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PartIV

Electronic Structure of

Many-Electron Atoms

9 Periodic Table and One-electronic Level of Atoms

9.1 One-electronic Level Structure of a Hydrogen-like Atom

We begin with obtaining a single-particle structure of a hydrogen-like atom. The

Schroedinger equation for the Hamiltonian in our case can be written

h =
p2

2m
− α

r

hψ = Eψ

α =
Ze2

4πϵ0

The angular momentum operator:

L⃗ = r⃗ × p⃗

Li = ϵijkrjpk
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can give 173 174

[L⃗, h] = 0

Further (obeys the Pauli ’s),

M⃗ =
1

2m
(p⃗ × L⃗ − L⃗ × p⃗) − α

r
r⃗

173We can first write

[ri, pj ]f = ripjf − pjrif = ripjf − (pjri)f − ripjf = +i~∂jrif = i~δijf−→[ri, pj ] = i~δij

[pi, f ]g = pifg − fpig = (pif)g + fpig − fpig = (pif)g = −i~(∂if)g −→[pi, f ] = −i~(∂if)

[pi, r
−n] = −i~∂i(rjrj)−n/2 = i~(n/2)(rjrj)−n/2−12ri = i~nr−n−2ri

174

[Li, pa] = ϵijk[rjpk, pa] = ϵijk[rj , pa]pk = i~ϵiakpk

[Li, p
2] = ϵiab[rapb, pℓpℓ] = ϵiab(pℓ[ra, pℓ] + [ra, pℓ]pℓ)pb = 2i~ϵiℓbpℓpb = 0 [L⃗,

p2

2m
] = 0

[Li, r
−1] = ϵiab[rapb, r

−1] = ϵiabra[pb, r
−1] = ϵiabrai~r−3ri = 0

Likewise, [Li, r
−n] = 0

Thus,

[L⃗, h] = 0
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which gives 175

[M⃗, h] = 0

So, L⃗ and M⃗ become the conserved quantities. Further, 176

[Ma,Mb] = −i~
2

m
hϵabcLc

175

[(p⃗ × L⃗ − L⃗ × p⃗)i, p
2] = ϵijk[pjLk − Ljpk, pℓpℓ] = ϵijk(pj [Lk, p2] − [Lj , p

2]pk) = 0

[(p⃗ × L⃗ − L⃗ × p⃗)i, r
−1] = ϵijk[pjLk − Ljpk, r−1] = ϵijk([pj , r

−1]Lk − Lj [pk, r−1]) = i~r−3ϵijk(rjLk − Ljrk)

= i~r−3ϵijk(rjϵkabrapb − ϵjabrapbrk)

= i~r−3{(δiaδjb − δibδja)rjrapb + (δiaδkb − δibδka)rapbrk)}
= i~r−3{(rjripj − rjrjpi + ripkrk − rkpirk)

= i~r−3{rjripj − r2pi + ripkrk − rk(rkpi + [pi, rk])}
= i~r−3(rjripj − 2r2pi + ripkrk + i~ri)

[r−1ri, p
2] = −[p2, r−1ri] = −r−1[p2, ri] − [p2, r−1]ri = 2i~r−1pi − [p2, r−1]ri

= 2i~r−1pi − pℓ[pℓ, r
−1]ri − [pℓ, r

−1]pℓri

= 2i~r−1pi − i~pℓr
−3rℓri − i~r−3rℓpℓri

= 2i~r−1pi − i~(r−3pℓ + [pℓ, r
−3])rℓri − i~r−3rℓpℓri

= 2i~r−1pi − i~r−3pℓrℓri − i~[pℓ, r
−3]rℓri − i~r−3rℓpℓri

= i~r−3(2r2pi − pℓrℓri − rℓpℓri) − 3(i~)2r−5rℓrℓri

= i~r−3(2r2pi − pℓrℓri − rℓpℓri − 3i~ri)

Thus,

[Mi, h] = − α

2m
i~r−3(rjripj + ripkrk − pℓrℓri − rℓpℓri − 2i~ri)

= − α

2m
i~r−3(rℓripℓ + ripℓrℓ − pℓrℓri − rℓpℓri − 2i~ri)

= − α

2m
i~r−3(rℓ[ri, pℓ] + [ri, pℓrℓ] − 2i~ri)

= − α

2m
i~r−3(ri[ri, pi] + [ri, pi]ri − 2i~ri) = 0

176

(p⃗ × L⃗ − L⃗ × p⃗)i = ϵijk(pjLk − Ljpk) = ϵijk(pjLk − pkLj − [Lj , pk])
= ϵijk(pjLk − pkLj − i~ϵjklpl) = ϵijk(pjLk − pkLj) − 2i~δilpl

= ϵijk(pjLk − pkLj) − 2i~pi

= ϵijk(pjϵkab − pkϵjab)rapb − 2i~pi

= {(δiaδjb − δibδja)pj + (δiaδkb − δibδka)pk}rapb − 2i~pi

= pjripj − pjrjpi + pkripk − pkrkpi − 2i~pi

= 2pjripj − 2pjrjpi − 2i~pi

= 2pj(pjri + i~δij) − 2pj(pirj + i~δij) − 2i~pi

= 2p2ri − 2pjpirj − 2i~pi
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In the bound states E < 0, we can write

M̃a =

√
− m

2E
Ma

Such that we can assume:

[M̃a, M̃b] = i~ϵabcLc

1
4
[(p⃗ × L⃗ − L⃗ × p⃗)a, (p⃗ × L⃗ − L⃗ × p⃗)b]

=[p2ra − pipari − i~pa, p2rb − pjpbrj − i~pb]

=[p2ra, p2rb − pjpbrj − i~pb]

− [pipari, p
2rb − pjpbrj − i~pb]

− i~[pa, p2rb − pjpbrj − i~pb]

=[p2ra, p2rb] − [p2ra, pjpbrj ] − i~[p2ra, pb]

− [pipari, p
2rb] + [pipari, pjpbrj ] + i~[pipari, pb]

− i~[pa, p2rb] + i~[pa, pjpbrj ] + (i~)2[pa, pb]

={p2[ra, p2]rb + p2[p2, rb]ra} − {p2[ra, pjpb]rj + pjpb[p2, rj ]ra} − i~p2[ra, pb]

− {pipa[ri, p
2]rb + p2[pipa, rb]ri} + {pipa[ri, pjpb]rj + pjpb[pipa, rj ]ri} + i~pipa[ri, pb]

− i~p2[pa, rb] + i~pjpb[pa, rj ]

={2i~p2parb − 2i~p2pbra} − i~{p2(δajpb + δabpj)rj − 2pjpbpjra} − (i~)2p2δab

− {2i~pipapirb − i~p2(δibpa + δabpi)ri} + i~{pipa(δijpb + δibpj)rj − pjpb(δijpa + δajpi)ri} + (i~)2pipaδib

+ (i~)2p2δab − (i~)2pjpbδaj

={

4︷ ︸︸ ︷
2i~p2parb −

5︷ ︸︸ ︷
2i~p2pbra} − i~{p2(pbra +

1︷ ︸︸ ︷
δabpjrj) −

5︷ ︸︸ ︷
2pjpbpjra} −

2︷ ︸︸ ︷
(i~)2p2δab

− {
4︷ ︸︸ ︷

2i~pipapirb −i~p2(parb +

1︷ ︸︸ ︷
δabpiri)} + i~{

6︷ ︸︸ ︷
pipapbri +

7︷ ︸︸ ︷
pbpapjrj −

7︷ ︸︸ ︷
pipbpari −

6︷ ︸︸ ︷
papbpiri} +

3︷ ︸︸ ︷
(i~)2pbpa

+

2︷ ︸︸ ︷
(i~)2p2δab −

3︷ ︸︸ ︷
(i~)2papb

=i~p2(parb − pbra) = i~p2(rbpa − rapb) = −i~p2(rapb − rbpa)
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1
2
[(p⃗ × L⃗ − L⃗ × p⃗)a, r−1rb]

=[p2ra − pipari − i~pa, r−1rb] = [p2ra, r−1rb] − [pipari, r
−1rb] − i~[pa, r−1rb]

=pi[pi, r
−1rb]ra + [pi, r

−1rb]pira − pi[pa, r−1rb]ri − [pi, r
−1rb]pari − i~[pa, r−1rb]

([pα, r−1rβ ] = r−1[pα, rβ ] + [pα, r−1]rβ = −i~r−1δαβ + i~r−3rαrβ)

=i~pi(−r−1δib + r−3rirb)ra + i~(−r−1δib + r−3rirb)pira − i~pi(−r−1δab + r−3rarb)ri

− i~(−r−1δib + r−3rirb)pari − (i~)2(−r−1δab + r−3rarb)

=i~{−pbr
−1ra +

3︷ ︸︸ ︷
pir

−3rirbra −

2︷ ︸︸ ︷
r−1pbra +

1︷ ︸︸ ︷
r−3rirbpira +δabpir

−1ri −

3︷ ︸︸ ︷
pir

−3rarbri

+

2︷ ︸︸ ︷
r−1parb −

1︷ ︸︸ ︷
r−3rirbpari +i~r−1δab − i~r−3rarb}

=i~{−pbr
−1ra +

2︷ ︸︸ ︷
r−1(parb − pbra) +

1︷ ︸︸ ︷
r−3rirb(pira − pari)+δabpir

−1ri + i~r−1δab − i~r−3rarb}

=i~{−pbr
−1ra +

2︷ ︸︸ ︷
r−1(rbpa − rapb) +

1︷ ︸︸ ︷
r−3rirb(rapi − ripa)+δabpir

−1ri + i~r−1δab − i~r−3rarb}

=i~{−pbr
−1ra + r−1(

1︷︸︸︷
rbpa −rapb) + r−3rirbrapi −

1︷ ︸︸ ︷
r−1rbpa +δabpir

−1ri + i~r−1δab − i~r−3rarb}
=i~{−pbr

−1ra − r−1rapb + r−3rirbrapi + δabpir
−1ri + i~r−1δab − i~r−3rarb}

This gives

1
2
{[(p⃗ × L⃗ − L⃗ × p⃗)a, r−1rb] + [r−1ra, (p⃗ × L⃗ − L⃗ × p⃗)b]}

= i~{−pbr
−1ra + par−1rb − r−1(rapb − rbpa)}

= i~{−r−1pbra − [pb, r
−1]ra + r−1parb + [pa, r−1]rb − r−1(rapb − rbpa)}

= i~{r−1(−pbra + parb) − r−1(rapb − rbpa)}
= i~{r−1(−rapb + rbpa) − r−1(rapb − rbpa)}
= −2i~r−1(rapb − rbpa)

Thus,

[Ma, Mb] = [
1

2m
(p⃗ × L⃗ − L⃗ × p⃗)a − αr−1ra,

1
2m

(p⃗ × L⃗ − L⃗ × p⃗)b − αr−1rb]

= − 1
m2

i~p2(rapb − rbpa) +
α

m
2i~r−1(rapb − rbpa)

= −i~
2
m

(
p2

2m
− α

r

)
ϵabcLc = −i~

2
m

hϵabcLc

ϵabcLc = ϵabcϵcijripj = (δaiδbj − δajδbi)ripj = rapb − rbpa
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Now we write 177

L⃗ · M⃗ = M⃗ · L⃗ = 0

L⃗ · ⃗̃M = ⃗̃M · L⃗ = 0

Further we can write 178

[Mi, Lj] =ϵijkMk

[M̃i, Lj] =ϵijkM̃k

177

M⃗ · L⃗ =
1

2m
(p⃗ × L⃗ − L⃗ × p⃗)iLi − αr−1riLi

=
1
m

(p2ri − pjpirj − i~pi)ϵiabrapb − αr−1riϵiabrapb

= − 1
m

ϵiab(pjpirjrapb + i~pirapb)

