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PartIII
Quantum Mechanics of
ManyParticle System

6 Second Quantization and Interaction

In this section, we discuss an effect of interaction in many-fermion systems by
second quantzation approach. We begin with problems of single particles, followed
by the discussion of many particle problems of free (no interaction) N- particles
then we finally discuss the interactions.

6.1 The Classical Equation of Motion for a Single Particle

To begin with, recall Newton’S equation of motions for a classical particle having

a mass m in one-dimentional potenital V'(z).

mi = —QV(x)

ox

IN analytical mechanical perspective, the Hamiltonian formulation shows the equiv-
alent canonical equation of the above:

S
Halw,p) = 5—+V, p=mi=mi
OH, .
or P
OH, |
op o

Note that the Hamiltonian H(z,p) is enpressed as a pair of canonical variables
(,p).

138 The state of the classical system is specified by each point (z,y, 2, ps, Dy, D-)
in phase space.

Likewise, we can express the three-dimension:

138Show this.
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In the Hamiltonian formulation we can write

ﬁQ .
Hy(r,p) = %‘FV, p=mr
chl o .
07} - pi
OH. ) .
- Ti, 1=21,Y,%
Op;

6.2 (First) Quantization of a Single Free Particle

A first quantization bases its discussion on the Hamiltonian formalism of ana-
lytical mechanics, in which a pair of mutually conjugate canonical variables (z, p)
being replaced by an operator in the equation called Schroedinger equation for
the wavefunction. In our one-dimensional case, for example, we let [0 z,p be the
operators which requires the commutators between the two; i.e., commutation

relation:

A A A

[z,p| = @p—pr=ih

Having completed this procedure of replacement, we formaliza the quantum me-
chanical Hamiltonian operator H. The following Schroedinger equation for the

wavefunction W(¢) can be given

A2

HYQ —= r- Vi
5 T V(@)

ihgz/J = H"%y

ot

Note that the wavefunction ¢ forms an inner product space (-,-), and contains a
complete description of physical reality of the system in the state. We let Hamilto-
nian be the Hermitian in terms of this inner product H = HT. 13 In these settings,
if the physical quantity corresponds to a Hermitian operator O, the expectation
value for the observable physical quantity at time ¢ having the wavefunction v (t)
to describe the physical state of the system can be written

Theexpectationvalue = (Y(t), OY(t))

139For the arbitrary state vectors W, ®, we suppose the operator @ and whose Hemitian conju-
grate Of to satisfy the relation below:

(T,00) = (0T, )
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The Schroedinger equation defines the time expansion of the state vectors of our
case. In a concrete representation that is very often used, a basis of ( square
integrable ” ) function space and the inner product are formed:

(f.9) = /_ooda:f*<x>g<x>, /_Oodx|f<x>\2<+oo, /_Oodx|g<x>rz<+oo

[e.9] (e 9]

so that

=
|
8

SH
|
|
|

Under such expression, we can write

h 0?
Hl’Q = —%@—f—‘/(l‘)

The treatment of H, — HY? is called the (first) quantization.
Likewise, the three dimensionsformalism can be given

HY? = —h—262+V(f)
- 2m ’

ih%lp(t, F) = H"“Wy(t,7)

In our specific case, the Hamiltonian is independent of time (9,H%? = 0) thus,

in the stationary state, we suppose a solution of the separation of variables to be
written

Wt = e ()
The Schroedinger equation is then regarded as the eigenvalue problems:

H'YC¢(7) = [— %A + V(W)] o1 (7) = exgr(7)

Note that in general cases, a certain kind of boundary condition is imposed to the
eigenfunction. For the wavefunction which being orthonormalized such that

/ 0 G(7) e (7) = b

We further formalize a complete system

/ Pr (PP = 87— )

Example of Free Space
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To provide a more concrete example, we suppose V' = 0 with the system being
put inside a box having each edge the length L. If a periodical boundary condition
ox(x+ Ly, 2z) = ox(x,y + L, 2) =pr(x,y, 2 + L) =pa(z, vy, 2) is required, we let k
be the label to obtain k = (ky, ky, k.) thus,

L9
) k= fﬂ-(nxany7nz>7 Mgy My, My :07:l:17:l:27

1 s B H2k2

= \/?6 s EE

2m

6.3 First Quantization of Many Particle Systems

In the system of N-particles, we let the coordinates of jth particle be 7; =
(xj,9;, z;). If there is the potential V (71, - - - , y) existing in the N-particle system,
the classical equation of motion can be written

-

mr; = —V;V(7,-- Py

Whose corresponding Hamilton’s equation can be written

p;?
Hy = 2j_m+V(Fl>"'7FN)
0H, )
L = Pi, a=1z,y,2

87”;?‘
0H, o

— g
@p}l J

In the case with no interactions between the particles, we can express
V(Fly"' 7FN) = ZU(’F})
J

In our continuing discussions, we consider no interaction cases followed by discus-

sions of the interaction cases. !

