
62

PartII

Relativistic Quantum Mechanics

In order to discuss the spin of an electron, the effect arising from relativity must

be fully considered. In the following series of sections we sill discuss this important

theory of relativity.

4 Special Relativity (Classical Theory)

First, we begin by reviewing the classical relativity theory. We use the following

notation:

xµ = (x0, x1, x2, x3 = (ct, x, y, z)

We write the metric tensors (will be discussed later) in special relativity

gµν = gνµ = diag (1,−1,−1,−1)

gµν = gνµ = (gµν)
−1 = diag (1,−1,−1,−1)

gµνg
νρ = δµ

ρ

The indices can be raised and lowered as below:

aµ = gµνa
ν

This yields

gµ
ν = gµλgλν = δµ

ν

More generally, we can express in the notation

a0 = a0, a1 = −a1, a= − a2, a3 = −a3

Which gives

aµb
µ = a0b0 − a⃗ · b⃗ = a0b0 − a⃗ · b⃗

For

∂µ =
∂

∂xµ
=

(
1

c

∂

∂t
,

∂

∂x
,

∂

∂y
,

∂

∂z

)
we can write

∂µ∂
µ =

1

c2

∂2

∂t2
− ∆ = −2
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4.1 Lorentz Transformation

We call the Lorentz transformation for the real linear transformations (coor-

dinate transformations) that conserve the norm |x|2 = gµνx
µxν . (We denote the

coordinates of the fixed points in space time, which we measured by another frame

to be xµ, x′µ′
.)

x′µ′
= Ωµ′

νx
ν

(Ωµ′
ν)

∗
= Ωµ′

ν

|x′|2 = |x|2

g′
µ′ν′x′µ′

x′ν′
= gµνx

µxν

g′
µν = gµν = diag (1,−1,−1,−1)

From which, we can derive the conditions below. 78 79 80

gλκ = g′
µ′ν′Ωµ′

λΩ
ν′

κ

δρ
κ = gρ

κ = Ωµ′ρΩµ′κ = (Ωµ′
ρΩµ′

κ)

78

gµνgνλ =δλ
µ

=gλ
µ

79

x′µ′

= Ωµ′

νxν

(Ωµ′

ν)
∗

= Ωµ′

ν

g′µ′ν′x′µ′

x′ν′

= g′µ′ν′Ωµ′

λxλΩν′

κxκ = gλκxλxκgives

gλκ = g′µ′ν′Ωµ′

λΩν′

κ

Thus, δρ
κ = gρλgλκ

= gρλg′µ′ν′Ωµ′

λΩν′

κ

= Ωµ′ρΩµ′κ

80For the arbitrary quantities X,Y , we write

XµYµ =XκgκµY λgλµ = XκY λgκ
λ = XκY κ
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The inverse transformation can be written 81

x′µΩµ
κ = xκ

The following relation is also valid: 82

ΩνκΩ
ρκ = δρ

ν

= Ων
κΩρ

κ = gρ
ν

All together, we can express 83

(Ω−1)µ
ν =(Ω)ν

µ

(Ω−1)µ
ν

=Ων
µ

(Ω−1)µν =Ωνµ

(Ω)µν ≡Ωµνとして

Ω̃Ω = ΩΩ̃ =I

81

x′µgµρ = gρµΩµ
νxν = Ωρνxν

x′µgµρΩρκ = ΩρκΩρνxν

x′µΩµ
κ = δκ

ν xν = xκ

82

gρκxρxκ = gρκx′νΩν
ρx′µΩµ

κ = gνµx′νx′µ

gρκΩν
ρΩµ

κ = ΩνκΩµ
κ = gνµ

ΩνκΩρκ = gνµgµρ = δρ
ν

83Let us put

(Ω−1)µ
ν =(Ω)ν

µ

This gives

(Ω−1)µ
νΩν

κ =(Ω)ν
µΩν

κ = δµ
κ

Ωµ
ν(Ω−1)ν

κ =Ωµ
νΩκ

ν = δµ
κ

and furthuer we can write

(Ω−1)µ
ν

=((Ω−1)−1)ν
µ = Ων

µ
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The Example pf the Lorentz Transformation