= − 1
m

ϵiab{pjpi(pbrjra + [rjra, pb]) + i~pi(pbra + [ra, pb])}

= − 1
m

ϵiab{pjpi[rjra, pb] + i~pi[ra, pb]}

= − 1
m

ϵiab{pjpi(δjapb + δabra) + (i~)2piδab} = 0

L⃗ · M⃗ = (M⃗ · L⃗)† = 0

178

[Mi, Lj ] =
2
m

ϵjab[p2ri − pjpirj − i~pi, rapb] − αϵjab[r−1ri, rapb]

=
2
m

ϵjab{[p2, ra]pbri + p2ra[ri, pb]

− [pjpi, ra]pbrj − pjpira[rj , pb]
− i~[pi, ra]pb}
− αϵjabra{r−1[ri, pb] + [r−1, pb]ri}

=
2i~
m

ϵjab{−2papbri + p2raδib

+ (δjapi + δiapj)pbrj − pjpiraδjb

+ i~δiapb}
− αϵjabra{r−1δib − r−3rbri}

=
2i~
m

{ϵjaip
2ra

+ ϵjibpjpbrj

+ ϵjibi~pb}
− αϵjairar−1

=i~ϵija{
2
m

(p2ra − pjparj − i~pa) − αr−1ra} = ϵijaMa
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Calculate for M2, we obtain 179

179

M2 ={ 1
2m

ϵiab(paLb − Lapb) − αr−1ri}{
1

2m
ϵicd(pcLd − Lcpd) − αr−1ri}

=
1

4m2
(δacδbd − δadδbc)(paLb − Lapb)(pcLd − Lcpd)

− α

2m
ϵiab{(paLb − Lapb)r−1ri + r−1ri(paLb − Lapb)} + α2

=
1

4m2
{(paLb − Lapb)(paLb − Lapb) − (paLb − Lapb)(pbLa − Lbpa)}

− α

2m
ϵiab{(paLb − Lapb)r−1ri + r−1ri(paLb − Lapb)} + α2

First,

(paLb − Lapb)(paLb − Lapb) − (paLb − Lapb)(pbLa − Lbpa)
=(paLb − Lapb)(paLb − Lapb − pbLa + Lbpa)
=(paLb − pbLa − [La, pb])(paLb − pbLa − [La, pb] − pbLa + paLb + [Lb, pa])
=(paLb − pbLa − i~ϵabcpc)(paLb − pbLa − i~ϵabcpc − pbLa + paLb + i~ϵbacpc)
=2(paLb − pbLa − i~ϵabcpc)(paLb − pbLa − i~ϵabdpd)

=2
{

paLb(paLb − pbLa − i~ϵabdpd)

− pbLa(paLb − pbLa − i~ϵabdpd)

− i~ϵabcpc(paLb − pbLa − i~ϵabdpd)
}

=2
{

paLbpaLb − paLbpbLa − i~ϵabdpaLbpd

− pbLapaLb + pbLapbLa + i~ϵabdpbLapd

− i~ϵabcpcpaLb + i~ϵabcpcpbLa − ~2ϵabdϵabcpcpd

}
=2

{
pa(paLb + [Lb, pa])Lb − papbLbLa − i~ϵabdpa(pdLb + [Lb, pd])

− pbpaLaLb + pb(pbLa + [La, pb])La + i~ϵabdpb(pdLa + [La, pd])

− ~22p2

}
=2

{
p2L2 − papbLbLa + ~2ϵabdϵbdcpapc

+ pbpaLaLb + p2L2 − ~2ϵabdϵadcpbpc − 2~2p2

}
=2

{
2p2L2 − papbLbLa + ~22δacpapc

+ pbpaLaLb + ~22δbcpbpc − 2~2p2

}
=4p2L2 + 4~2p2 + 2papb(LaLb − LbLa) = 4p2(L2 + ~2)
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M2 =
2

m
h(L2 + ~2) + α2

In the next step:

ϵiab{(paLb − Lapb)r−1ri = ϵiab{par−1Lbri − La(r−1pb + [pb, r
−1])ri}

=ϵiab{(r−1pa + [pa, r−1])Lbri − r−1Lapbri − i~Lar−3rbri}
=ϵiab{(r−1pa + i~r−3ra)Lbri − r−1Lapbri}
=ϵiab{r−1paLbri + i~r−3(Lbra + i~ϵbajrj)ri − r−1Lapbri}
=ϵiab{r−1paLbri + i~r−3i~ϵbajrjri − r−1Lapbri}

[ri, Lj ] = ϵjab[ri, rapb] = ϵjabra[ri, pb] = i~ϵjabraδib = i~ϵijara

=r−1ϵiab(paLb − Lapb)ri + 2~2r−1

By adding the two above, we obtain

M2 =
p2

m2
(L2 + ~2)

− α

2m
r−1{ϵiab

(
ri(paLb − Lapb) + (paLb − Lapb)ri

)
+ 2~2} + α2

While we know

ϵiab{ri(paLb − Lapb) + (paLb − Lapb)ri} = ϵiab{ripaLb − riLapb + paLbri − Lapbri}
=ϵiab{ripaLb − ri(pbLa + [La, pb]) + (Lbpa + [pa, Lb])ri − Lapbri}
=ϵiab{ripaLb − ripbLa − i~riϵabcpc + Lbpari + i~ϵabcpcri − Lapbri}
=ϵiab{ripaLb − ripbLa + Lbpari − Lapbri}
=ϵiab{ripaLb − rapiLb + Lbpari − Lbpira}
=ϵiab(ripa − rapi)Lb + Lbϵiab(pari − pira)

=ϵiab(ripa − rapi)Lb + Lbϵiab(ripa − rapi) = 2L2

We can obtain

M2 =
p2

m2
(L2 + ~2) − α

m

2
r
(L2 + ~2) + α2

=
2
m

h(L2 + ~2) + α2
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For the bound states energy E < 0, we can write 180

0 =
2E

m
((L ± M̃)2 + ~2) + α2

At the same time, we know that

I⃗ =
1

2
(L⃗ + ⃗̃M)

J⃗ =
1

2
(L⃗ − ⃗̃M)

and 181

[Ii, Ij] =i~ϵijkIk

[Ji, Jj] =i~ϵijkJk

satisfy the commutation relations for the angular momentum thereby, independent

of each other: 182

[Ii, Jj] = 0

180

−2E

m
M̃2 =

2E

m
(L2 + ~2) + α2

0 =
2E

m
(L2 + M̃2 + ~2) + α2

=
2E

m
((L ± M̃)2 + ~2) + α2

181

[Ii, Ij ] =
1
4

(
[M̃i, M̃j ] + [M̃i, Lj ] + [Li, M̃j ] + [Li, Lj ]

)
=

i~
4

ϵijk(L̃k + M̃k + M̃k + Lk) = ϵijkIk

[Ji, Jj ] =
1
4

(
[M̃i, M̃j ] − [M̃i, Lj ] − [Li, M̃j ] + [Li, Lj ]

)
=

i~
4

ϵijk(L̃k − M̃k − M̃k + Lk) = ϵijkJk

182

[Ii, Jj ] =
1
4
[Li + M̃i, Lj − M̃j ]

=
1
4
([Li, Lj ] − [Li, M̃j ] + [M̃i, Lj ] − [M̃i, M̃j ])

=i~ϵijk(Lk − M̃k + M̃k − Lk) = 0
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Using the half-odd integers i and j, we can express

I2 =~2i(i + 1)

J2 =~2j(j + 1)

and given L⃗ · M̃ = 0, we let n be the integers and further write 183

E = − mα2

2~2

1

n2

Since the degeneration I⃗ = L⃗ + ⃗̃M is given, the possible L for i = n−1
2

can be

found in

0, 1, · · · ,
n − 1

2

The total degeneration therefore can be expressed as

n−1
2∑

ℓ=0

(2ℓ + 1) = n2

183

i = j =
n − 1

2

Thus we write

0 =
2E

m
(4I2 + ~2) + α2

=
2E~2

m
(4i(i + 1) + 1) + α2

=
2E~2

m
((n − 1)(n + 1) + 1) + α2 =

2E~2

m
n2 + α2

E = − mα2

2~2

1
n2
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9.2 The Hamiltonian in Many-electron Atoms

We consider the following second quantization formalism as the Hamiltonian in

many-electron atoms of having the nucleus at the origin with the charge +Ze:

H = H0 + Hint

H0 =

∫
dτ ψ†(τ)h(τ)ψ†(τ)

=
∑

σ

∫
dr⃗ ψ†

σ(r⃗)

(
− ~2∇⃗2

2m
− 1

4πϵ0

Ze2

r

)
ψσ(r⃗)

Hint =
1

2

∫
dτ

∫
dτ ′ψ†(τ)ψ†(τ ′)g(|τ − τ ′|)ψ(τ ′)ψ(τ)

=
1

4πϵ0

e2

2

∫
dr⃗

∫
dr⃗′

∑
σ

∑
σ′

ψ†
σ(r⃗)ψ†

σ′(r⃗
′)

1

|r⃗ − r⃗′|
ψσ′(r⃗ ′)ψσ(r⃗)∫

dτ =

∫
d3r

∑
σ

The second quantized operator:

ψ(τ) = ψσ(r⃗), τ = (r⃗, σ)

which forms

ϕαµ(τ) = ϕα(r⃗)χµ(σ)

,a complete set of normalized spin-orbital function for the bound states in central

force field, and which can be further defined as in the followings:

ψ(τ) = ψσ(r⃗) =
∑
α,µ

ϕα(r⃗)χµ(σ)cαµ

{c†αµ, cα′µ′} = δαα′δµµ′ , {cα,µ, cα′µ′} = 0,

α : nlm = {1s, 2s, 2pm=1 · · ·}(
− ~2∇⃗2

2m
− 1

4πϵ0

Ze2

r

)
ϕnlm(r⃗) = ϵnlmϕnlm(r⃗)

ℓ⃗ 2ϕnlm(r⃗) = ~2l(l + 1)ϕnlm(r⃗)

ℓzϕnlm(r⃗) = ~mϕnlm(r⃗)

ℓ⃗ = r⃗ × ~
i
∇⃗

szχ↑↓(σ) = ±1

2
~χ↑↓(σ)

s⃗ 2χ↑↓(σ) =
1

2
(
1

2
+ 1)~2χ↑↓(σ)
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Now, by using the fact that both the angular momentum and the spin being

conserved, we can express by spectroscopy notation:

s(l = 0), p(l = 1), d(l = 2), f(l = 3), g(l = 4), h(l = 5), · · ·

9.3 Periodic Law of the Elements and the Shielding Effect

If the interaction between electrons can be ignored while the electrons move

independently then, the ground state of N -electron system can be obtained by

packing the particles of up to two for each level of the eigenstate of H0 in the

lower to the higher energy order. Let us summarize the single-particle eigenenergy

ϵnlm of H0:

• Let n be the principal quantum number, be the orbital angular momen-

tum quantum number, and m be the magnetic angular momentum quantum

number.

• We define n = 1, 2, 3, · · · , which can be also expressed as ℓ = 0, 1, 2, · · · , n

or ℓ = 0(s), ℓ = 1(p), ℓ = 2(d), and ℓ = 3(f).

• The energy degenerates for the magnetic angular momentum quantum num-

ber. (Spherical-symmetric potential)

ϵnlm = ϵnlm′

• The energy also degenerates for the orbital angular momentum quantum

number. (Peculiarity of Coulomb force)

ϵnlm = ϵnl′m

• The smaller the principal quantum number n, the lower the energy becomes.

ϵnlm < ϵn′lm, n < n′,

(1s) < (2s) < (3s) < · · ·
(2p) < (3p) < (4p) < · · ·
(3d) < (4d) < · · ·

In considering the interaction among electrons, the center of the nucleus is

known to have relatively large electron density, and which gives a stronger shielding

against the central force generated by the nucleus thereby, the interaction energy
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is considered to be low. There is a greater probability for the existence of inter-

action at periphery of atomic nucleus when there is smaller angular momentum.