1408how the orthonormality and completeness.
141Tf we consider in general up to the two-body force, the potential can be written

., ., . 1 -
V(- TN) = ZU(TJ')JF?ZQ(?%W)

J i#]
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In the cases with no existing interactions, the (first) quantization can be per-
formed as:

N
HY? = > iy
j=1

R - - o 0 0
h, = ——V?2 7. (=
J vaj +U(r])7 v] (8x]7 8y]7 azj>
WD, 7, Py) = HYCO(, 7, Fy)

Here h; is regarded as the operator that acts only on jth particle coordinates and it
is called the sinple-particle Hamiltonian. Now we consider for the stationary states,
and solve the Schroedinger equation of the N-particle system for the eigenfunction
O, (7,7, -+ ,Tn) and its eigenvalue Ey of the N-particle system: (We denote the
name label of the eigenvalue in N-particle system by A.)

H}V’Q(I)A(FLF%"' ,FN) = [ EAq)A(FhFQ,"' 7FN)

This equation in fact is a partial differential equation such that the solution can
be written (by using the method of separation of variables)

N
Doy ko, oy (Fl’ RPREE 7FN) = On (7?1)925]@ (F2> Dk (FN) = H qbkj (FJ)
j=1

N
Brykoreky = 6y ey Tty = e,
j=1

The eigenfunction label A takes the paitrs from ki to ky; ie., ki, ko, -+, ky 00
0 O note the order). Each ¢, (7) is called the wavefunction of the single-particle
state O k;, which is the eigenfunction having the eigenvalue ¢, known as the
single-particle energy of the single-particle Hamiltonian h;0 labeled by k;). In
short, this can be written h;¢y, (7;) = €, ¢r, (7;)0 1+

Note: for a reshuffled state of ki, ko, -, ky, we will generally have a different
state but the energy will stay the game.

6.4 Many-particle Quantum Mechanics and the Symmetry
by Particle Switching

To begin, let us consider a point in the generalized x-coordinates obtained by
symmetry operation R, which we suppose to be moving to a point in the coordi-
nates Rx. In this, let symmetry operation Og for the function phi(z) be defined
as:

142Confirm the energy of many-particle system is given by the above equation.
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Oro(Rz) = ¢(x)
Org(z) = ¢(R™'x)

Here if we define ¢(z) = H(x)¢(z), we can write

Op{H(x)¢(x)} = Ori(r) =¢(R™'x) = H(R™'x)¢(Rx)
Op{H(x)¢(x)} = Or{H(2)03'Oré(x)} = OrH ()0 ¢(R ')

Thus, the transformation for H(x) as the operator acting upon the function can
be given

H(R'z) = OgrH(z)O%'

This indicates if H(x) is invariable under the symmetry operation R, expressed in
the form

H(R'z) = H(z)
H = OrHOR'
[H,Op] = HOgr—OrH =0

we can use the fact to further discuss the symmetry by the particle-switching
in many-particle quantum mechanics. Since it is clear to all that the Hamiltonian
H ]{;Q in N-particle system is invariant against the switching of the particles, we can
express that by letting the switching operator between the ith and Jth particles
be P, (i,j=1,---,N):

[H,P;] =0, P;HP;'=H

The above indicates that the many-particle wavefunction of having the simultane-
ous eigenstate for the energy and the particle-switching such that

HO®), = E\®,
Py®p(-e Foyeee Fjyeee ) = Bp(oe Ty e )
= ng@A( 77:;7“' 77?]'7'“ 7)
Switching the particle twice enables the particle to switch back to the initial po-
sition, and therefore the eigenvalue p;; for P;; satisfies p?j = 1 contrasting with

Pj = 1; ie., p;j = £1. The particle system under p;; = +1 is called a boson
system (B) while under p;; = —1 is called a fermion system (F). This switching
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characteristic is regarded as one of the fundamental characteristics of the con-
stituent particles. The each wavefunction for boson (B) and fermion system (F)
has the characteristics described below:

@A(...7f;.’...’f}.7...) = —|—(DA(777]”77;’) (Boson)

®A( ,77;’... ’Fj’...) = —@A( 777}7... 777;:’...) (Fermion)

The wavefunctions we obtained for the many-particle system does not satisfy the
symmetry described in above. Now we use the linear combination of the degenerate
states we noted earlier when we talked about the degenerations, and make the
valid wavefunctions that satisfy the symmetry by performing the symmetrizing
and anti-symmetrizing of the wavefunctions. The results can be written

(I)?kl,kz,--- ,kN}(Flv T 7FN) = ¢k1 (Fl)(b/w (7?2) T (bkzv (FN>

[Boson] iy (1) Paey (72) + -+ Ppoyy (Fe) + -+ -
= ) O (7)), (75) -+ Dy (7

All possible exchange of
ki, kN

Oty ko ey (Lo TN) = Ok, (T1) Oy (P2) - -+ iy (Fiv)

[Fermion] — Ok (71) Py (72) -+ - Dy (Tv) + — -+
= > (—1)P b (71) D1a (72) - -+ iy (Fv)

All possible exchange
P of ki, kN

Note that the wavefunctions do not depend of the order ky, ko, - - - , kn (except for
the scalar multiplications). In the fermion system, the existence of the same single-
particle states may give the wavefunction to be 0 because of the characteristics
of the determinant. In other words, the consistent wavefunction with no-zeros is
free of superposition of single-particle states. This is called the Pauli’ s exclusion
principle.