• Rotation phi around z− axis


ct′0

x′

y′

z′

 =


1 0 0 0

0 cos ϕ sin ϕ 0

0 − sin ϕ cos ϕ 0

0 0 0 1




ct0

x

y

z


• Special Lorentz transformation with velocity v = c tanh ϕ in direction of x−

axis: 84


ct′

x′

y′

z′

 =


cosh ϕ − sinh ϕ 0 0

− sinh ϕ cosh ϕ 0 0

0 0 1 0

0 0 0 1




ct

x

y

z



Tensor

Under the coordinate transformation x → x′ , the physical quantity O(P ) in

space time p, which follows the transformations described below are called in each

name below. (A point in space time P ({xµ}) defined by a coordinate system is

{xµ}, while it is defined as P ({x′µ}) by another coordinate system of ′. This gives

the functional relationship x′µ = x′µ({xν}).)

∂x′µ′

∂xν
≡xµ′

,ν = Ωµ′
ν

∂xν

∂x′µ′ ≡xν
,µ′ = Ωµ′

ν

xµ′

,ν xν
,κ′ =

∂x′µ′

∂xν

∂xν

∂x′κ′ = δµ′
κ′

xµ
,ν′x

ν′

,κ =
∂xµ

∂x′ν′
∂x′ν′

∂xκ
= δµ

κ

84FOr this we let x = 0 and write

t′ = t cosh ϕ, x′ = −ct sinhϕ

x′

t′
= −c tanhϕ

This above implies that the system x′ is i uniform motion with the velocity −c tanhϕ to the
system x
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• Scalar

T ′ = T

• Contravariant vector

T ′µ′
=

∂x′µ′

∂xν
T ν = xµ′

,ν T ν = Ωµ′
νT

ν

• Covariant vector

T ′
µ =

∂xν

∂x′µ Tν = Ωµ
νTν

• Contravariant of the 1st order and the 2nd order (examples)

T ′µ1
κ1κ2 =

∂x′µ1

∂xν1

∂xρ1

∂x′κ1

∂xρ2

∂x′κ2
T ν1

ρ1ρ2 = Ωµ1
ν1Ωκ1

ρ1Ωκ2

ρ2T ′ν1
ρ1ρ2

• The contraction AµBµ , for example, of the contravariant vector and covari-

ant vector is the scalar. 85

• What contracts with the contravariant vector to become a scalar is called

the covariant vector.

• The second order covariant tensor is gµν .
86

85

A′µB′
µ = Ωµ

νAνΩµ
κBκ = Ωµ

νΩµ
κAνBκ = gµρΩρνgµηΩηκAνBκ = ΩρνΩρκAνBκ = AνBν

86

ds′
2 = g′µνdx′µdx′ν = g′µν

∂x′µ

∂xρ
dxρ ∂x′ν

∂xκ
dxκ

ds2 = gρκdxρdxκ

giving ds = ds′ thus,

g′µν

∂x′µ

∂xρ

∂x′ν

∂xκ
= gρκ

g′µν =
∂xρ

∂x′µ
∂xκ

∂x′ν gρκ
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4.2 Effects of Free Particles

The action integral is defined as:

S = −mc

∫ b

a

ds =

∫ tb

ta

Ldt

ds2 = gµνdxµdxν

L = −mc

√
gµν

dxµ

dt

dxν

dt
= −mc2

√
1 − v⃗ 2

c2
, v⃗ =

dr⃗

dt
= ˙⃗r

The Lorentz transformations x′µ = Ωµ
νx

ν gives ( g′ = g ) , and the line element

stays invariant ds = ds′. This fact implies that the action is being interpreted as

Lorentz invariant.

In the non-relativity limit:

L → −mc2(1 − 1

2

v2

c2
) = −mc2 +

1

2
mv2

where the kinetic energy is indeed being given, while excluding the constant values

in the limit. The momentum can be written

p⃗ =
∂L

∂ ˙⃗r
=

∂L

∂v⃗
=

mv⃗√
1 − v⃗ 2

c2

≡ Mv⃗

M =
m√

1 − v⃗ 2

c2

and let M be the relative mass. The Hamiltonian H and the energy E can be

defined as:

H = E = p⃗ · ˙⃗r − L = p⃗ · v⃗ − L

=
mv2√
1 − v⃗ 2

c2

+ mc2

√
1 − v⃗ 2

c2
=

mc2√
1 − v⃗ 2

c2

= Mc2

Therefore, in the non-relativity limit, we have

E → mc2(1 +
1

2

v2

c2
) = mc2 +

1

2
mv2

which naturally gives the rest energy mc2 . The following relations can be derived
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between the energy and the momentum: 87

cp⃗ =
v⃗

c
E

H = E = c
√

p2 + m2c2

Especially where super-relativistic v ≈ c, 88 the relation with E ≈ cp particularly

with light can be

E = cp

The canonical equation can be written 89

˙⃗r = v⃗ =
∂H

∂p⃗
=

c2p⃗

E

˙⃗p = −∂H

∂r⃗
= 0

which giving p⃗ = Ev⃗
c2

= Mv⃗ by the first equation, we may make a substitution into

the second equation to write

˙⃗p =
d(Mv⃗)

dt
=

d

dt

mv⃗√
1 − v2

c2

= 0

87We can use

p⃗ = v⃗
E

c2

to cancel v from the energy equation such that

E2(1 − v2

c2
) = m2c4

E2(1 − c2 p2

E2
) = m2c4

E2 = m2c4 + c2p2

88

p2

E
≈ m√

1 − v⃗ 2

c2

=
E

c2

E ≈ cp

89

˙⃗r =v⃗ =
∂H

∂p⃗
= c

2p⃗

2
√

p2 + m2c2
=

c2p⃗

E
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This in fact is an equation of motion.

To discuss the Lorentz invariance in more explicit form, we can use the variation

principle to write the differential of the curve’s parameter τ with ′ . Rewrite the

action of the curve with common parameter τ , and write the Lagrangian of the

common parameter as L (S =

∫ τb

τa

Ldτ ). 90 Thus,

δL

δxµ
=

∂L

∂xµ
− d

dτ

∂L

∂xµ′ = −mc
d

dτ

(
gµνx

ν ′√
gρκxρ′xκ′

)
= 0

We take parameter τ as ds = cdτ ,( xµ′xµ
′ = c2) that gives (proper time) 91 92

d2xκ

dτ 2
= 0

From this, we can now consider the free-particle. If we have τ = t, the relational

expression for the components of µ = 0 can be written 93

d

dt

mc2√
1 − v2

c2

= dE
dt

= 0

indicating that the energy is being conserved. The conservation of momentum can

90

L = −mc

√
gµν

dxµ

dτ

dxν

dτ
= −mc

√
gµνxµ′xν ′

δL

δxµ
=

∂L

∂xµ
− d

dτ

∂L

∂xµ′ = −mc
d

dτ

(
gµνxν ′

√
)

= 0

91Let parameter τ be ds = cdτ ,( xµ′xµ
′ = c2 ) and write

s =
∫ s

sa

ds =
∫ τ

τa

√
gµν

dxµ

dτ

dxν

dτ
dτ =

∫ τ

τa

√
xµ′xν

′dτ

ds =
√

xµ′xν
′dτ = cdτ

xµ′xν
′ =c2

92

gκµ δL

δxµ
= = −mcgκµ d

dτ
gµνxν ′ = −mcδκ

ν
d2xν

dτ2
= −mc

d2xκ

dτ2
= 0

93

d

dt

c

c
√

1 − v2

c2

=0
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be given by µ = i = 1, 2, 3: 94

d

dt

mc ˙⃗r√
1 − v2

c2

= 0⃗

When we let four-momentum be pµ =
∂L

∂ẋµ
as we will cover it in our next section,

we have 95

p0 = −Mc = −E

c

pi = px,y,z =

(
m ˙⃗r√
1 − v2

c2

)
i

which giving the covariance of vectors for the Lorentz transform.