Such effects may in fact provide us a clue for solving the degeneration problem of

the orbital angular momentum for a pure Coulomb force. Given these facts, it is

clear that the ground states of the elements in the small to large electron number

order are given by the electron configurations described in the following.

H1 (1s)1

He2 (1s)2

Li3 (He)(2s)1

Be4 (He)(2s)2

B5 (He)(2s)2(2p)1

C6 (He)(2s)2(2p)2

N7 (He)(2s)2(2p)3

O8 (He)(2s)2(2p)4

F 9 (He)(2s)2(2p)5

Ne10 (He)(2s)2(2p)6

Na11 (Ne)(3s)

Mg12 (Ne)(3s)2

Al13 (Ne)(3s)2(3p)1

Si14 (Ne)(3s)2(3p)2

P 15 (Ne)(3s)2(3p)3

S16 (Ne)(3s)2(3p)4

Cl17 (Ne)(3s)2(3p)5

Ar18 (Ne)(3s)2(3p)6

Up until this point, we all understand the above with considering the Coulomb

force. Now, we only consider the Coulomb force to just pack the electron in 3d;

however, now we should further consider the shielding effect we have discussed

before, which makes (4s) energetically lower than 3d:

K19 (Ar)(4s)1

Ca20 (Ar)(4s)2

Therefore, the electron is filled first in (4s). After for a while, the electrons go into

(3d), which are called the transition metals. The electron in such elements found
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at the farthest from the nucleus possesses some common properties that (4s)2 has,

hence the two shares the similar chemical properties.

Sc21 (Ar)(3d)1(4s)2

Ti22 (Ar)(3d)2(4s)2

V 23 (Ar)(3d)3(4s)2

Cr24 (Ar)(3d)5(4s)1 ( exception)

Mn25 (Ar)(3d)5(4s)2

Fe26 (Ar)(3d)6(4s)2

Co27 (Ar)(3d)7(4s)2

Ni28 (Ar)(3d)8(4s)2

Cu29 (Ar)(3d)10(4s)1 ( exception)

Zn30 (Ar)(3d)10(4s)2

...
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10 Electron Configurations and Multiplet Struc-

tures

10.1 Multiplet Terms and Perturbation Theory

In the previous section, we generalized to understand the effects of many-electron

via the shielding effect. Now, we take a look at the Coulomb interaction with a

perspective of the perturbation theory. Before we start, it is important to note

that the Hamiltonian including the interaction takes the total orbital angular mo-

mentum as well as the total spin as the conserved quantity. We will study this in a

second quantization form. Generally, in the second quantization, the total orbital

angular momentum operator and the spin operator is given as

L⃗ =

∫
d3r

∑
σ

ψ†
σ(r⃗) ℓ⃗(r⃗)ψσ(r⃗)

S⃗ =

∫
d3r

∑
σ,σ′

ψ†
σ(r⃗)s⃗σσ′ψσ′(r⃗)

More precisely, the operators above can be expressed by using a specific repre-

sentation:

ℓ⃗(r⃗) = −i~r⃗ × ∇⃗

s⃗ =
~
2
[σ⃗]σσ′

Here σ⃗ = (σx, σy, σz) can be understood as the matrix representations called Pauli

matrices in the following: 184

σx =

(
0 1

1 0

)
, σy =

(
0 −i

i 0

)
, σz =

(
1 0

0 −1

)
,

184

σ2
α = I, σασβ = −σβσα (α ̸= β), σxσy = iσz, · · ·
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The above satisfies the commutation relations for the angular momentum: 185

[Li, Lj] = i~ϵijkLk

[Si, Sj] = i~ϵijkSk

185For example,

LxLy =
∫

d3r

∫
d3r′

∑
σ

∑
τ

ψ†
σ(r⃗)(−i~r⃗ × ∇⃗r)xψσ(r⃗)ψ†

τ (r⃗′)y(−i~r⃗′ × ∇⃗r′)ψτ (r⃗′)

=
∫

d3r

∫
d3r′

∑
σ

∑
τ

ψ†
σ(r⃗)(−i~r⃗ × ∇⃗r)x{−ψ†

τ (r⃗′)ψσ(r⃗) + δ(r⃗ − r⃗′)δστ}(−i~r⃗′ × ∇⃗r′)yψτ (r⃗′)

=
∫

d3r

∫
d3r′

∑
σ

∑
τ

ψ†
σ(r⃗)ψ†

τ (r⃗′)(−i~r⃗ × ∇⃗r)x(−i~r⃗′ × ∇⃗r′)yψτ (r⃗′)ψσ(r⃗)

+
∫

d3r
∑

σ

ψ†
σ(r⃗)(−i~r⃗ × ∇⃗r)x(−i~r⃗′ × ∇⃗r)yψσ(r⃗)

Thus,

[Lx, Ly] =
∫

d3r
∑

σ

ψ†
σ(r⃗)[(−i~r⃗ × ∇⃗r)x, (−i~r⃗′ × ∇⃗r)y]ψσ(r⃗)

= i~
∫

d3r
∑

σ

ψ†
σ(r⃗)(−i~r⃗ × ∇⃗r)zψσ(r⃗)

= i~Lz

To give an example for the spin operator:

SxSy =
∫

d3r

∫
d3r′

∑
σσ′

∑
ττ ′

ψ†
σ(r⃗)

~
2
[σx]σσ′ψσ(r⃗)ψ†

τ (r⃗′)y
~
2
[σy]ττ ′ψτ (r⃗′)

=
~2

4

∫
d3r

∫
d3r′

∑
σσ′

∑
ττ ′

ψ†
σ(r⃗)

~
2
[σx]σσ′{−ψ†

τ (r⃗′)ψσ′(r⃗) + δ(r⃗ − r⃗′)δσ′τ}[σy]ττ ′ψτ ′(r⃗′)

=
~2

4

∫
d3r

∫
d3r′

∑
σσ′

∑
ττ ′

ψ†
σ(r⃗)ψ†

τ (r⃗′)[σx]σσ′ [σy]ττ ′ψτ ′(r⃗′)ψσ′(r⃗)

+
~2

4

∫
d3r

∑
στ ′

ψ†
σ(r⃗)[σxσy]στ ′ψτ ′(r⃗)

Thus,

[Sx, Sy] = i~
∫

d3r
∑
σσ′

ψ†
σ(r⃗)

~
2
[σz]σσ′ψσ′(r⃗)

= i~Sz
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L⃗ and S⃗ commute with Hamiltonians that include interaction. 186 187 188 189 190

186For
[H0, L⃗] = 0

, we understand from the following that it obeys:

H0Lα = −
( ~2

2m

) ∫
d3r

∫
d3r ′

∑
σ

∑
σ′

ψ†
σ(r⃗)∇⃗r

2ψσ(r⃗)ψ†
σ′(r⃗ ′)ℓr′

α ψσ′(r⃗ ′)

= −
( ~2

2m

) ∫
d3r

∫
d3r ′

∑
σ

∑
σ′

ψ†
σ(r⃗)∇⃗r

2(−ψ†
σ′(r⃗ ′)ψσ(r⃗) + δ(r⃗r⃗ ′)δσσ′)ℓr′

α ψσ′(r⃗ ′)

= −
( ~2

2m

) ∫
d3r

∫
d3r ′

∑
σ

∑
σ′

ψ†
σ′(r⃗ ′)ψ†

σ(r⃗)∇⃗r
2ψσ(r⃗)ℓr′

α ψσ′(r⃗ ′)

−
( ~2

2m

) ∫
d3r

∑
σ

ψ†
σ′(r⃗)∇⃗r

2
[
ℓr
αψσ′(r⃗)

]

LαH0 = −
( ~2

2m

) ∫
d3r

∫
d3r ′

∑
σ

∑
σ′

ψ†
σ′(r⃗ ′)ℓr′

α ψσ′(r⃗ ′)ψ†
σ(r⃗)∇⃗r

2ψσ(r⃗)

= −
( ~2

2m

) ∫
d3r

∫
d3r ′

∑
σ

∑
σ′

ψ†
σ′(r⃗ ′)ℓr′

α (−ψ†
σ(r⃗)ψσ′(r⃗ ′) + δ(r⃗r⃗ ′)δσσ′)∇⃗r

2ψσ(r⃗)

= −
( ~2

2m

) ∫
d3r

∫
d3r ′

∑
σ

∑
σ′

(−)ψ†
σ′(r⃗ ′)ψ†

σ(r⃗)ℓr′

α ψσ′(r⃗ ′)∇⃗r
2ψσ(r⃗)

−
( ~2

2m

) ∫
d3r ′

∑
σ′

ψ†
σ′(r⃗ ′)ℓr′

α ∇⃗r′
2ψσ(r⃗ ′)

187Next, we consider the interaction term. First we have(e2

2
)−1

HintLα =
∫

d3rd3r ′d3r ′′
∑

σσ′σ′′

ψ†
σ(r⃗)ψ†

σ′(r⃗ ′)g(r⃗ − r⃗ ′)ψσ′(r⃗ ′)ψσ(r⃗)ψ†
σ′′(r⃗ ′′)ℓr′′

α ψσ′′(r⃗ ′′)

=
∫

d3rd3r ′d3r ′′
∑

σσ′σ′′

ψ†
σ(r⃗)ψ†

σ′(r⃗ ′)g(r⃗ − r⃗ ′)ψσ′(r⃗ ′)
(
− ψ†

σ′′(r⃗ ′′)ψσ(r⃗) + δ(r⃗ − r⃗ ′′)δσσ′′

)
ℓr′′

α ψσ′′(r⃗ ′′)

=
∫

d3rd3r ′d3r ′′
∑

σσ′σ′′

ψ†
σ(r⃗)ψ†

σ′(r⃗ ′)g(r⃗ − r⃗ ′)(−)ψσ′(r⃗ ′)ψ†
σ′′(r⃗ ′′)ψσ(r⃗)ℓr′′

α ψσ′′(r⃗ ′′)

+
∫

d3rd3r ′
∑

σ

∑
σ′

ψ†
σ(r⃗)ψ†

σ′(r⃗ ′)g(r⃗ − r⃗ ′)ψσ′(r⃗ ′)ℓr
αψσ(r⃗)

=
∫

d3rd3r ′d3r ′′
∑

σσ′σ′′

ψ†
σ(r⃗)ψ†

σ′(r⃗ ′)g(r⃗ − r⃗ ′)
(

ψ†
σ′′(r⃗ ′′)ψσ′(r⃗ ′) − δ(r⃗ ′ − r⃗ ′′)δσ′σ′′

)
ψσ(r⃗)ℓr′′

α ψσ′′(r⃗ ′′)

+
∫

d3rd3r ′
∑

σ

∑
σ′

ψ†
σ(r⃗)ψ†

σ′(r⃗ ′)g(r⃗ − r⃗ ′)ψσ′(r⃗ ′)ℓr
αψσ(r⃗)

=
∫

d3rd3r ′d3r ′′
∑

σσ′σ′′

ψ†
σ′′(r⃗ ′′)ψ†

σ(r⃗)ψ†
σ′(r⃗ ′)g(r⃗ − r⃗ ′)ψσ′(r⃗ ′)ψσ(r⃗)ℓr′′

α ψσ′′(r⃗ ′′)

−
∫

d3rd3r ′
∑
σσ′

ψ†
σ(r⃗)ψ†

σ′(r⃗ ′)g(r⃗ − r⃗ ′)ψσ(r⃗)ℓr′

α ψσ′(r⃗ ′)

+
∫

d3rd3r ′
∑

σ

∑
σ′

ψ†
σ(r⃗)ψ†

σ′(r⃗ ′)g(r⃗ − r⃗ ′)ψσ′(r⃗ ′)ℓr
αψσ(r⃗)
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188While we can write(e2

