2

)
=

1

2ℓℓ!

dℓ

dxℓ
(x2 − 1)ℓ

P0(x) = 1

P1(x) = x

P2(x) =
3

2
x2 − 1

2
...∫ 1

−1

dxPℓ′(x)Pℓ(x) = δℓℓ′
2

2ℓ + 1

An expansion of the generating function is also valid:

1

|r⃗ − r⃗′|
=

∞∑
ℓ=0

Pℓ(cos θ)
1

r>

(
r<

r>

)ℓ

B.2 Associated Legendre Differential Equation

{
(1 − x2)

dPm
ℓ

dx

}
+

(
ℓ(ℓ + 1) − m2

1 − x2

)
Pm

ℓ = 0

This is known as the associated Legendre differential equation. The solutions to

the equation are obtained through the solutions Pℓ(x) of the Legendre differential

equation:

Pm
ℓ (x) = (1 − x2)

m
2

dm

dxm
Pℓ(x)

which satisfies the orthogonal relation:∫ 1

−1

dxPm
ℓ (x)Pm

ℓ′ (x) = δℓℓ′
2

2ℓ + 1

(ℓ + m)!

(ℓ − m)!

B.3 Spherical Function

Here, we define the spherical function Yℓm as

Yℓm(θ, ϕ) = (−1)
m+|m|

2

√
2ℓ + 1

4π

(ℓ − |m|)!
(ℓ + |m|)!

Pm
l (cos θ)eimϕ
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There are some relations the above spherical function satisfies:

• Orthonormality

⟨Yℓ′m′|Yℓm⟩ ≡
∫

dΩY ∗
ℓ′m′(θ, ϕ)Yℓm(θ, ϕ) = δℓ,ℓ′δmm′

• The action of ladder operator

L±Yℓm = ~
√

(ℓ ∓ m)(ℓ ± +1)Yℓm±1

• Addition theorem

Yℓm=0(cos 0)Yℓm=0(ω) =
ℓ∑

m=−ℓ

Y ∗
ℓm(θ′, ϕ′)Yℓm(θ, ϕ)

where ω is the angle formed by (θ, ϕ) direction and (θ′, ϕ′) direction such

that

cos ω = cos θ cos θ′ + sin θ sin θ′ cos(ϕ − phi′)

To rewrite the above, we have

Pℓ(cos ω) = Pℓ(cos θ)Pℓ(cos θ′) + 2
ℓ∑

m=1

(ℓ − m)!

(ℓ + m)!
Pm

ℓ (cos θ)Pm
ℓ (cos θ′) cos m(ϕ − ϕ′)

=
4π

2ℓ + 1

∑
m

Y ∗
ℓm(θ′, ϕ′)Yℓm(θ, ϕ)

C Spherical Bessel Function

C.1 Spherical Bessel Function

Spherical Bessel equation:{(
d2

dx2
+

2

x

d

dx

)
+ 1 − ℓ(ℓ + 1)

x2

}
R(x) = 0

has two independent solutions, which include a canonical solution at origin (spher-

ical Bessel function) jℓ(x) and a non-canonical solution (spherical Neumann func-

tion) nℓ(x). The two solutions can be further expressed as

jℓ(x) = (−x)ℓ

(
1

x

d

dx

)ℓ(
sin x

x

)
x→0−→ xℓ

(2ℓ + 1)!!

nℓ(x) = −(−x)ℓ

(
1

x

d

dx

)ℓ(
cos x

x

)
x→0−→ −(2ℓ − 1)!!

xℓ+1
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In some cases, the Hankel function of the first and the second kinds are defined by

h
(1)
ℓ (x) = jℓ(x) + inℓ(x)

h
(2)
ℓ (x) = jℓ(x) − inℓ(x)

in which two linearly independent solutions exist. The asymptotic forms for large

arguments especially, one obtains:

jℓ(x)
x→∞−→ 1

x
sin

(
x − ℓπ

2

)
nℓ(x)

x→∞−→ −1

x
cos

(
x − ℓπ

2

)
h

(1)
ℓ (x)

x→∞−→ (−i)ℓ+1 eix

x

h
(2)
ℓ (x)

x→∞−→ (i)ℓ+1 e−ix

x

The two important formulas obtained by the above are

eikr cos θ =
∞∑

ℓ=0

(2ℓ + 1)iℓjℓ(kr)Pℓ(cos θ)

eik|r⃗−r⃗′|

|r⃗ − r⃗′|
= ik

∞∑
ℓ=0

(2ℓ + 1)jℓ(kr<)h
(1)
ℓ (kr>)Pℓ(r̂ · r̂′)