4.3 Particle Motion in Electromagnetic Field (Lagrange

Formulation)

Let us describe below as the action integral:

S = S0 + Sel

S0 = −mc

∫ b

a

ds = −mc

∫ τb

τa

dτ
√

gµνxµ′xν ′ =

∫ tb

ta

dt L0

L0 = −mc
√

gµν ẋµẋν

Sel = −e

∫
Aµdxµ = −e

∫ τb

τa

Aκx
κ′dτ =

∫ tb

ta

dt Lel

Lel = −eAµ
dxµ

dt
= −eϕ + e ˙⃗r · A⃗

94

d

dt

−ẋµ

c
√

1 − v2

c2

=0

95

pµ = −mc
gµν ẋν√
gµν ẋµẋν

p0 = −mc
c

c
√

1 − v2

c2

= −Mc = −E

c

pi = px,y,z = −mc
−ẋi

c
√

1 − v2

c2

=
(

m ˙⃗r√
1 − v2

c2

)
i
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The four-vector potential can be written

A0 = A0 =
1

c
ϕ

Ai = −Ai, A1 = Ax, A
2 = Ay, A

3 = Az

Where ẋµ =
dxµ

dt
is the four-velocity.

Note that the Lorentz invariance of this action is obeyed by the covariant vector

Aµ. The covariance of Aµ is obeyed by the observation given by the Maxwell ’s
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equation as well as by the conservation of the electric charge. 96

In those actions, we use the variation principle in which the equation of motion

96The covariance of Aµ is obeyed by the observation because of the Maxwell ’s equation and
the conservation of the electric charge. From our later discussion, the Maxwell ’s equation can
be defined by B⃗ = div A⃗, E⃗ = −∂A⃗

∂t − ∇⃗ϕ , which are equivalent to the two equations below:

2A⃗ = ∆A⃗ − 1
c2

∂2A⃗

∂t2
= ∇⃗(div A⃗ +

1
c2

∂ϕ

∂t
) − µ0j⃗

∆ϕ = − ∂

∂t
div A⃗ − ρ

ϵ0

Under a condition called the Lorentz (gauge) condition

div A⃗ +
1
c2

∂ϕ

∂t
=

∂Aµ

∂xµ
= ∂µAµ = 0

The two equivalent equations we described above can be written

2A⃗ = −µ0j⃗

2ϕ = −c2µ0ρ

Here we let the four-current jµ be

j0 = cρ, j1 = jx, j2 = jy, j3 = jz

which giving the Maxwell ’s equation

2Aµ = −µ0j
µ

.
For the conservation of electric charge

0 = div j⃗ +
∂ρ

∂t
= ∂µjµ

which is (experimentally) understood to be the Lorentz invariant. This gives the contravariant
vector jµ and Aµ. Note that the Lorentz condition ∂µAµ = 0 in fact expresses the relation for
the scalar, and remains invariant to the Lorentz transformation,

2∂µAµ = −µ0∂µjµ = 0

This is compatible with the field equation. Now, the gauge transformation

A⃗ → ⃗̄A = A⃗ + ∇⃗χ

ϕ → ϕ̄ = ϕ − ∂χ

∂t

can be written

Aµ → Āµ = Aµ + ∂µχ

To write E⃗, B⃗ in four-form, we let the second order covariant tensor be

fµν ≡ ∂µAν − ∂νAµ = −fνµ
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We may write down

f01 = ∂0A1 − ∂1A0 = −1
c

∂Ax

∂t
− 1

c

∂ϕ

∂x
=

1
c
Ex

f02 =
1
c
Ey

f03 =
1
c
Ez

f12 = ∂1A2 − ∂2A1 = −∂Ay

∂x
+

∂Ax

∂y
= −Bz

f13 = ∂1A3 − ∂3A1 = −∂Az

∂x
+

∂Ax

∂z
= By

f23 = ∂2A3 − ∂3A2 = −∂Az

∂y
+

∂Ay

∂z
= −Bx

Organize the above and rewrite

fµν =


0 Ex

c
Ey

c
Ez

c

−Ex

c 0 −Bz By

−Ey

c Bz 0 −Bx

−Ez

c −By Bx 0


These indeed stay invariant under gauge transformation:

f̄µν = ∂µĀν − ∂νĀµ

= ∂µ(Aν + ∂νχ) − ∂ν(Aµ + ∂µχ) = fµν
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97 takes the proper-time parameter. In the Lorentz invariant form, we can write