6.5 First Quantization of N-Free Particles System

.. . . . . 1
In summarizing our discussions up to this point, we denote Hy as H N’Q to

simplify. The complete system of the orthonormalized eigenfunction of the single
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free particle Hamiltonian h(7) can be written in the form 43

() r(F) = ergn(r)
Z or(F)Pe(F) = 6(F—7") completeness
k

/dgr Op(M)p: () = Opw  orthonormality

The Schroedinger equations of each fermion and boson system for the (first quan-
tized) Hamiltonian Hy of the N-free particles can be given by

N
Hy (7, 7)) = ) h(T)
i=1

HN<F17"' 7FN>®§’B(F17H' 7FN) - EAq)i’B(Flv"' 7FN)

Whose eigenfunctions satisfy the symmetry condition to the following commuta-
tion:
cpf(... Ty Ty ) = +<I>f(--~ Ty T3+ ) (Boson)

@i(,ﬁ,7’f‘;7) = _CI){(7F]77FZ7) (Fermion>

143For the completeness, we can write

giving

1 1 i
Z%(F)QSZ(F’) = m((;k)szﬁem.(r_r)
%

- (27lr>3/dVeik'(Fm63(FF')
\%4
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In each equation above, we introduce the normalization constants to write
Oy 70) = Cod 0070 (7) 6 (1)
Fu1)6(73) -y () + -+ |
- CB Z (bkm (Fl)(bkpz <F2> e (kaN (FN)
P

CBper D(¢k1 ¢k2 o Qka)

DN hy s iy (1o TN) = OF{ﬁbkl(ﬂ)%g(Fz)"’¢kN(FN)

— 1y (1) D1y (T2) + -+ Pheyy (TN) + — -+ }
= Cr Z(_l)P¢kP1 (Fl)qbkpz (FQ) T gkaN <FN)

3
= Cpdet D(¢p,dr, - - Gry) Slater determinants

{D(¢k1 (ka T ¢kN>}i:j = (bkz (FJ)

N

EA = Zeki

=1

The normalization constants C'z and Cr will be defined later. Let us use to label
the eigenfunctions of N-particle systems; the wavefunction is independent of the
order ky, ko, -+, kn (except for the scalar multiplications). Now, we organize the
overlapping parts in ky, ko, - - - , kn as to change the method in defining the state of
N-particle systems from our initially used method of:* defining the single-particle

states which being occupied by particles” to,” method of defining the number of
overlapping occupations for each single-particle state which is defined by the label
k of the single-particle states.” Further, these overlaps are called the occupation
numbers of a single-particle states k. The states of N-particle systems can be
determined by defining all possible occupation numbers of the single-particle states
k. Therefore, we obtain the occupation number n; for the single-particle states k,
and give {n;} to finally determine the states. In the boson systems, the occupation
numbers can be n, = 0,1,2,3,--- while it can become n,[0 = 0,1 for the fermion
systems. (Pauli’ s principle) We use this occupation number representation to

write the Schroedinger equation and the energy of N-particle system:

HOOPE (R, in) = By @l (F - 7)

E{nk} = ZDeknk
k
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6.6 Second Quantization

We now consider a new form of Schoedinger equation through the following
procedures:

HN — H:ZDEkﬁk, ﬁk:dzdk
k

o7 ) = =TT = [T o= )

The negative sign 7 is used for Bosons (commutation relation) while the positive
sign + is used for Fermions (anti-commutation relation) in equation [A, B]; =
AB F BA. Thus, we understand that dL and dj, are the creation and annihilation
operators which satisfy

[deL}:F = 07 [dkadk’]q: = 07 [dk, dL’]:F = 5kk’

Take notice of ng|ng) = ng|ng) 0 |ng) = \/T%(dL)”k |0) which are derived from the

eqquations above, one can write the Schroedinger equation that corresponds to H:

Hitned) = Epuy{med)
E{nk} = ZDEknk
k

The form of energy can be written in the same form that was given before. Here
note that the vacuum |0) is being defined by

Yk, di|0) =0
0|0y =1
These procedures H — H are called the second quantization.

We can express [{n;}) in which tha label of k£ decides the one-dimensional order
where we denote the order by < and obtain k; < ko < k3 --- such that

an}) = |nk1ank27nk3>"'>
1 n n n
= ]I ,(dL) b (df, )™ (df, )™ - - |0)
k1<ko<k3-- Tk

The normalization of this state is written

{t{ni}) = dpuring
- H(S"kl,k/lénkQ,ké

In the following discussions, let us express only the non-zero ny, found in [{n;}).
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Field Operator

We use the operator which is defined by the so called field operator

b(r) = dilr)dy
k

and write
W), 017 = o(F -7
(), b)) = 0
[W1F), 01 (7)), = 0

The Hamiltonian of the free-particle systems can be written

H:/ﬁﬂ@(hVWM

This equation represents the first quantization of energy such that the wavefunc-
tion corresponds to the operator in the form; the reason why we call® second
quantization. ” It should be clear to most of us by now that the Hamiltonian for
the general single-particle can be discussed in the same manner. The general
treatment for the operators will be discussed later yet; we can still obtain the
Hamiltonian that corresponds to the energy based on the knowledge we have ob-
tained up to this point.