2
)−1

LαHint =
∫

d3r d3r ′d3r ′′
∑

σσ′σ′′

ψ†
σ′′(r⃗ ′′)ℓr′′

α ψσ′′(r⃗ ′′)ψ†
σ(r⃗)ψ†

σ′(r⃗ ′)g(r⃗ − r⃗ ′)ψσ′(r⃗ ′)ψσ(r⃗)

=
∫

d3r d3r ′d3r ′′
∑

σσ′σ′′

ψ†
σ′′(r⃗ ′′)ℓr′′

α

(
− ψ†

σ(r⃗)ψσ′′(r⃗ ′′) + δ(r⃗ − r⃗ ′′)δσσ′′

)
ψ†

σ′(r⃗ ′)g(r⃗ − r⃗ ′)ψσ′(r⃗ ′)ψσ(r⃗)

=
∫

d3r d3r ′d3r ′′
∑

σσ′σ′′

ψ†
σ′′(r⃗ ′′)(−)ψ†

σ(r⃗)ℓr′′

α ψσ′′(r⃗ ′′)ψ†
σ′(r⃗ ′)g(r⃗ − r⃗ ′)ψσ′(r⃗ ′)ψσ(r⃗)

+
∫

d3r ′d3r ′′
∑
σ′σ′′

ψ†
σ′′(r⃗ ′′)ℓr′′

α

(
ψ†

σ′(r⃗ ′)g(r⃗ ′′ − r⃗ ′)ψσ′(r⃗ ′)ψσ′′(r⃗ ′′)
)

=
∫

d3r d3r ′d3r ′′
∑
σ′σ′′

ψ†
σ′′(r⃗ ′′)ψ†

σ(r⃗)ℓr′′

α

(
ψ†

σ′(r⃗ ′)ψσ′′(r⃗ ′′) − δ(r⃗ ′ − r⃗ ′′)δσ′σ′′

)
g(r⃗ − r⃗ ′)ψσ′(r⃗ ′)ψσ(r⃗)

+
∫

d3r ′d3r ′′
∑

σσ′σ′′

ψ†
σ′′(r⃗ ′′)ℓr′′

α

(
ψ†

σ′(r⃗ ′)g(r⃗ ′′ − r⃗ ′)ψσ′(r⃗ ′)ψσ′′(r⃗ ′′)
)

=
∫

d3r d3r ′d3r ′′
∑

σσ′σ′′

ψ†
σ′′(r⃗ ′′)ψ†

σ(r⃗)ψ†
σ′(r⃗ ′)ℓr′′

α ψσ′′(r⃗ ′′)g(r⃗ − r⃗ ′)ψσ′(r⃗ ′)ψσ(r⃗)

−
∫

d3r d3r ′′
∑
σσ′′

ψ†
σ′′(r⃗ ′′)ψ†

σ(r⃗)ℓr′′

α

(
g(r⃗ − r⃗ ′′)ψσ′(r⃗ ′′)ψσ(r⃗)

)
+

∫
d3r ′d3r ′′

∑
σ′σ′′

ψ†
σ′′(r⃗ ′′)ℓr′′

α

(
ψ†

σ′(r⃗ ′)g(r⃗ ′′ − r⃗ ′)ψσ′(r⃗ ′)ψσ′′(r⃗ ′′)
)

=
∫

d3r d3r ′d3r ′′
∑

σσ′σ′′

ψ†
σ′′(r⃗ ′′)ψ†

σ(r⃗)ψ†
σ′(r⃗ ′)g(r⃗ − r⃗ ′)ψσ′(r⃗ ′)ψσ(r⃗)ℓr′′

α ψσ′′(r⃗ ′′)

+
∫

d3r d3r ′′
∑
σσ′′

ψ†
σ′′(r⃗ ′′)ψ†

σ(r⃗)g(r⃗ − r⃗ ′′)ψσ(r⃗)ℓr′′

α ψσ′(r⃗ ′′)

+
∫

d3r d3r ′′
∑
σσ′′

ψ†
σ′′(r⃗ ′′)ψ†

σ(r⃗)
(

ℓr′′

α g(r⃗ − r⃗ ′′)
)

ψσ(r⃗)ψσ′(r⃗ ′′)

+
∫

d3r ′d3r ′′
∑
σ′σ′′

ψ†
σ′′(r⃗ ′′)ψ†

σ′(r⃗ ′)g(r⃗ ′′ − r⃗ ′)ψσ′(r⃗ ′)ℓr′′

α ψσ′′(r⃗ ′′)

+
∫

d3r ′d3r ′′
∑

σσ′σ′′

ψ†
σ′′(r⃗ ′′)ψ†

σ′(r⃗ ′)
(

ℓr′′

α g(r⃗ ′′ − r⃗ ′)
)

ψσ′(r⃗ ′)ψσ′′(r⃗ ′′)

Therefore,

(e2

2
)−1[Hint, Lα] =

∫
d3r d3r ′′

∑
σσ′σ′′

ψ†
σ′′(r⃗ ′′)ψ†

σ′(r⃗ ′)
((

ℓr′

α + ℓr′′

α

)
g(r⃗ ′′ − r⃗ ′)

)
ψσ′(r⃗ ′)ψσ′′(r⃗ ′′)

= 0

We used the fact that the angular momentum is the first order differential operator. Physically,
the interaction is the internal force of the two body force such that the angular momentum is
conserved.
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189As for the spin we can write

H0Sα =
∫

d3r d3r ′
∑

σσ′σ′′

ψ†
σ(r⃗)h(r)ψσ(r⃗)ψ†

σ′(r⃗ ′)[sα]σ′σ′′ψσ′′(r⃗ ′)

=
∫

d3r d3r ′
∑

σσ′σ′′

ψ†
σ(r⃗)h(r)

(
− ψ†

σ′(r⃗ ′)ψσ(r⃗) + δ(r⃗ − r⃗ ′)δσσ′

)
[sα]σ′σ′′ψσ′′(r⃗ ′)

=
∫

d3r d3r ′
∑

σσ′σ′′

ψ†
σ′(r⃗ ′)ψ†

σ(r⃗)h(r)[sα]σ′σ′′ψσ(r⃗)ψσ′′(r⃗ ′)

+
∫

d3r
∑
σσ′′

ψ†
σ(r⃗)h(r)[sα]σσ′′ψσ′′(r⃗)

SαH0 =
∫

d3r d3r ′
∑

σσ′σ′′

ψ†
σ′(r⃗ ′)[sα]σ′σ′′ψσ′′(r⃗ ′)ψ†

σ(r⃗)h(r)ψσ(r⃗)

=
∫

d3r d3r ′
∑

σσ′σ′′

ψ†
σ′(r⃗ ′)[sα]σ′σ′′

(
− ψ†

σ(r⃗)ψσ′′(r⃗ ′) + δ(r⃗ − r⃗ ′)δσσ′′

)
h(r)ψσ(r⃗)

=
∫

d3r d3r ′
∑

σσ′σ′′

ψ†
σ(r⃗)ψ†

σ′(r⃗ ′)[sα]σ′σ′′h(r)ψσ′′(r⃗ ′)ψσ(r⃗)

+
∫

d3r d3r ′
∑
σσ′

ψ†
σ′(r⃗)[sα]σ′σh(r)ψσ(r⃗)

Thus,
[SαH0] = 0

190

[Hint, Sα] =
1
2

∫
d3r d3r′ g(|r⃗ − r⃗ ′|)

∫
d3r′′

∑
σσ′σ′′σ′′′

[ψ†
σ(r⃗)ψ†

σ′(r⃗′ )ψσ′(r⃗′ )ψσ(r⃗), ψ†
σ′′(r⃗′′ )[sα]σ′′σ′′′ψσ′′′(r⃗′′ )]

=
1
2

∫
d(1)

∫
d(2)g(1, 2)

∫
d(3)

∫
d(4)[ψ†(1)ψ†(2)ψ(2)ψ(1), ψ†(3)[s]34ψ(4)]

Here we have

[ψ†(1)ψ†(2)ψ(2)ψ(1), ψ†(3)[s]34ψ(4)] = ψ†(1)ψ†(2)[ψ(2)ψ(1), ψ†(3)[s]34ψ(4)]

+ [ψ†(1)ψ†(2), ψ†(3)[s]34ψ(4)]ψ(2)ψ(1)

= ψ†(1)ψ†(2)[ψ(2)ψ(1), ψ†(3)][s]34ψ(4)

+ ψ†(3)[s]34[ψ†(1)ψ†(2), ψ(4)]ψ(2)ψ(1)
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[ψ(2)ψ(1), ψ†(3)] = ψ(2)ψ(1)ψ†(3) − ψ†(3)ψ(2)ψ(1)

= ψ(2)(−ψ†(3)ψ(1) + δ(31)) − ψ†(3)ψ(2)ψ(1)
= δ(31)ψ(2) − δ(32)ψ(1)

[ψ†(1)ψ†(2), ψ(3)] = −δ(31)ψ†(2) + δ(32)ψ†(1)

[ψ†(1)ψ†(2), ψ(4)] = −δ(41)ψ†(2) + δ(42)ψ†(1)

Thus,

[Hint, Sα] =
1
2

∫
d(1)

∫
d(2)g(1, 2)

∫
d(4)ψ†(1)ψ†(2)(ψ(2)[s]14ψ(4) − ψ(1)[s]24ψ(4))

+
1
2

∫
d(1)

∫
d(2)g(1, 2)

∫
d(3)(−ψ†(3)[s]31ψ†(2)ψ(2)ψ(1) + ψ†(3)[s]32ψ†(1)ψ(2)ψ(1))

=
1
2

∫
d(1)

∫
d(2)g(1, 2)

∫
d(3)ψ†(1)ψ†(2)(ψ(2)[s]13ψ(3) − ψ(1)[s]23ψ(3))

+
1
2

∫
d(1)

∫
d(2)g(1, 2)

∫
d(3)(−ψ†(3)[s]31ψ†(2)ψ(2)ψ(1) + ψ†(3)[s]32ψ†(1)ψ(2)ψ(1))

=
1
2

∫
d(1)

∫
d(2)g(1, 2)

∫
d(3)

× {ψ†(2)ψ(2)ψ†(1)[s]13ψ(3) + ψ†(1)ψ(1)ψ†(2)[s]23ψ(3)

− ψ†(2)ψ(2)ψ†(3)[s]31ψ(1) − ψ†(1)ψ(1)ψ†(3)[s]32ψ(2)} = 0
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In this way, we may have

[Hint, Lα] =
1
2

∫
d(1)d(2)d(3)[ψ†(1)ψ†(2)g(12)ψ(2)ψ(1), ψ†(3)ℓα(3)ψ(3)]

=
1
2

∫
d(1)d(2)d(3)

× {ψ†(3)ℓα(3)[ψ†(1)ψ†(2)g(12)ψ(2)ψ(1), ψ(3)] + [ψ†(1)ψ†(2)g(12)ψ(2)ψ(1), ψ†(3)]ℓα(3)ψ(3)}

=
1
2

∫
d(1)d(2)d(3)

× {ψ†(3)ℓα(3)[ψ†(1)ψ†(2), ψ(3)]g(12)ψ(2)ψ(1) + ψ†(1)ψ†(2)g(12)[ψ(2)ψ(1), ψ†(3)]ℓα(3)ψ(3)}

=
1
2

∫
d(1)d(2)d(3)

× {ψ†(3)ℓα(3)(−δ(31)ψ†(2) + δ(32)ψ†(1))g(12)ψ(2)ψ(1)

+ ψ†(1)ψ†(2)g(12)(δ(31)ψ(2) − δ(32)ψ(1))ℓα(3)ψ(3)}

=
1
2

∫
d(1)d(2)

× {
(
− ψ†(1)ℓα(1)ψ†(2) + ψ†(2)ℓα(2)ψ†(1)

)
g(12)ψ(2)ψ(1)