m
d2xρ

dτ 2
= −e

dxν

dτ
f νρ

fµν = ∂µAν − ∂νAµ =


0 Ex

c

Ey

c
Ez

c

−Ex

c
0 −Bz By

−Ey

c
Bz 0 −Bx

−Ez

c
0 Bx 0


Rewrite the above as

m
d2xρ

dτ 2
= F ρ

F ρ = −e
dxν

dτ
f νρ

We call F ρ the four-force. This equation of motion embodies the all four forces

97

δL0

δxµ
= mc

d

dτ

(
gµνxν ′√
gαβxα′xβ ′

)
δLel

δxµ
= −e

(
∂µ(Aκxκ′) − dAµ

dτ

)
= −e

(
∂µ(Aκxκ′) − xν ′∂νAµ

)
= −e

(
xκ′∂µAκ − xν ′∂νAµ

)
= −e(∂µAν − ∂νAµ)xν ′ = −fµνxν ′ = fνµxν ′

In which we take proper-time parameter, and written

mgµν
d2xν

dτ2
+ e

dxν

dτ
fνµ = 0

mgρµgµν
d2xν

dτ2
= −egρµ dxν

dτ
fνµ

m
d2xρ

dτ2
= −e

dxν

dτ
fν

ρ = −e
dxν

dτ
fνρ

We define τ = t, so that

m
d

dt

gµν ẋν√
1 − v2

c2

= eẋκfµκ

dπµ

dt
= eẋκfµκ, (πµtakesthetimetforthecommonparameterτ ; thatiswhenτ = t)

πµ = m
gµν ẋν√
1 − v2

c2

= Mgµν ẋν = Mẋµ

πµπµ =
m2ẋµẋµ

1 − v2

c2

=
m2(c2 − v2)

1 − v2

c2

= m2c2
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that are not independent but has a linear relation among them: 98

uµF
ν = 0

uµ =
dxµ

dτ

Where uµ is the four-velocity, we can write

uµuµ = c2

uµ = (c
dt

dτ
, v⃗

dt

dτ
)

99

With time t, this equation of motion can be written 100

dπµ

dt
= eẋκfµκ

πµ = m
gµν ẋ

ν√
1 − v2

c2

= Mẋµ = muµ

πµπ
µ = m2c2

98

dxµ

dτ
Fµ = −e

dxµ

dτ

dxκ

dτ
fκµ = 0; antisymmetricof fκµ

99We can rewrite

u0 = c
dt

dτ

ui =
dxi

dτ

√( dt

dτ

)2 − 1
c2

( dt

dτ
˙⃗r
)2 = 1

dt

√
1 − v2

c2
= dτ

Mẋµ =
m√

1 − v2

c2

ẋµ =
m√

1 − v2

c2

dxµ

dt
= m

dxµ

dτ
= muµ

100

πµπµ =M2c2 − π⃗2 = m2c2

π⃗ =Mv⃗ = (π1, π2, π3) = (−π1,−π2,−π3)
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For each component we can write in the forms 101

d(Mc2)

dt
= ev⃗ · E⃗

dπ⃗

dt
= e(E⃗ + v⃗ × B⃗)

M2c2 − π⃗2 = m2c2

Now let us rewrite the above:

M =
m√

1 − v2

c2

π⃗ = Mv⃗ = (π1, π2, π3) = (−π1,−π2,−π3)

v⃗ = ˙⃗r

We can also confirm the equation

v⃗ · dπ

dt
= eE⃗ · v⃗ =

dMc2

dt

101

π0 =
mc · 1√
1 − v2

c2

= Mc

π1 =
−mẋ√
1 − v2

c2

= −Mẋ = −π1 = −πx

π2 = −Mẏ − π2 = −πy, π3 = −Mż = −π3 = −πz

The zeroth component gives

dπ0

dt
= c

dM

dt
= eẋκf0κ =

e

c
(ẋEx + ẏEy + żEz)

d(Mc2)
dt

= ev⃗ · E⃗

While the first component gives

dπ1

dt
= −d(Mẋ)

dt
= eẋκf1κ = e

(
− c

c
Ex − ẏBz + żBy

)
dπx

dt
= e(E⃗ + ˙⃗r × B⃗)x

Lilewisewewrite
dπy

dt
= e(E⃗ + ˙⃗r × B⃗)y,

dπz

dt
= e(E⃗ + ˙⃗r × B⃗)z
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Thus, only dπ⃗
dt