In our next step, we consider how to treat the state vectors. The relation between
the state vector [{nx}) by second quantization formalism and the many-particle

wavefunction in first quantization can be written 44

q){nk}<F1’ 7FN> = <F1a"' 7FN|{nk}>
L 1o .
[P, ) = ﬁW(T 1) wT( VN1 1:[

14Eor fermions:

<771,...71?N|{nk}> = \/i«)‘?/)( ) 7/}(771)‘nk1,nk27"’7lk1\,>

= W Z d)uv(F ¢11( )<0‘d1N .di1|nk17nk2’...nkN>

= ) B ) () = et 00, 5)
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The normalization constants Cr and C'g are given

1
Cp = —
F VNI

1

\/N'Hknk'

Cp =

The normalization can be given by 4

(/fn~JWWMﬂ~fMF:1

For bosons:
<F1’ t 7FN|{nk}> = 7<O‘w(FN) t w("?l)‘nkl’nkw o >

D Gin(N) - biy (F)(Oldiy - - diy [k 1y -+ )

- 3-3-

Z Gin (TN) + - b4y (F1)<0| T (dkz)nkz (d’ﬂ)nk1 |nk17nk27 )

i1,

’I’Lkl ’I’Lk2

{il,“-iN}:{kl,kl-~-k1,k2,]€2--'k2,-~'}7 as a set

1 . B
= i Z Gin (PN) - Piy (F1) /Mgy Mgy -

1 —
= Wnlﬁ'nkg Z(b’bpzv '¢iP1(T1) n/ﬁ!nkg!,"'

We cannot find the overlapped values by the substitution in the form of natural free sum. Thus,

I
—

Ty Ty

A /N!nkl 'nkQ' ZP (z)iPN (FN)¢1P1 (?1), {il,i2,~~- ,ZN}:{ k'l, kl A kl,kQ, kQ tre kQ,-“ }
145Consider the noemalization. For the fermions:

1
[l @ i = 5 )R [ @y 6, (7)0k () - G ()i (72) -
p3
1 3 3 * = = * — —
:jﬁz/mrdmmJM%wwmgmmwﬁwﬂ
P

‘While for the bosons:

[ i R = e }j/d%l PN b, (7010 (1) 67 (7)1 72)

Nk

{iv, - -iny ={ ki, ki ki, ko, ko ko, -- ),
1 * [ — — * [ = —
=;E@IiZ/f“~ﬁw%mwmmy%wwmmwwﬂ
P

Nky




— Quantum Mechanics 0 : Quantum Mechanics of Many-Particle System — Hatsugail1l4

Further, the orthonormal condition can be given by

" L 1 L L
(PNl TN ) = ﬁZ(i)P(S(rl —7p1') - 0(Fy — Tpn’)
P

6.7 Operator and the Interactoin in Second Quantization
Formalism
Now we consider the second quantization approach and the form of operator that

can be introduced to the given single-particle operator F' and to the two-particle

operator GG, which we defined in first quantization earlier:

N

F o= ) f()
=1

G = %Zg(f;ﬂ:})

i#j
146

First, we need to confirm the complete system Iy of N-particle systems: 47

1461 first quantization, the kinetic energy can be an example of the single-particle operator F:

w22
F= 72 2m

?

For the two-particle operator G, the Coulomb interaction can be of the typical example:
1 e?
227
i,
147y the fermions cases:

Iy = /d37"1"'d37“N |7, PN ) (L, - TN

_ Jé' Z S dldl 0)(0d;, - diy

1y 5IN

/ dry - dPry 65, ()00 (71) - 6, (7y) i ()

= ﬁ D Ay mag ) (i, i

i1, N

= g [Py, - My ) (N4, - iy | Note that there are only non-zeros.
==
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148

P _LTF...ATF - W7,
1, aN> m (1) 77ZJ(N)|0> WH¢(J)|O>

<>

1 N

=1

<

Nay - 'naN><n041 o 'nOéN’

L, 7o
— Z =

a1, ,aN

= Z My Py~ ) (Mg My~ |

o <o =<

Calculate the matrix elements of the operator below for the arbitrary N-particle

states @ = {ng, - ,Nay t and = {ng, --- ,ng,

F = [ @it @i

(a|F|B) = / d*r / Bry - Pry_y (QT@)|F, - o) P T P |OF)]8)

= N/d3T1"'d3TN1dST <CY|7_"17"' 7FN7177:‘>f(F)<F17"' 7FN71>F‘5>
N

_ /d3r1---d3rN SO @ ) FF) (T T
i=1

— /d3r1---d37“N @Z(Fh"' ,FN)F(I)B(FI,"' fN)

148For the bosons:
Iin = Bry - dPry |7 FN L N
N ™ N |T1, s TN )T, s TN

B % Z Z dj;"'djgv|0><0|di1'--dw

/ s/
ety

x [ oy 65 )6 () 8 (P ()

= Z ?\“ ‘nklankw"'><nk1’nkzv"'|
ki,ko-- .