+ ψ†(1)ψ†(2)g(12)
(

ψ(2)ℓα(1)ψ(1) − ψ(1)ℓα(2)ψ(2)
)
}

=
1
2

∫
d(1)d(2)

× {−ψ†(1)ψ†(2)ℓα(1)g(12)ψ(2)ψ(1) − ψ†(1)ψ†(2)ℓα(2)g(12)ψ(2)ψ(1)

+ ψ†(1)ψ†(2)g(12)ℓα(1)ψ(2)ψ(1) + ψ†(1)ψ†(2)g(12)ℓα(2)ψ(2)ψ(1)}

= − 1
2

∫
d(1)d(2){ψ†(1)ψ†(2)

(
ℓα(1)g(12)

)
ψ(2)ψ(1) + ψ†(1)ψ†(2)

(
ℓα(2)g(12)

)
ψ(2)ψ(1)}

= − 1
2

∫
d(1)d(2){ψ†(1)ψ†(2)

(
(ℓα(1) + ℓα(2))g(12)

)
ψ(2)ψ(1)} = 0
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191

[H, L⃗] = 0, [H, S⃗] = 0, [L⃗, S⃗] = 0

Each energy eigenstate can be given as a set of simultaneous eigenstates of S⃗2, Sz,

L⃗2, and L⃗z. Among which, the degeneration of energy can be observed for those

having different Sz = MS and Lz = ML. While among the levels with different

S⃗2 = S(S + 1) and L⃗2 = L(L + 1), there is no matrix element for the Hamiltonian

thus, the energy can be considered separately. 192

To be more specific, when electric configuration {(nℓ)nℓ} (1 ≤ nℓ ≤ 2(2ℓ + 1) is

191Let us have

A =
∫

d(1)ψ†(1)A(1)ψ(1), B =
∫

d(2)ψ†(2)B(2)ψ(2) then,

[A,B] =
∫

d(1)
∫

d(2)[ψ†(1)A(1)ψ(1), ψ†(2)B(2)ψ(2)]

=
∫

d(1)
∫

d(2)
(

ψ†(1)A(1)[ψ(1), ψ†(2)B(2)ψ(2)] + [ψ†(1)A(1), ψ†(2)B(2)ψ(2)]ψ(1)

ψ†(1)A(1)[ψ(1), ψ†(2)B(2)ψ(2)] = ψ†(1)A(1){ψ(1)ψ†(2)B(2)ψ(2) − ψ†(2)B(2)ψ(2)ψ(1)}
= ψ†(1)A(1){ψ(1)ψ†(2)B(2)ψ(2) + ψ†(2)B(2)ψ(1)ψ(2)}
= ψ†(1)A(1){ψ(1)ψ†(2)B(2)ψ(2) + (−ψ(1)ψ†(2) + δ(12))B(2)ψ(2)}
= ψ†(1)A(1)B(2)ψ(2)δ(12)

[ψ†(1)A(1), ψ†(2)B(2)ψ(2)]ψ(1) = {ψ†(1)A(1)ψ†(2)B(2)ψ(2) − ψ†(2)B(2)ψ(2)ψ†(1)A(1)}ψ(1)

= {ψ†(1)A(1)ψ†(2)B(2)ψ(2) − ψ†(2)B(2)(−ψ†(1)ψ(2) + δ(12))A(1)}ψ(1)

= ψ†(1)ψ†(2)A(1)B(2)ψ(2)ψ(1) − ψ†(2)ψ†(1)B(2)A(1)ψ(1)ψ(2) − ψ†(2)B(2)A(1)ψ(1)δ(12)

[A,B] =
∫

d(1)ψ†(1)[A,B]ψ(1)

192When the Hermitian operator O is commutable with the conserved quantity; i.e., commutable
with Hamiltonian, the matrix element of the Hamiltonian becomes zero among the states with
different eigenvalues of O:

[H,O] = HO −OH = 0
O|1⟩ = o1|1⟩
O|2⟩ = o2|2⟩

o1 ̸= o2

Here,

0 = ⟨o1[H,O]|o2⟩
= ⟨o1HO −OH|o2⟩
= (o1 − o2)⟨o1|H|o2⟩

Given o1 ̸= o2, we can write
⟨o1|H|o2⟩ = 0
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given, the interaction terms are not made merely by the summation of the spins

such that each spin can possibly hold different energies. Under no interaction, the

levels which have been degenerating may begin splitting at each value of the total

spin. These are called multiplet terms. We will investigate the multiplet with a

few examples after some preparation steps in the followings.

10.2 Angular Momentum Operator, Spin-orbital Function,

and Second Quantization

Let us first make some preparation before we demonstrate a concrete example

of calculations. We use a particular spin-orbital function to rewrite the angular

momentum operator and the spin operator. 193

193

ℓ±ϕℓm = ~
√

(ℓ ∓ m)(ℓ ± m + 1)ϕℓm±1

ℓzϕℓm = ~mϕℓm

s+| ↓⟩ = ~| ↑⟩
s−| ↑⟩ = ~| ↓⟩

sz| ↑⟩ =
1
2

~| ↑⟩

sz| ↓⟩ = −1
2

~| ↓⟩

Lz =
∫

d3r
∑

σ

ψσ(r⃗)ℓzψσ(r⃗)

=
∑
µµ′

χ∗
µ(σ)χµ′(σ)

∫
d3r

∑
jj′

ϕ∗
j (r⃗)ℓzϕj′(r⃗)c†jµcj′µ′

=
∑
nlm

~mc†nlmµcnlmµ

and so on.
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Lz =
∑
nlmµ

~mc†nlmµcnlmµ

L± = Lx ± iLy

=
∑
nlmµ

~
√

(l ∓ m)(l ± m + 1)c†nlm±1µcnlmµ

Sz =
∑
nlm

1

2
~(c†nlm↑cnlm↑ − c†nlm↓cnlm↓)

S+ =
∑
nlm

~c†nlm↑cnlm↓

S− =
∑
nlm

~c†nlm↓cnlm↑

The operator is expressed as

ψσ(r⃗) =
∑
αµ

ϕα(r⃗)χµ(σ)cα,µ, α = (nlm)

While one body term of the Hamiltonian can be written as

H0 =
∑

nlm,µ

ϵnlmc†nlm,µcnlm,µ
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The interaction term can be written as 194

Hint =
∑

n1,l1;n2,l2;n3,l3;n4,l4

I(n1, l1; n2, l2; n3, l3; n4, l4)
∑
ℓ,m

∑
m1,m2,m3, m4

m1 + m = m4

m3 + m = m2

∑
µ1,µ2

cℓ(l1m1, l4m4)c
ℓ(l2m2, l3m3)

×c†α1,µ1
c†α2,µ2

cα3,µ2cα4,µ1

cℓ(lm, l′m′) =
√

4π
2ℓ+1

∫
dΩ Y ∗

lm(Ω)Yℓ,m−m′(Ω)Yl,m,(Ω) : real

194

Hint =
∑
σσ′

∫
dr⃗ dr⃗ ′ ψσ(r⃗)†ψσ′(r⃗ ′)†

e2

4πϵ0

1
|r⃗ ′ − r⃗|

ψσ′(r⃗ ′)ψσ(r⃗)

=
∑
σσ′

∫
dr⃗ dr⃗ ′ e2

4πϵ0

1
|r⃗ ′ − r⃗|

∑
α1,α2,α3,α4

ϕ∗
α1

(r⃗)ϕ∗
α2

(r⃗ ′)ϕα3(r⃗
′)ϕα4(r⃗)

×
∑

µ1,µ2,µ3,µ4

χ∗
µ1

(σ)χ∗
µ2

(σ′)χµ3(σ
′)χµ4(σ)c†α1,µ1

c†α2,µ2
cα3,µ3cα4,µ4

=
∫

dr⃗ dr⃗ ′ e2

4πϵ0

1
|r⃗ ′ − r⃗|

∑
α1,α2,α3,α4

ϕ∗
α1

(r⃗)ϕ∗
α2

(r⃗ ′)ϕα3(r⃗
′)ϕα4(r⃗)

∑
µ1,µ2

c†α1,µ1
c†α2,µ2

cα3,µ2cα4,µ1

=
∑

α1,α2,α3,α4

∫
dr dr ′

∫
dΩ

∫
dΩ′ e2

4πϵ0

1
|r⃗ ′ − r⃗|

R∗
n1l1(r)R

∗
n2l2(r

′)Rn3l3(r
′)Rn4l4(r)

×Y ∗
l1m1

(Ω)Y ∗
l2m2

(Ω ′)Yl3m3(Ω
′)Yl4m4(Ω)

∑
µ1,µ2

c†α1,µ1
c†α2,µ2

cα3,µ2cα4,µ1

=
e2

4πϵ0

∑
α1,α2,α3,α4

∑
ℓm

4π

2ℓ + 1

∫
dr R∗

n1l1(r)Rn4l4(r)
∫

dr ′ R∗
n2l2(r

′)Rn3l3(r
′) ·

rℓ
<

rℓ+1
>

×
∫

dΩY ∗
l1m1

(Ω)Y ∗
ℓm(Ω)Yl4m4(Ω)

∫
dΩ′ Y ∗

l2m2
(Ω ′)Yℓm(Ω′)Yl3m3(Ω

′)

×
∑

µ1,µ2

c†α1,µ1
c†α2,µ2

cα3,µ2cα4,µ1

=
∑

n1,l1;n2,l2;n3,l3;n4,l4

I(n1, l1; n2, l2;n3, l3; n4, l4)
∑
ℓ,m

∑
m1, m2, m3, m4
m1 + m = m4
m3 + m = m2

∑
µ1,µ2

cℓ(l1m1, l4m4)cℓ(l2m2, l3m3)

×c†α1,µ1
c†α2,µ2

cα3,µ2cα4,µ1

cℓ(lm, l′m′) =

√
4π

2ℓ + 1

∫
dΩ Y ∗

lm(Ω)Yℓ,m−m′(Ω)Yl,m,(Ω) : real
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10.3 Some Concrete Examples of Multiplet Terms and the

Method of Trace

10.3.1 (1s)(2s)

In this case, there are possibly four different degeneration states for the non-

perturbation:

|(1s)↑(2s)↑⟩ = c†1s↑c
†
2s↑|0⟩

|(1s)↑(2s)↓⟩ = c†1s↑c
†
2s↓|0⟩

|(1s)↓(2s)↑⟩ = c†1s↓c
†
2s↑|0⟩

|(1s)↓(2s)↓⟩ = c†1s↓c
†
2s↓|0⟩

We use the above as basis for calculating the degenerate perturbation theory. To

make diagonalization of 4 × 4 Hamiltonian matrices, the conservation of the spin

and angular momentum, which we discussed in the last subsection, should be

considered. Here, we use ~ = 1 in the calculations. The linear combination of the

four states above can give the eigenstate for the total spin. To demonstrate this, let

us first confirm that S+|(1s)↑(2s)↑⟩ = 0 and Sz|(1s)↑(2s)↑⟩ = (1
2

+ 1
2
) |(1s)↑(2s)↑⟩

195

are the eigenstates of S = 1 and MS = 1 :

S⃗2|(1s)↑(2s)↑⟩ = 1(1 + 1)|(1s)↑(2s)↑⟩
Sz|(1s)↑(2s)↑⟩ = 1 · |(1s)↑(2s)↑⟩

In other form, the above can be written as

|S = 1,MS = 1⟩ = |(1s)↑(2s)↑⟩

Likewise, we can write

S⃗2|(1s)↓(2s)↓⟩ = 1(1 + 1)|(1s)↓(2s)↓⟩
Sz|(1s)↓(2s)↓⟩ = −1 · |(1s)↓(2s)↓⟩

The above indicates that |(1s)↓(2s)↓⟩ being the eigenstate of S = 1 and MS =

−1:

|S = 1,MS = −1⟩ = |(1s)↓(2s)↓⟩

The states for MS = 0 can be obtained by linear combination of |(1s)↑(2s)↓⟩
and |(1s)↓(2s)↑⟩, and among which the state for S = 1 is proportional to 196