= e(E⃗ + v⃗× B⃗) remains independent for the equation of motion. 102

4.4 Particle Motion in Electromagnetic Field (Hamilton

Formulation)

We now discuss the particle motion in electromagnetic field by Hamiltonian

forms. Where (τ = t) , the canonical momentum is defined as 103

pµ =
∂L

∂ẋµ

= − mẋµ√
1 − v2

c2

− eAµ = −Mẋµ − eAµ

102

v⃗ · dπ⃗

dt
= eE⃗ · v⃗

=
dM

dt
v⃗2 + Mv⃗ · dv⃗

dt

=
dM

dt
v2 +

1
2
M

dv2

dt

= m
d
dt

v2

c2

2(1 − v2

c2 )3/2
v2 +

1
2
M

dv2

dt

= m
v2 + (1 − v2

c2 )c2

2(1 − v2

c2 )3/2

d

dt

v2

c2
=

m

2(1 − v2

c2 )3/2

dv2

dt
=

dMc2

dt

v⃗ · dπ

dt
= eE⃗ · v⃗ =

dMc2

dt

103

pµ =
∂L

∂ẋµ

= −mc
gµν ẋν√
gµν ẋµẋν

− eAµ

= − mẋµ√
1 − v2

c2

− eAµ = −Mẋµ − eAµ

= −πµ − eAµ

p0 = −Mc − eA0 = −Mc − e

c
ϕ

p1 = −Mẋ1 − eA1 = +Mẋ + eAx

p2 = −Mẋ2 − eA2 = +Mẏ + eAy

p3 = −Mẋ3 − eA3 = +Mż + eAz
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Each component can be written in the forms:

p0 = −Mc − e

c
ϕ

p1 = Mẋ + eAx ≡ px

p2 = Mẏ + eAy ≡ py

p3 = Mż + eAz ≡ pz

p⃗ = π⃗ + eA⃗
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The Hamiltonian H can be defined as 104 105

H =
∑

µ=1,2,3

pµẋ
µ − L

= c
√

π⃗2 + m2c2 + eϕ

= c

√
(p⃗ − eA⃗)2 + m2c2 + eϕ

104Giving

π⃗ = Mv⃗ = p⃗ − eA⃗

M2c2 = π⃗2 + m2c2

We may write

Mc =
√

π⃗2 + m2c2

More precisely we can write

(p⃗ − eA⃗)2 = M2v2

(p⃗ − eA⃗)2 + m2c2 =
m2v2

1 − v2

c2

+ m2c2 = m2 v2 + c2(1 − v2

c2 )

1 − v2

c2

= m2 c2

1 − v2

c2√
(p⃗ − eA⃗)2 + m2c2 =

mc√
1 − v2

c2

= Mc

Thus,

Mc2 = c

√
(p⃗ − eA⃗)2 + m2c2

105

H =
∑

µ=1,2,3

pµẋµ − L

=
∑

µ=0,1,2,3

pµẋµ − p0ẋ
0 − L

= −p0ẋ
0 + pµẋµ − L

= −p0ẋ
0 − Mẋµẋµ − eAµẋµ − (−mc2

√
1 − v2

c2
− eAµẋµ)

= −p0ẋ
0 − M(c2 − v2) + mc2

√
1 − v2

c2

= −p0ẋ
0 = Mc2 + eϕ

= c
√

π⃗2 + m2c2 + eϕ

= c

√
(p⃗ − eA⃗)2 + m2c2 + eϕ
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In the non-relativistic limit (p⃗−eA⃗)2

2m
<< mc2 the Hamiltonian can be defined as

106

H ≈ mc2 +
(p⃗ − eA⃗)2

2m
+ eϕ

Recall our initial discussion is to formulate a Hamiltonian description of particle

motion in electromagnetic field. The canonical equation can be given 107

v⃗ ≡ ˙⃗r =
π⃗

M
˙⃗p = e∇⃗(A⃗ · v⃗ − ϕ)

Now given p⃗ = π⃗ + eA⃗, the canonical equation we described above may give the

equation of motion which we described earlier:

106

H =mc2

√
1 +

1
m2c2

(p⃗ − eA⃗)2 + eϕ

≈mc2(1 +
1
2
(p⃗ − eA⃗)2) + eϕ = mc2 +

(p⃗ − eA⃗)2

2m
+ eϕ

107The canonical equations are written

˙⃗r =
∂H

∂p⃗

˙⃗p = −∂H

∂r⃗

we direct our attention to the first equation of Mc =
√

π⃗2 + m2c2, π⃗ = p⃗ − eA⃗ = Mv⃗ and write

v⃗ ≡ ˙⃗r =
∂H

∂p⃗

= c
π⃗√

π⃗2 + m2c2

=
π⃗

M

Given π⃗ = Mv⃗, te second equation is written

˙⃗p = −∂H

∂r⃗

= c
e∇⃗(π⃗ · A⃗)√
π⃗2 + m2c2

− e∇⃗ϕ, (Note that ∇⃗ does not differentiate π.)

= e(∇⃗(A⃗ · v⃗) − ∇⃗ϕ), (Note that ∇⃗ does not differentiate v as we express normally.)

= e∇⃗(A⃗ · v⃗ − ϕ)
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dπ⃗

dt
= e∇⃗(A⃗ · v⃗ − ϕ) − e

dA⃗

dt

= e∇⃗(A⃗ · v⃗ − ϕ) − e
∂A⃗

∂t
− e(v⃗ · ∇⃗)A⃗

(Note that ∇⃗ does not differentiate v : a normal way of expression.)

= eE⃗ + e
(
∇⃗(A⃗ · v⃗) − (v⃗ · ∇⃗)A⃗

)
= e(E⃗ + v⃗ × B⃗)

Thus, the non-relativistic limit of the above equation speaks for itself. 108

108We consider v is being independent of r⃗, and given that we have A⃗× (B⃗ × C⃗) = (A⃗ · C⃗)B⃗ −
(A⃗ · B⃗)C⃗ = B⃗(A⃗ · C⃗) − (A⃗ · B⃗)C⃗ we can write

v⃗ × rot A⃗ = v⃗ × (∇⃗ × A⃗)

= ∇⃗(v⃗ · A⃗) − (v⃗ · ∇⃗)A⃗

or

(v⃗ × rot A⃗)i = ϵijkvjϵklm∂lAm = (δilδjm − δimδjl)vj∂lAm

= vj∂iAj − vj∂jAi
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5 Dirac Equations

5.1 Deriving the Dirac Equation

Based on the relativistic Hamiltonian we obtained in the previous section, we

continue the procedures of quantization. We first write the classical Hamiltonian

Hcl = c

√
(p⃗ − eA⃗)2 + m2c2 + eϕ

to which we make replacement p⃗ → −i~∇⃗ and consider the quantum Hamil-

tonian. Knowing that the root sign included in above equation being somehow

difficult, we may write

HD,cl = cα⃗ · (p⃗ − eA⃗) + βmc2 + eϕ

and use the formal equation of

Hcl = HD,cl

from which we try determining the Hamiltonian HD,cl that includes no root

signs. To explain further, we would like to determine the expansion coefficients α⃗

and β which satisfy

c2

{
(p⃗ − eA⃗)2 + m2c2

}
=

{
cα⃗ · (p⃗ − eA⃗) + βmc2

}2

To obtain such coefficients we need to have

α2
x = α2

y = α2
z = β2 = 1

{αi, αj} = αiαj + αjαi = 0, i ̸= j

{αi, β} = αiβ + βαi = 0

The coefficients α⃗ and β that satisfy the above may be considered the matrix of

forth-order. In our case, the Dirac expression described below is considered to be

convenient:

αi =

(
O2 σi

σi O2

)
≡ ρ1 ⊗ σi

β =

(
I2 O2

O2 −I2

)
≡ ρ3 ⊗ I2

where σ⃗ and ρ⃗ are the Pauli matrices

σx =

(
0 1

1 0

)
, σy =

(
0 −i

i 0

)
, σz =

(
1 0

0 −1

)
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They satisfy the following relation 109

σiσj = iϵijkσk, (i ̸= j)

σ2
i = I2

[σi, σj] = 2iϵijkσk

Tr σx = Tr σy = Tr σz = 0

det σx = det σy = det σz = −1

(σ⃗ · A⃗)(σ⃗ · B⃗) = (A⃗ · B⃗)I2 + iσ⃗ · (A⃗ × B⃗)