Tk

{ila"' 7iN}:{klakl"'k1;k27k2"'k27"'}
= Z |nk1ank¢2)'"><nk17nk27"'|7 anw:N

k1<ka-

Nky




— Quantum Mechanics [0 : Quantum Mechanics of Many-Particle System — Hatsugail16

The above indicates that we can use calF' to correspond to the single-particle
operator F. 49
In the same way, we consider the two-particle operator:

_1 7

G=35 / dird'r GO ) g (7 TG, glrisrs) = glrs, ), (07 )

Calculation for the matrix elements of the above yields

(alG|B) = %/dgrd?’r' /d3r1---d37‘N—2
(@ (P (PR, F)g (B ) (7, - Pr—al ) D()8)
- %N(N — ].) /d3’l"1 s dSTN_ng’I"dS’f‘,

X AP, - g, B TV (F P (L - Py, 77 B)

= /d?’rl e dPry

N
1
Xézq)Z(Fla e 77?N)g(ﬁaﬂ)¢,@(?17 T aFN)

= /d3r1~~~d3rN O (7, -+, Tn)GPs(T1, -+, TN)

This indicates that we can use calG to correspond to the two-particle operator G.
150 We can summarize that in the form:

F

s F
G & ¢

Second Quantized Example

e Particle density operator

307 = 7) — () = 1 (F)(7)

149WWe put the complete system In_; of N — 1 particle system into the equation:
SHF)FL - Tve) = (DN TWNIF e, )
and
QL (71, TN)Pp(TT, - TN)

Note that the commutation of arbitrary r; and r; is symmetric.

15011 our typical case, we used g(r1,r2) = g(ra, 71 in the equation; however, in general cases, we
will obtain G = § [ [ d®r d*r'" g1 (F)gT (7")g® (7, 7 )b (7 )3p(F) when we use G = 332, . g(ri, 75) =
% Zi,j gs(ri’ Tj)
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e Total energy-momentum operator 5
—Z ¥ = [ it v = [ o (heie) (i
2m 2m 2m \ ¢ l

e Density-density correlation operator 152

151Jse the integration by parts.
152
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7 Single-particle States and Mean-field Approx-
imations in Fermion Systems

Generally speaking, to obtain the eigenstates of many-particle systems with in-
teractions is considered much complicated. Among the different types of approxi-
mation methods performed effectively to solve the many-particle problems, we fo-
cus our discussion on the most fundamental and essential of which; the mean-field
approximations and the single-particle approximations. We begin our discussion
by considering the simplified spinless fermion systems. Following our discussion
in the previous section, we let one-body of potential be v(7) and let the inter-
electronic interaction be ¢g(7 — 7’). In such case, the Hamiltonian can be written
as

H = /d3r @DT(F)(_Z;VQ +U(F))¢(F)

The Coulomb force can be written

g<F_F/): |

Let us now consider a problem of determining the ground state |G) of the fixed
number of particles NV in the system:

N

(GIN|G)
N = / Fri(®), af) = 9 (F)

In fact, this is commonly known to be insoluble for N ; 2 (many-body problem).
In our following subsections, we will consider the certain types of approximated
solutions to solve the many-body problems.

7.1 Single-particle Orbit and Unitary Transformation of
Fermi Operator

Let us consider the following trial function for the ground state in the many-

particle system: %3

G) = clch---c}lo)

153The wavefunction in such form is called the single-particle wavefunction.
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Note that ¢; can be transformed in applying the unitary transformation U;; to the
annihilation operator d; of the fermions used in second quantization: (Vacuum |0)
is the invariable)

di = ZUijij Cj :deU;:]
J J
U, = {U};UlU=UU'=1

SO — S0~
k k
The field operator can be written in correspond to the above transformation:
() = > 6Py = er(Pek
j k
oe(P) = Y 6;(AUjk
J

Now we can demonstrate that ¢;(7), j = 1,2,--- formulates the following or-

thonormalized complete system: !5

/ dr gi (i) = b
S e = o— 1)

While contrarily in the arbitrary orthonormalized complete system {¢x(7)},
each function of this complete system can be expanded over the complete sys-

tem {¢;(7)}:

or(r) = Z ¢; (T Ujp,

The expansion coefficient in the above can formulate U;;, by which the unitary

154

[Ereie® = [ @U@t = Ui, = b,
B S = o6 (7 = o) = 50— )
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matrix is formed. '*® Hence, the new operator {c;} defined by this unitary matrix
also satisfies the anticommutation relation of fermion. % Based on which we

write
<F17F27'” 7FN|G> - CFdet{ng(F])}

This may give us a act that to consider |G) analogues to having ¢ (7) for the
single-particle orbit which takes oart in making the ground state. We use the

variation principle for o (7)
(GH|G)

In our following discussions, we will consider the mean-field approximation that
takes the smallest value in the above. We will now demonstrate a step-by-step
calculation of each term that makes up (G|H|G).