195Demonstrate this.
196Demonstrate this.
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S−|(1s)↑(2s)↑⟩ = (c†1s↓c1s↑ + c†1s↓c1s↑ + · · · )|(1s)↑(2s)↑⟩
= |(1s)↑(2s)↓⟩ + |(1s)↓(2s)↑⟩

Consider the normalization we have

|S = 1,MS = 0⟩ =
1√
2

(
|(1s)↑(2s)↓⟩ + |(1s)↓(2s)↑⟩

)
=

1√
2
(c†1s↑c

†
2s↑ + c†1s↑c

†
2s↓)|0⟩

The rest of the states we know from general theory of angular momentum for

S = 0 can be written as an orthogonal form of the above:

|S = 0,MS = 0⟩ =
1√
2

(
|(1s)↑(2s)↓⟩ − |(1s)↓(2s)↑⟩

)
=

1√
2
(c†1s↑c

†
2s↓ − c†1s↓c

†
2s↑)|0⟩

We obtained the eigenstates without conducting diagonalization of the Hamil-

tonian matrices. This, in fact is one of the important features of the conserved

quantity. We can easily understand how this may take place by the figures below

that describe the dimension of the basis using the orbital angular momentum ML

and the spin angular momentum MS:

M
S


M
L

121
1
-1
 0


Abbreviate the negative parts, we have
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M L

12

10

M S

In general, the state for the total angular momentum L and the total spin S

is expressed as 2S+1L (S(L = 0), P (L = 1), D(L = 2), F (L = 3) ). The triplet

degeneration state for S = 1, for example, we have 3S while for S = 0 we have 1S.

The energy for 3S: 197

E(3S) = ⟨3S|H|3S⟩ = ⟨(1s)↑(2s)↑|H|(1s)↑(2s)↑⟩
= I(1s) + I(2s) + J(1s, 2s) − K(1s, 2s)

While the energy for 1S be 198

E(1S) = ⟨1S|H|1S⟩ = I(1s) + I(2s) + J(1s, 2s) + K(1s, 2s)

|1S⟩ =
1√
2
( |(1s)↑(2s)↓⟩ − |(1s)↓(2s)↑⟩ )

In the above, we directly obtained the energy for 1S. We now reconsider the

above from different view. The Hamiltonian matrices are diagonalized by unitary

transformation of the basis as we have demonstrated, and the traces of matrices

are known to be invariables. The z-component of the angular momentum M is the

conserved quantity so that the diagonalization procedures can be taken by each

M since there is no matrix element found among the blocks that have different

Ms. Hence, the trace is same for the before and after diagonalization. In our

197Using the degeneration, we have |(1s)↑(2s)↑⟩ for 3S.
198

ψσ′(r⃗ ′)ψσ(r⃗)|(1s)↑(2s)↓⟩ = (−1)
(

φ1s(r⃗ ′)| ↑⟩σ′φ2s(r⃗)| ↓⟩σ − φ2s(r⃗ ′)| ↓⟩σ′φ1s(r⃗)| ↑⟩σ
)
|0⟩

ψσ′(r⃗ ′)ψσ(r⃗)|(1s)↓(2s)↑⟩ = (−1)
(

φ1s(r⃗ ′)| ↓⟩σ′φ2s(r⃗)| ↑⟩σ − φ2s(r⃗ ′)| ↑⟩σ′φ1s(r⃗)| ↓⟩σ
)
|0⟩

Thus,

⟨1S|Hint|1S⟩ =
1
2
(2J(1s, 2s) − 2K(1s, 2s) + 4K(1s, 2s)) = J(1s, 2s) + K(1s, 2s)
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present case, for example, the block of M = 0 is the 2× 2 matrix having the basis

(1s)↑(2s)↓ and (1s)↓(2s)↑. After we make diagonalization for them, [consider the

multiplet terms which will be given by this block] we have 1S and 3S. So, we can

write

⟨(1s)↑(2s)↓|H|(1s)↑(2s)↓⟩ + ⟨(1s)↓(2s)↑|H|(1s)↓(2s)↑⟩ = ⟨1S|H|1S⟩ + ⟨3S|H|3S⟩

Thus,

E(1S) + E(3S) = E((1s)↑, (2s)↓) + E((1s)↓, (2s)↑)

= 2(I(1s) + I(2s) + J(1s, 2s))

For the block of M = 1 we have

E(3S) = E((1s)↑, (2s)↑)

= I(1s) + I(2s) + J(1s, 2s) − K(1s, 2s)

Hence, we obtain

E(1S) = I(1s) + I(2s) + J(1s, 2s) + K(1s, 2s)

We call the above,the method of trace. Further, we determine the wavefunction

for the coordinates ’representation:

Ψ3S,MS=1(r⃗1, r⃗2) = ⟨r1, r2; σ1, σ2|3S⟩

=
1√
2!

∣∣∣∣∣ φ1s(r⃗1)χ↑(σ1) φ1s(r⃗2)χ↑(σ2)

φ2s(r⃗1)χ↑(σ1) φ2s(r⃗2)χ↑(σ2)

∣∣∣∣∣
=

1√
2

∣∣∣∣∣ φ1s(r⃗1) φ1s(r⃗2)

φ2s(r⃗1) φ2s(r⃗2)

∣∣∣∣∣ χ↑(σ1)χ↑(σ2)

=
1√
2

(
φ1s(r⃗1)φ2s(r⃗2) − φ2s(r⃗1)φ1s(r⃗2)

)
χ↑(σ1)χ↑(σ2)

=
1√
2

(
φ1sφ2s − φ2sφ1s

)
χ↑χ↑

In the same way we can write

Ψ3S,MS=−1(r⃗1, r⃗2) =
1√
2

(
φ1s(r⃗1)φ2s(r⃗2) − φ2s(r⃗1)φ1s(r⃗2)

)
χ↓(σ1)χ↓(σ2)

=
1√
2

(
φ1sφ2s − φ2sφ1s

)
χ↓χ↓
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The wavefunction for 3S and MS = 0 that are left out can be written as 199

Ψ3S,MS=0(r⃗1, r⃗2) =
1√
2

(
φ1s(r⃗1)φ2s(r⃗2) − φ2s(r⃗1)φ1s(r⃗2)

)
χ↑(σ1)χ↓(σ2) + χ↓(σ1)χ↑(σ2)√

2

=
1√
2

(
φ1sφ2s − φ2sφ1s

)
χ↑χ↓ + χ↓χ↑√

2

Apparently, the functions which belong to 3S are antisymmetric to the switching

of the particles r⃗1σ1 ↔ r⃗2σ2; however, we should note that the space component

for the functions, the antisymmetric spin component, has symmetric property.

For 1S, the function can be obtained as

Ψ1S,MS=0(r⃗1, r⃗2) =
1√
2

(
φ1s(r⃗1)φ2s(r⃗2) + φ2s(r⃗1)φ1s(r⃗2)

)
χ↑(σ1)χ↓(σ2) − χ↓(σ1)χ↑(σ2)√

2

=
1√
2

(
φ1sφ2s + φ2sφ1s

)
χ↑χ↓ − χ↓χ↑√

2

The space component is symmetric while the spin component is antisymmetric

for the above. The difference observed in the space components of the wavefunction

creates the energy gap in physical terms.

10.3.2 (1s)(1s)

In this case, only one state is applicable to the non-perturbation state:

|(1s)↑(1s)↓⟩ = c†1s↑c
†
2s↓|0⟩

where MS = 0 is only valid. It is obvious that S = 0 therefore, 1S is the only state

we obtain.

10.3.3 (1s)(2s)(3s)

In this case, we can consider 23 = 8 degenerate states for the non-perturbation.

To make a list of the states in terms of MS, we have:

199

⟨r1, r2; σ1, σ2|(1s)↑(2s)↓⟩ =
1√
2!

∣∣∣∣ φ1s(r⃗1)χ↑(σ1) φ1s(r⃗2)χ↑(σ2)
φ2s(r⃗1)χ↓(σ1) φ2s(r⃗2)χ↓(σ2)

∣∣∣∣
=

1√
2

(
φ1s(r⃗1)φ2s(r⃗2)χ↑(σ1)χ↓(σ2) − φ2s(r⃗1)φ1s(r⃗2)χ↓(σ1)χ↑(σ2)

)

⟨r1, r2; σ1, σ2|(1s)↓(2s)↑⟩ =
1√
2

(
φ1s(r⃗1)φ2s(r⃗2)χ↓(σ1)χ↑(σ2) − φ2s(r⃗1)φ1s(r⃗2)χ↑(σ1)χ↓(σ2)

)
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m1s m2s m3s MS

1
2

1
2

1
2

3
2

1
2

1
2

−1
2

1
2

1
2

−1
2

1
2

1
2

1
2

−1
2

−1
2

−1
2

−1
2

1
2

1
2

1
2

−1
2

1
2

−1
2

−1
2

−1
2

−1
2

1
2

−1
2

−1
2

−1
2

−1
2

−3
2

Therefore,

MS Number of states
3
2

1
1
2

3

M L

3 1
1

M S

2
3
2

1 01 1
M S

= + 2

In short, we are having one 4S and two 2S.

10.3.4 (2p)(3p)

In this case, we can think of (2 × 3)2 = 36 degenerate states for the non-

perturbation. To make a list of the possible basis states using MS and ML, we

have:
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MS ML (2pℓz)
↑,↓(3pℓz)

↑,↓

1 2 (2p1)
↑(3p1)

↑

0 2 (2p1)
↑(3p1)

↓, (2p1)
↓(3p1)

↑

−1 2 (2p1)
↓(3p1)

↓

1 1 (2p1)
↑(3p0)

↑, (2p0)
↑(3p1)

↑

0 1 (2p1)
↑(3p0)

↓, (2p1)
↓(3p0)

↑, (2p0)
↑(3p1)

↓ (2p0)
↓(3p1)

↑

−1 1 (2p1)
↓(3p0)

↓, (2p0)
↓(3p1)

↓

1 0 (2p1)
↑(3p−1)

↑, (2p0)
↑(3p0)

↑, (2p−1)
↑(3p1)

↑

0 0 (2p1)
↑(3p−1)

↓, (2p0)
↑(3p0)

↓, (2p−1)
↑(3p1)

↓, (2p1)
↓(3p−1)

↑, (2p0)
↓(3p0)

↑, (2p−1)
↓(3p1)

↑

−1 0 (2p1)
↓(3p−1)

↓, (2p0)
↓(3p0)

↓, (2p−1)
↓(3p1)

↓

1 −1 (2p−1)
↑(3p0)

↑, (2p0)
↑(3p−1)

↑

0 −1 (2p−1)
↑(3p0)

↓, (2p−1)
↓(3p0)

↑, (2p0)
↑(3p−1)

↓ (2p0)
↓(3p−1)

↑

−1 −1 (2p−1)
↓(3p0)

↓, (2p0)
↓(3p−1)

↓

1 −2 (2p−1)
↑(3p−1)

↑

0 −2 (2p−1)
↑(3p−1)

↓, (2p−1)
↓(3p−1)

↑

−1 −2 (2p−1)
↓(3p−1)

↓

Therefore,

M L

M S
6

4

2 1

2

3 1

1

1 1

1

1

2

1

1

=

5

3

1 


1

2

+

D
3

5

3

1 


1

2 1

1

1 






 4

2


 


1

2

= +

D
1

4

2


 


1

2 1

1


 


1

1 3

1


 





1

= +

P
3

3

1


 





1 1

1


 






 2





 





1

= +

P
1
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2





 





1 1





 





1 1





 








= +

S
3

S
1

In other words 3D, 1D, 3P , 1P , 3S, 1S are given as multiplet terms.

According to the method of trace, the energy can be expressed as following forms

as we are given E(α, β) = ⟨α|H|β⟩ and 3D = E(3D):

3D=⟨(2p1)
↑(3p1)

↑|H|(2p1)
↑(3p1)

↑⟩ = E((2p1)
↑(3p1)

↑) (MS = 1,ML = 2)

=I(2p1) + I(3p1) + J(2p1, 3p1) − K(2p1, 3p1)
1D+3D=E((2p1)

↑(3p1)
↓) + E((2p1)

↓(3p1)
↑) (MS = 0,ML = 2)

=2I(2p1) + 2I(3p1) + 2J(2p1, 3p1)
3P +3D=E((2p1)

↑(3p0)
↑) + E((2p0)

↑(3p1)
↑) (MS = 1,ML = 1)

=I(2p1) + I(3p0) + I(2p0) + I(3p1)

+ J(2p1, 3p0) − K(2p1, 3p0) + J(2p0, 3p1) − K(2p0, 3p1)
3S +3P +3D=E((2p1)

↑(3p−1)
↑) + E((2p0)

↑(3p0)
↑) + E((2p−1)

↑(3p1)
↑) (MS = 1,ML = 0)

=I(2p1) + I(3p−1) + I(2p0) + I(3p0) + I(2p−1) + I(3p1)

+ J(2p1, 3p−1)) − K(2p1, 3p−1) + J(2p0, 3p0) − K(2p0, 3p0)

+ J(2p−1, 3p1) − K(2p−1, 3p1)
1P+3P+1D+3D=E((2p1)

↑(3p0)
↓) + E((2p1)

↓(3p0)
↑)

+ E((2p0)
↑(3p1)

↓) + E((2p0)
↓(3p1)

↑) (MS = 0,ML = 1)

=I(2p1) + I(3p0) + I(2p1) + I(3p0) + I(2p0) + I(3p1) + I(2p0) + I(3p1)

+ J(2p1, 3p0) + J(2p1, 3p0) + J(2p0, 3p1) + J(2p0, 3p1)
1S+3S+1P+3P+1D+3D=E((2p1)

↑(3p−1)
↓) + E((2p0)

↑(3p0)
↓) + E((2p−1)

↑(3p1)
↓) + E((2p1)

↓(3p−1)
↑)

+ E((2p0)
↓(3p0)

↑) + E((2p−1)
↓(3p1)

↑) (MS = 0,ML = 0)

= 2I(2p1) + 2I(3p−1) + 2I(2p0) + 2I(3p0) + 2I(3p1) + 2I(2p−1)

+ J((2p1, 3p−1) + J(2p0, 3p0)) + J(2p−1, 3p1) + J(2p1, 3p−1)+

+ J(2p0, 3p0) + J(2p−1, 3p1)
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Recast the above to have

1

1 1

1 1

1 1 1 1

1 1 1

1 1 1 1 1 1





3D
1D
3P
1P
3S
1S


=



∗
∗
∗
∗
∗
∗


The equation has a solution because the left side of the matrix has 1.

10.3.5 (2p)2

There are 6C2 = 15 degenerate states for the non-perturbation. We make a list

of possible states to be the basis by using MS and ML:

MS ML (2pℓz)
↑,↓

0 2 (2p1)
↑(2p1)

↓

1 1 (2p1)
↑(2p0)

↑

0 1 (2p1)
↑(2p0)

↓

1 0 (2p1)
↑(2p−1)

↑

0 0 (2p1)
↑(2p−1)

↓

0 1 (2p1)
↓(2p0)

↑

−1 1 (2p1)
↓(2p0)

↓

0 0 (2p1)
↓(2p−1)

↑

−1 0 (2p1)
↓(2p−1)

↓

0 0 (2p0)
↑(2p0)

↓

1 −1 (2p0)
↑(2p−1)

↑

0 −1 (2p0)
↑(2p−1)

↓

0 −1 (2p0)
↓(2p−1)

↑

−1 −1 (2p0)
↓(2p−1)

↓

0 −2 (2p−1)
↑(2p−1)

↓
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MS ML 状態数
0 2 1

0 1 2

0 0 3

0 −1 2

0 −2 1

1 1 1

1 0 1

1 −1 1

−1 1 1

−1 0 1

−1 −1 1

Therefore,

M L

M S
3

2

1 


1

1 1

1




1

1

2

1

1

=

2

1

1







+

P
3

2

1

1 






 1

1

1 






 1





 








= +

S
1D

1

In other words, 3P , 1D, and 1S are given as the multiplet terms.

In determining the energy by using the method of trace,

1D = E((2p1)
↑(2p1)

↓) (MS = 0,ML = 2)

= 2I(2p1) + J(2p1, 2p1)
3P = E(2p1)

↑, (2p0)
↑) (MS = 1,ML = 1)

= I(2p1) + I(2p0) + J(2p1, 2p0) − K(2p1, 2p0)
1S+1D+3P = E((2p1)

↑(2p−1)
↓) + E((2p1)

↓(2p−1)
↑) + E((2p0)

↑(2p0)
↓) (MS = 0,ML = 0)

= 2I(2p1) + 2I(2p0) + 2I(2p−1) + 2J(2p1, 2p−1) + J(2p0, 2p0)

can give the energy. To provide with other multiplet examples and their results,
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10.3.6 pd

3F,3 D,3 P,1 F,1 D,1 P

10.3.7 pds

4F,4 D,4 P, 2(2F ), 2(2D), 2(2P )

10.4 Electron-hole Transformation and the Multiplet (nl)x

10.4.1 Multiplet (nl)x

For the multiplets which fill the electrons of the particular orbits, we can obtain

the following results:

• p1 : 2P

• p2 : 3P,1 D,1 S

• p3 : 4S,2 D,2 P

• p4 : 3P,1 D,1 S

• p5 : 2P

• d1 : 2D

• d2 : 3F,3 P,1 G,1 D,1 S

• d3 : 4F,4 P,2 H,2 G,2 F, 2(2D),2 P

• d4 : 5D,3 H,3 G, 2(3F ),3 D, 2(3P ),1 I, 2(1G),1 F, 2(1D), 2(1S)

• d5 : 6S,4 G,4 F,4 D,4 P,2 I,2 H, 2(2G), 2(2F ), 3(2D),2 P,2 S

• d6 : 5D,3 H,3 G, 2(3F ),3 D, 2(3P ),1 I, 2(1G),1 F, 2(1D), 2(1S)

• d7 : 4F,4 P,2 H,2 G,2 F, 2(2D),2 P

• d8 : 3F,3 P,1 G,1 D,1 S

• d9 : 2D

The above indicates that (nl)x and (nl)2(2l+1)−x are given by the same multiplet

term due to the electron-hole symmetry. In the following, we will investigate this

characteristic.
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10.4.2 Electron-hole Transformation

When we limit the electron configuration to the particular (nl), the angular

momentum and the spin operator can be

Lz =
∑
m

∑
µ

~mc†mµcmµ

L± =
∑
m

∑
µ

~
√

(l ∓ m)(l ± m + 1)c†m±1µcmµ

Sz =
1

2
~

∑
m

(c†m↑cm↑ − c†m↓cm↓)

S+ = ~
∑
m

c†m↑cm↓

S− = ~
∑
m

c†m↓cm↑

Let us define

U =
∏
m

∏
µ

(cmµ + c†mµ)

then U and

U †U = UU † = 1

are the unitary operator. 200 Now we write

L⃗′ = UL⃗U †,

S⃗ ′ = US⃗U †

which giving

L′
z = −Lz, L′

± = −L∓

S ′
z = −Sz, S ′

± = −S∓

therefore, 201

L⃗′2 =
1

2
(L′

+L′
− + L′

−L′
+) + L′

z
2

= L⃗2

S⃗ ′2 = S⃗2

200

(c + c†)(c† + c) = cc† + c†c = 1

201

(c + c†)c(c + c†) = c†cc† = c†

(c + c†)c†(c + c†) = c
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So, for the arbitrary multiplet |G⟩, we can write

L⃗2|G⟩ = ~L(L + 1)|G⟩

S⃗2|G⟩ = ~S(S + 1)|G⟩

This gives

UcmµU† = c†mµ

Uc†mµU† = cmµ

Thus,

L′
z =

∑
m

∑
µ

~mcmµc†mµ

=
∑
m

∑
µ

~m(1 − c†mµcmµ) = −Lz

L′
± =

∑
m

∑
µ

~
√

(l ∓ m)(l ± m + 1)cm±1µc†mµ

= −
∑
m

∑
µ

~
√

(l ∓ m)(l ± m + 1)c†mµcm±1µ

L′
+ = −

∑
m

∑
µ

~
√

(l − m)(l + m + 1)c†mµcm+1µ

= −
∑
m′

∑
µ

~
√

(l − m′ + 1)(l + m′)c†m′−1µcm′µ, m′ = m + 1

= −L−

L′
− = −

∑
m

∑
µ

~
√

(l + m)(l − m + 1)c†mµcm−1µ

= −
∑
m′

∑
µ

~
√

(l + m′ + 1)(l − m′)c†m′+1µcm′µ, m′ = m − 1

= −L+

S′
z =

1
2

~
∑
m

(cm↑c
†
m↑ − cm↓c

†
m↓) = −Sz

S′
+ = ~

∑
m

cm↓c
†
m↑ = −S−

S′
− = ~

∑
m

cm↑c
†
m↓ = −S+
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So that we can write in the form: 202

L⃗′2|G′⟩ = ~L(L + 1)|G′⟩

S⃗ ′2|G′⟩ = ~S(S + 1)|G′⟩
|G′⟩ = U |G′⟩

As we can readily confirm: 203

|G⟩ ∈ (nl)x ↔ |G′⟩ ∈ (nl)2(2l+1)−x

Therefore, generally speaking, (nl)x and (nl)2(2l+1)−x may give the same multiplet

term.

10.5 Hund ’s Rule

Although we can determine the multiplets that are given in the way described

in the last few subsections, further calculations (integrations) are required to de-

termine the energy states for such multiplets. In considering the states which

contributes to the lowest energy level, an experiential rule called the Hund’s rule

can be applied.

Hund’s Rule: Among all multiplets that are given by an electron

configuration, the spin with the greatest level may possess the lowest

energy. When there are more than one maximum multiplicity spins

then, the one with the greatest orbital angular momentum among them

has the lowest energy level. In the case where there are more than

one maximum multiplicities of the greatest orbital angular momentum

then, the spin which has the greatest orbital angular momentum L has

the lowest energy level.

202

UL⃗2U†U |G⟩ = ~L(L + 1)U |G⟩

US⃗2U†U |G⟩ = ~S(S + 1)U |G⟩

203In the case for dx, if we have

|t⟩ = c†1↑c
†
1↓c

†
2↓|0⟩

then we can write

|t′⟩ = U |t⟩ = c†−2↑c
†
−2↓c

†
−1↑c

†
−1↓c

†
0↑c

†
0↓c

†
2↑|0⟩
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Yet it is considered as an experiential rule, the Hund ’s rule has been widely

accepted. As we have discussed earlier, in the physical terms, the spin function

indeed holds symmetric property in electron replacement for the spins with maxi-

mum multiplicity while the space part of the wavefunction is antisymmetric based

on the Pauli ’s principle. In other words, the wavefunction becomes zero when

arbitrary two electron coordinates are the same, and from which we may assume

that the Coulomb interaction energy among electrons can be obtained. For the

orbital angular momenta of the same spin, the greater the momentum, the less

chances are for the electrons to come close to each other since they move at farther

distance away because of the centrifugal force. For the last part of the rule that

relates to L, there is a small Coulomb repulsion and the low probability for the

electrons of greater m value to come close to each other in filling out the parallel

spin.