7.2 Total Energy of Single-particle States

The equation {(7), c;} = ;(7) gives 1[1(77)0; = —cj@(f’) + ¢; (), which further
giving:

DG = {=cld(P) + (7))l ey ]0)

N
= =) (“1ei(Mel -l ycf iy cy[0)
j=1

A one-body energy term can be written

6l [ it (e

1) = [ @ 6509 - g9+ 0 ) 507

2

n v<f>)zz><mc> -3 1)

[Erei@em = [Era@uie@us = vit =
U = [ droime
[ s [ @romenm = [ drormem = b,

*
UlkUjk;
156

{Ci,C;{} = {de]j?,d;Ul]} = U;:iUkj = 6ij
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In the same way, we may write

~

SEVDIC) = DEH=eld) + o1l o)
S U VG TGO ERNRE S FEPE )

= Z<_1)j+k90k( )‘PJ() CL 1CL+1 : C}—lc;+1"'cjv|0>

k<j
+ Z 1 o (7 (") (M)ecy T 'C}—lc;+1 o 'Cl];—lc;rc—i—l T C§V|O>
i<k
= D (=1 Mon(7);(F) — 03 (7 )pr()}
k<j

T T T (A T
XCp Cp_1Cpy1 """ Cj1Cjyr -cy|0)

G| /d3 /df”r'w ()7 — 7Y E)()|C)

dr'g(F =) lek s (7) — @i (7 or (M) |*

ey
J*

dr'g(7F =) Y _{ler™)Ples (M = (™)es ()5 (7 er(P)}

k#j

ahd) = / &r [ @R ol - ) o,

— /dS /d3 /’Spk ‘ ’()0.7( )|2
47r60 =7

K(k,j) = /d?’ /d?’r G ><f ) @t (Pl
oi(7)

_ /d3 /d3 () @5 (M) pr(7)
47T€0 |77 — 7|

The total energy Fr can be given !

ZI +Z zj))

1<j

These J(k, j) and K(k, j) are respectively called the Coulomb integral and the
exchange integral of both having positive quantities. The integrals satisfy the
following relations:

157The i = j terms are canceled by the Coulomb integral and the exchange integral
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158 159 160
J(1,7) = K(i,j) = 0

Further, satisfy the following: 6

J(i,i) 4+ J(4,5) > 2J(i, j)

<
—
—_
[\
~—
|
2
—_
[\
~
I

o [ [ 2 (PR + Pl
B ealF 51 ()~ LDl (7))

1
— /d3 /d3 "' S(IZPIYP + | XPIUP - X*YZU % —Z*UXY™)
47'('60 |7 — 7] 2

1
= d3r | &>r’ XU-YZ?>0
47760/ / |7 — "’\ 2‘ |

X =p1(7"), Y =02(F"), Z =), U=p:1(7)

1597 6t us write

1— 1 3 @E'Fi—l zlgfg
P d’ke k2_VZe 2
k
160
62 3 3 3.,/ zk:
K(1,2) = WOW k* dr [ d*r 01 (7 )ipa ()3 (F)on (7)
| 3, 1 3 iR 5
= D | Thg [ EretTe@e® [ drie™ ™ o1 a7
ez 1 1 - 2
= 47%0% dgkﬁ /d37‘e 05 (7)1 (7)
161

Jsi) + 0G,3) = IG,3) = 9.0 = g [ o [
G IF (7Pl () + s Plos () = i3 (7P = s Ples(7)P)

7 Z 7 [ [are et s (1R - 1R ) (1608 s
2 2
(&

47eg v Z

X

et (P - lesR )| 20
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Expectation Value of Free Fermion System

In contrast to the fermion systems, the simplest form of many-particle states
where the single-particle states are packed to the fermi energy of Ep, is called a

“

Fermi sea” . In the second quantization representation, we can write

i#) = I o)

ez<Ep

h?k?

Let us now demonstrate the calculations for the expectation values of the second
quantized operators in the Fermi sea.

e Particle density 62

N 1
Fla(f)OF) = = = —k>
(FIMPBF) = 77 = —kp

e Particle-particle correlation function 63

i eoE) = (5) (- k= 7))

5 sinkpR — kpRcoskpR
k3R

f(krR) =

The above equations show that the particles repel each other in the real
space given by the Pauli’ s exclusion principle; the effect is known as the
Exchange hole.

162

(FIp(MOF) = (FI$T () (F)|F)
- %Ze*i<‘3f’3’>'?<F\d£d5,|F>

1 N
_ t _
- v Z <F\d,;dE|F> v
Eez<Ep
while 5
L - 1 4r? 1
N = 1=(— dk =V ——kt =V _—k}
(%) /€E<EF gr3 3 F 6r F

—

16311 calculating the interaction terms, we first write g(F—7") = §(F— BA)8(F' — Rp) to directly
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7.3 Mean Field Equations: Hartree-Fock Equations

Now we consider obtaining the basis function ¢;(7) that includes the lowest
variational energy we evaluated in the last subsection. Since the basis function
is known as the complex quantity, we write the variation of ¢} (7) while knowing
that we may take the variation of ¢} () independently of ¢;(7). Before we do
so, we consider the binding condition by introducing the normalization condition
J &r @i (F)pi(F) = 1 using a set of N Lagrangian uncertain multipliers €;, ¢ =
1,--+, N : (We will consider the orthogonal conditions later.)

s ZE@/ i 60) =
- <_ h;ZQ ol 47T60 Z/d?’ /|(pj H'\ )901(77)
(e

obtain from J — K as following:

(F|n(F, 7O F) = > /d3r/d3r’6(F— RA)6(7' — Rp)

k<kp.k'<kp

(wk( NPl (PP *(*')zzj,g,(r*'w,z,(mw,g(ﬂ)