10.6 Spin-orbit Interaction

In considering the electrons in an atom with large atomic number, the relativistic

correction will be required. The most important term can be the spin-orbit inter-

action. By following the procedures we demonstrated in our earlier discussions,

the term written below can be added after the second quantization: 204

204

HSO = C

∫
d3r

∑
σσ′

ψ†
σ(r⃗)

1
r

∂V

∂r
s⃗σσ′ · ℓ⃗ ψσ′(r⃗), C =

~
4m2c2

= C
∑
nl

∑
n′l′

∫
dr r2ϕ∗

nl(r)
1
r

∂V

∂r
ϕn′l′(r) −→ ξ(nl, n′l′)

×
∑
σσ′

∑
µµ′

χ∗
µ(σ)s⃗σσ′χµ′(σ) ·

∫
dΩY ∗

lm(Ω) ℓ⃗ Yl′m′(Ω)c†nlmµcn′l′m′µ′

=
∑
nn′l

ξ(nl, n′l)
∑
m

×
[
1
2

{
⟨χ↑|s+|χ↓⟩

∫
dΩY ∗

lm−1(Ω) ℓ− Ylm(Ω)c†nlm−1↑cn′lm↓

+ ⟨χ↓|s−|χ↑⟩
∫

dΩY ∗
lm+1(Ω) ℓ− Ylm(Ω)c†nlm−1↑cn′lm↓

}
+

∑
µ

⟨χµ|sz|χµ⟩
∫

dΩY ∗
lm(Ω) ℓz Ylm(Ω)c†nlmµcn′lmµ

]

=
∑
nn′l

ξ(nl, n′l)
∑
m

~2

2

{√
(l + m)(l − m + 1)c†nlm−1↑cn′lm↓ +

√
(l − m)(l + m + 1)c†nlm+1↑cn′lm↓

+ m(c†nlm↑cn′lm↑ − c†nlm↓cn′lm↓)
}
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HSO = C

∫
d3r

∑
σσ′

ψ†
σ(r⃗)

1

r

∂V

∂r
s⃗σσ′ · ℓ⃗ ψσ′(r⃗), C =

~
4m2c2

= C
∑
nl

∑
n′l′

∫
dr r2ϕ∗

nl(r)
1

r

∂V

∂r
ϕn′l′(r) −→ ξ(nl, n′l′)

×
∑
σσ′

∑
µµ′

χ∗
µ(σ)s⃗σσ′χµ′(σ) ·

∫
dΩY ∗

lm(Ω) ℓ⃗ Yl′m′(Ω)c†nlmµcn′l′m′µ′

=
∑
nn′l

ξ(nl, n′l)
∑
m

∑
µµ′

⟨Ylmχµ| (s⃗ · ℓ⃗) |Ylm′χµ′⟩ c†nlmµcn′lm′µ′

As far as the effect of the term described above is concerned with only to the

discussion of the multiplet; i.e., the eigenstate of L and S, an effective addition of

the term to the Hamiltonian is known to be able to bring such discussion:

Heff
SO = AS⃗ · L⃗

Having confirmed with the fact above, we can easily understand that the appli-

cation of the term no longer allows to conserve the spin and the orbital angular

momentum; however,

Heff
SO = A

1

2
(J⃗2 − S⃗2 − L⃗2)

J⃗ = S⃗ + L⃗

which indicates that the composition of the spin and the orbital angular mo-

mentum J⃗ is in fact the conserved quantity:

J⃗2 = J(J + 1)

J = |L − S|, |L − S| + 1, · · · , L + S

Therefore, the degenerating levels other than 1S in the multiplet, which we dis-

cussed in the last subsection, are considered to further split due to the spin-orbit

interaction. The structure of further splitting of the multiplet is called the fine

structure. This fine structure can be given by

EJ
SO = A

1

2

[
J(J + 1) − L(L + 1) − S(S + 1)

]
The interval among the levels,

∆EJ
SO = EJ

SO − EJ−1
SO = AJ
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is proportional to J within one multiplet term. This is known as the Lande ’s
interval rule. 205

Equivalence of HSO and Heff
SO

Let us first define:

Ham =

∫
dτ ψ†(τ)ξ(r)saℓmψ(τ), a,m = x, y, z

HSO =Hxx + Hyy + Hzz

According to [sa, sb] = i~ϵabcsc, we can write

[Sa, Hbm] =

∫
dτ ψ†(τ)ξ(r)[sa, sb]ℓmψ(τ) = i~ϵabcHcm

for S⃗ =
∫

dτψ(τ)s⃗ψ(τ)

This yields H±m = Hxm ± iHym so that

(Hxm, Hym, Hzm)

becomes the irreducible vector operator for S. In the same manner,

(Hax, Hay, Haz)

becomes the irreducible vector operator for L.

Now, suppose

(Tx, Ty, Tz)

satisfies

[Jα, Tβ] =i~ϵαβγTγ

for an angular momentum operator J⃗ . In such case,

(Tx, Ty, Tz)

205We first considered the multiplet splitting caused by the Coulomb interaction before we
consider the fine structures given by the spin-orbit interaction. This we call the R-S coupling.
Intrinsically, for the atoms with larger atomic numbers, only the J becomes the conserved quan-
tity. The direct treatment of the levels organized by J is called the J-J coupling.
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is regarded as irreducible vector operator of J . 206

The commutation relations for non-zero can be:

[Jz, T±] = ±~T±

[J+, T−] = 2~Tz

[J−, T+] = −2~Tz

For the eigenfunction |jm⟩ of J2 and Jz, it is written as

⟨jm|[Jz, T±]|jm′⟩ = ± ~⟨jm|T±|jm′⟩
=~(m − m′)⟨jm|T±|jm′⟩

So that we can write

⟨jm|T±|jm′⟩ ≠0, m − m′ = ±1

Moreover,

J+|jm⟩ =~
√

(j − m)(j + m + 1)|jm + 1⟩

J−|jm⟩ =~
√

(j + m)(j − m + 1)|jm − 1⟩

gives

0 = ⟨jm|[J−, T−]|jm′⟩

= ~
√

(j − m)(j + m + 1)⟨jm + 1|T−|jm′⟩ − ~
√

(j + m′)(j − m′ + 1)⟨jm|T−|jm′ − 1⟩

On the one hand, we have m′ = m + 2 so, we can write in the form:√
(j − m)(j + m + 1)⟨jm + 1|T−|jm + 2⟩ =

√
(j + m + 2)(j − m − 1)⟨jm|T−|jm + 1⟩

⟨jm + 1|T−|jm + 2⟩√
(j + m + 2)(j − m − 1)

=
⟨jm|T−|jm + 1⟩√
(j + m + 1)(j − m)

= independentofm

206

[Ja, Ta] =0
[Jz, Tx] =i~Ty

[Jz, Ty] = − i~Txより

[Jz, T±] = ±~T±

[J+, T+] = (i[Jx, Ty] + i[Jy, Tx]) = 0
[J+, T−] = (−i[Jx, Ty] + i[Jy, Tx]) = 2~Tz

[J−, T+] = (i[Jx, Ty] − i[Jy, Tx]) = −2~Tz

[J−, T−] = (−i[Jx, Ty] − i[Jy, Tx]) = 0
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Now,

⟨jm|J−|jm + 1⟩ =
√

(j − m)(j + m + 1)~

gives

⟨jm|T−|jm + 1⟩ =c−⟨jm|J−|jm + 1⟩

Thus, we can write as

0 = ⟨jm|[J+, T+]|jm′⟩

= ~
√

(j + m)(j − m + 1)⟨jm − 1|T+|jm′⟩ − ~
√

(j − m′)(j + m′ + 1)⟨jm|T+|jm′ + 1⟩

For m′ = m − 2, on the other hand, we can write as√
(j + m)(j − m + 1)⟨jm − 1|T+|jm − 2⟩ =

√
(j − m + 2)(j + m − 1)⟨jm|T+|jm − 1⟩

⟨jm − 1|T+|jm − 2⟩√
(j − m + 2)(j + m − 1)

=
⟨jm|T+|jm − 1⟩√
(j + m)(j − m + 1)

= independentofm

Now,

⟨jm|J+|jm − 1⟩ =
√

(j − m + 1)(j + m)~

gives

⟨jm|T+|jm − 1⟩ =c+⟨jm|J+|jm − 1⟩

and gives

0 = ⟨jm|[Jz, Tz]|jm′⟩ =~(m − m′)⟨jm|Tz|jm′⟩
⟨jm|Tz|jm′⟩ ̸= 0, m = m′

Further, we can write

0 =⟨jm|[J+, T−]|jm⟩ = 2~⟨jm|Tz|jm⟩

=~
√

(j + m)(j − m + 1)⟨jm − 1|T−|jm⟩ − ~
√

(j − m)(j + m + 1)⟨jm|T−|jm + 1⟩

=c−~
√

(j + m)(j − m + 1)⟨jm − 1|J−|jm⟩ − ~
√

(j − m)(j + m + 1)⟨jm|J−|jm + 1⟩
=c−2~⟨jm|Jz|jm⟩

This gives

⟨jm|Tz|jm⟩ =c−⟨jm|Jz|jm⟩
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Finally,

0 =⟨jm|[J−, T+]|jm⟩ = −2~⟨jm|Tz|jm⟩

=~
√

(j − m)(j + m + 1)⟨jm + 1|T+|jm⟩ − ~
√

(j + m)(j − m + 1)⟨jm|T+|jm − 1⟩

=c+~
√

(j − m)(j + m + 1)⟨jm + 1|J+|jm⟩ − ~
√

(j + m)(j − m + 1)⟨jm|J+|jm − 1⟩
=c+2~⟨jm|Jz|jm⟩

which is yielding

⟨jm|Tz|jm⟩ =c+⟨jm|Jz|jm⟩

That is

c− =c+

Thus, we can define the reduction of the matrix element ⟨j||T ||j⟩ which does

not depend on m or

⟨jm|T⃗ |jm′⟩ =c⟨jm|J⃗ |jm′⟩

c ≡ ⟨j||T ||j⟩√
j(j + 1)(2j + 1)

We can rewrite the above as

⟨LSMLMS|HSO|LSMLMS⟩ =c⟨LSMLMS|L⃗ · S⃗|LSMLMS⟩

c =
⟨LS||HSO||LS⟩√

L(L + 1)(2L + 1)S(S + 1)(2S + 1)

To provide a concrete example of the above, let us suppose dn where (n ≤ 5), the

ground state should have the maximum multiplicity spin according to the Hund’
s rule:

SL, S =
n

2

This also gives the greatest value for the orbital angular momentum:

L =3n − (1 + 2 + · · · + n) = 3n − n(n + 1)

2
=

5n − n2

2
=

(5 − n)n

2

The states for MS = S and ML = L:

|MS = S,ML = L⟩ =c†3−1↑c
†
3−2↑ · · · c

†
3−n↑|0⟩
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The above is used to calculate both sides of the equation:

ζd~2 1

2
L =cSL

c =~2 ζd

2S

ζd =

∫
dr r2|ϕnl=2(r)|2 > 0

Under n ≥ 6, we may write

S =
10 − n

2

L = − {3(10 − n) − (1 + 2 + · · · + (10 − n)}

= −3(10 − n) +
(10 − n)(11 − n)

2
=

(10 − n)(n − 5)

2

The state can be determined as

|MS = S,ML = L⟩ =c†2↑c
†
1↑c

†
0↑c

†
−1↑c

†
−2↑c

†
3−1↓c

†
3−2↓ · · · c

†
3−(n−5)↓|0⟩

with which we calculate the both sides of the equation:

ζd~2(−)
1

2
(2 + 1 + · · · + (3 − (n − 5))) =ζd~2(−)

(10 − n)(n − 5)

2
= cSLThus,

c = − ~2 ζd

2S

Where c > 0, d1,2,3,4,5 is considered to be in the normal position while d6,7,8,9 is

considered to be in the inverse position under c < 0. We have c = 0 for d0 and

d10.