_ T <1 L iRRp i B ik B iR Ra
V2 V2

k<kp,k'<kp
- L ¥ (1_4@—%')'(&—1@3))
4 k<kp.k'<kp
1 1 o5 N2 L
= W( Z 1)2 _ W‘ ezk-(RA—RB)‘Q _ (V) (1—f(kjF|RA—RB|))
k<kp k<kp

Here we calculate below:

N kel Ba— Rpl) = L3 e 2 1 L7 / dF ¢+ Fa=fip|coso
V V k<kp V (277)3 k<kp
1 kF eikRAB _ e—ikRAB 1 k'F k'F
= 2 dk k> = dk ksin kR
(2r)3 7(27) o ikRap 2m2Rap /0 o SIERAL
_ 3 1 sinkpRap — RapcoskrRap
For2 krR> g
_ E sinkpRap — RapcoskrRap
v kpRop

giving fo dk cos kR = + sin K R, note that we have fo dkksinkR = 75 (sin KR — KRcos KR).
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We rewrite the above:
HF%’(F) = 61‘901‘(77)

The operator Hr can be defined as:

AV lo; (7
H — o SIAR AN —
rO ( 2m +o(7 47T€0 Z/d |77 — 7" )O(T)

(e,

The non-linear operator Hr provided above can be applied to all ¢ and therefore,

the solution will be the orthogonal system. !6* This is called the Hartree-Fock
equation. Here note that the equation itself depends on ¢; of the solution thereby,
the solution must be determined self-consistently. Usually, this equation possesses
more than one solution in the N-particle system:

{wi(M}, =1+, N

However, based on the variation principle, we know the solution that contributes
to the lowest total energy can only become the ground state. We organize the

N-functions that provide the ground states to the N-particle system:

—

P1 (1), on(7)

The eigenvalue €V and the total energy of the Hartree-Fock equation can be

given by (we clarify the N-particles dependence in the form) 6
N
e = 1@+ (V) - KY(L5))
=1
EN = ZIN +Z JNZ] KN(i,j))
1<J

1641f we show a Hermitian of Hr while no degeneration being observed, we can understand that
the eigenfunctions of different eigenvalues become orthogonal. The Hermitian we show is clear
by leaving out the kinetic energy; the Hermitian of the kinetic energy is already known.

165The Hartree-Fock equation is integrated over all space after multiplied by ¢} (7):

e = 1@+ N6 - KNG)
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166 Now we consider taking away (to make travel a finite distance) one electron
in (7). To be succinct, we consider the ionization of the orbit ¢, (7). In this way,
the Hartree-Fock equation changes its form, which causing its solution to change
in accordance. So far as the degree of change being negligible, the system |G, «)
in N 7 1 particles system can be obtained as described in the below. The system
below comprises the electron configuration of excluding ,, from @Y (7), -+ | pN(7)
that attributes to the ground state in N-particle system:

|G, a) = CI T lelclﬂ --10)

The total energy of the ionization of the system within this approximation can be
written

EN-Ya) = (G,alH|G,a)
= > IO+ > (V69 - KV )

i#a i<jiita,jta
Let us define the ionization energy Z(«) (where there is no relaxation of the elec-
trons system) as

I(a) = EN o) - EB)

So, —€, gives the ionization energy of the orbit: 67 168

Z(a) = —€Y (Koopman'sTheorem)

Fermi Sea and Hartree-Fock Equations

Let us now identify that the solution of Hartree-Fock equation includes the Fermi
sea. Here, we assume the system is in a uniform positive charge background to
satisfy the condition of electric neutrality. One-body potential is therefore given

. 2 L e nrr 2 1

166Note that 4 = j terms in Coulomb integral and the exchange integral cancel each other

(cancel the self-interaction).
167

I(a) = Eijil(a) — Ep
N
= —1Va)- Z(JN(aJ) — K(a,i))
= —€

168Tn general, a stable particle-system takes €; < 0
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Here, the electric neutrality condition gives the charge density of the uniform
positive charge:

N
P+ = %
In the following, we consider the Hartree-Fock equation of the orbital function ) =
%e T First, we write the Coulomb term of the operator as (given (|¢> = ) )
e? N 1
d3 /_ /d3 rer - _
47T€0k; / V|T—T’| 4e " V|r—7 o(r)

This can be canceled by the potential term. While, for the commuting term we
may write

Y A M A
d3 / 2 : —zk T ezk~r ezk T
47r60 / V3/2 ! \

k'<kp

(e /d3r’ 3 1 1 Ernem L s
d7eg ol V|7 =7 VV

_ [ _ e? /d3r’ lei(g_k’/)'R 1 iR T
41eg V R VV

k' <kp
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This indicates that the orbital function ——e*7 becomes the eigenfunction of the

T
Hartree-Fock equation such that the eigenvalue € can be obtained by 162 17
27.2
S
ke 2m k
1 e i(k—k,)-R
egx — d3 /
A LD O
k’<kp
2 2
e’ 1 k2 —k kr + k
— Sy (N log | -£
dmeg 2k krp —k
169
ei(k—K,)-R 2 iK-R
/ Er Y G = g [ [dR RO
2 2
47T60 k,<kF 4dmeg 27 K
e? 11 ~ - o o1
= —— [ dK(2n)*6(k — k,/ +K)—
e 2 V27r2/ Gmyolk =k ) 1
K <kp
e? 1 1
4meq k'ngV |k —k’|?

170

21 - 1
= 6772/ dk/ ——
dmeo ™ Jir <k |k — k|2

1

2 1 kr - 1
= = Zor / dK'k"” / d(cos 6) .
dmeg T 0 1 k2 + k'° — 2Kk’ cos 0

2 kr t=1
- 677%/ k' k'
0

log |[k? + K'* — 2kK't |

4dmeq w2 —2kK’ —
2 kr k' k
= b [k W log| ‘
47eq 0 —
e’ 1 7 a— kr +k
= k £ I
4m07r<F+ ok 0® kF—kD
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8 The Single-particle State and Mean Field Ap-

proximation in Electron Spin System

8.1 Hamiltonian of Many-particle System

Based on our discussion in the last section, we investigate the many-electron
systems as the model of typical fermion systems with the spin. Note that the
Coulomb force is independent of the spin in the Hamiltonian, which we may write
as

H = Ho+ Hint
_hQ 2
H = 5 [ @i T o))

o=1,2

2

Hoo = 5 0 [dr [ @ aloul 7)o b))

47'[‘60 |7?— T‘_7|

o,0'=1,2

8.2 Spin-orbital Function

Except for the interaction, the term Hj forms the simple sum of the spin variables
in the Hamiltonian thus, has a single-particle state in the separation of variable
form |ju). We can describe the fact in the form

Holjp) = €ulin) (€, =€)
i) = @;(F)xu(o)ch,]0)

(o400 ) = i)

Here c¢;, is the annihilation operator of the fermions, which satisfies the anticom-
mutation relation

{cjus C;’u'} = 010> {Cjus cjrw} =0, {C;W C;’u’} =0

While x, (o) represents the orthonormalized spin function. Let us suppose s, =

B, whose eigenstate =T can be written as '™

B B
szx1) = §IXT> s:0x1) = —§|X1>

s, = Z(é _01> XT>:((1)> X1>=(?>

In this way, we have x1(1) =1, x1(2) =0, x; (1) =0, x;(2) = 1.

171
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X1(0) = Ix1)or  X1(0) = [X1)o oc=12

These spin functions satisfy both the orthonormality
(Xulxw) Z X, (o = O

and the condition for the completeness

Z Xu) (Xl = T2
qu = b0

The space coordinates 7 and the spin coordinates 0 = 1,2 are together regarded
as 7 = (7, 0), the orbital function ¢;,(7) can be defined as

Oju(T) = ¢;(Mxu(0), 7= (F0)

Note that our discussion in previous section can be applied exactly the same way
to the cases having the spin by considering the spin-orbital function.

8.3 The Total Energy of Single-particle States

We write the following single-particle wavefunction for the N-particle system:

|G> = |j1M17 T 7]NILLN> = C}l,ul o .CIN/,LN|O>

The expectation value of Hy under this state can be written according to the

discussion in the previous section: 72

N

(GIH|G) = ) 1(ja)

16y = 3 [ 7 = 3T+ ) )

n=1

172We use the normalization of the spin function: ({u|u) =1 )
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The expectation value of interaction also follows our discussion in the previous
section:

<G‘Hint|G> = Z (J(kn:umjn’Tn’) - K(knﬂmjn’Tn’»

n<n’
. e [ [ s len(T) P lm)]e; (F) P v]v)
J(kp, jv) = m/dr/d’r T
_ s s e Ples (PP .
B 47T€0/d /d |7 — 7| = Jk.J)
L s [ s )i (7)) (plv)es (7) (v ) n(T)
K(kp,jv) = 47reo/d T/d r |F—f’|
47reo F | m 0 U v

Note that the exchange integrals here contribute only to the same spin functions.
The total energy E7 is therefore written

ET—ZI )+ Y TGndn) = D K i)

n<n’ n<n'
Hn = Hn’

goon

8.4 The Hartree-Fock Equation in Electron Systems

We discussed the one-body wavefunction in the last section:

G) = ljrpun, - dinpen) = ¢l oo el 0D

Now we consider obtaining the orbital function ¢;(7) which includes the total
energy as“ stationary” in variation terms. In here, we assume that the spin
function is already given. We write the orbital function that possesses spin up
T electrons as gp} while we describe the orbital function that possesses the spin
down | electrons as gpf , and introduce them by using normalization condition and
N-undetermined multipliers. The result, which is in the form of the Hartree-Fock
equation, can be easily obtained by recalling the spinless cases:

Hipl(7) = €lol(P)
Hppi(7) = eroi (i)
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The operators H}, and H}. are defined respectively in the forms:
h2v2 |§0 —*/ |2
HLO = | - dr' =2 | O(F
F ( 2m 47T60 Z/ |7 — 7| ) (7)
¢’ A ) O(F )
_ d3 /T Jn s

pn=1

ﬁ2 0).(
Hl _ 3.1 1F g \" )1 —
+O < +/UF)+47T60 E /d |r—r )O(T’)

=/

L (R

sHn—

l

These nonlinear operators H}, and Hy are found in the equivalent forms in the
equations for the orbital functions of respective spins thereby, the solutions of the
equations can be naturally given in the orthogonal systems. One can understand
the solution of the different spins by considering the spin functions; the orthogonal
systems can be also given.