Here we use the sign ⊗ when we describe 4 × 4 matrices from a set of 2 × 2

matrix. (Tensor Product):

(A ⊗ B)ia,jb ≡AijBab

i, j =1, 2 a, b = 1, 2

(i, a), (j, b) =(1, 1), (1, 2), (2, 1), (2, 2)

Recall the multiplication of the block matrices, we may write

(A ⊗ B)(C ⊗ D) =(AC ⊗ BD)

In another way, we may also understand from the equation

{(A ⊗ B)(C ⊗ D)}ia,jb =(A ⊗ B)ia,kc(C ⊗ D)kc,jb

=AikBacCkjDcb = (AC)ij(BD)ab

=(AC ⊗ BD)ia,jb

Furthermore, 110

109

(σ⃗ · A⃗)(σ⃗ · B⃗) =σiAiσjBj =
1
2
{σiAiσjBj + σjAjσiBi}

=
1
2
{
∑
i=j

(σiσjAiBj + σjσiAjBi)} +
∑
i̸=j

(σiσjAiBj + σjσiAjBi)}

=
1
2

{∑
i

2σ2
i AiBi +

∑
i ̸=j

σiσj(AiBj − AjBi)
}

=A⃗ · B⃗ + i
1
2
ϵijkσk(AiBj − AjBi)

=A⃗ · B⃗ + iϵijkσkAiBj

=A⃗ · B⃗ + iσ⃗ · A⃗ × B⃗

110

TrA ⊗ B =
∑
ia

(A ⊗ B)ia,ia =
∑
ia

AiiBaa = TrATrB



— Quantum Mechanics 3: Relativistic Quantum Mechanics — 2005 Winter Session, Hatsugai84

Tr A ⊗ B =Tr A Tr B

[A ⊗ I, B ⊗ C] =AB ⊗ C − BA ⊗ C = [A,B] ⊗ C

The quantization p⃗ → −i~∇⃗ via HD,cl is what we call the Dirac Hamiltonian

HD such that the Schroedinger equation is called the Dirac equation and written

HD = cα⃗ · (~
i
∇⃗ − eA⃗) + βmc2 + eϕ

i~
∂

∂t
Ψ(r⃗, t) = HDΨ(r⃗, t)

Here we bring the Dirac matrix γµ, µ = 0, 1, 2, 3 into the Dirac equation and

rewrite which in 111

γµ = (γ0, γ⃗)

γ0 = β

γ⃗ = (γx, γy, γz) = βα⃗ = (γ1, γ2, γ3)

{γµ, γν} = 2gµν

Note that the Hermitian for α⃗ and β can be written

γ0† = γ0

γi† = −γi

We may simplify this in the form

γµ† = γ0γµγ0

111For example,

γ1γ1 = βαxβαx = −ββαxαx = −I
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Given that we can write the Dirac equation 112{
i~γµ(∂µ + i

e

~
Aµ) − mc

}
Ψ = 0

(i~γµDµ − mc)Ψ = 0

Dµ = ∂µ + i
e

~
Aµ

Note that there are four components in the wave function. For i~ ∂
∂t

Ψ = HDΨ ,

we can write

HD =γ0(−i~cγ⃗ · ∇⃗ + mc2)

i~c∂0Ψ =HDΨ

5.2 Symmetry of Dirac Equation

The Conservation of Current

Consider now the Dirac equation and whose Hermitian conjugate, which gives
113

ρ = Ψ†Ψ

j⃗ = cΨ†α⃗Ψ

112 {
i~

∂

∂t
− cα · (~

i
∇⃗ − eA) − βmc2 − eϕ

}
Ψ = 0

γ0

c
×{

γ0(i~
1
c

∂

∂t
− e

1
c
ϕ) − γ⃗ · (−i~∇⃗ − eA⃗) − mc

}
Ψ = 0{

i~γ0(
∂

∂(ct)
+ ie

1
c~

ϕ) + i~γ⃗ · (∇⃗ − i
e

~
A⃗) − mc

}
Ψ = 0{

i~γµ(∂µ + i
e

~
Aµ) − mc

}
Ψ = 0

(i~γµDµ − mc)Ψ = 0

Dµ = ∂µ + i
e

~
Aµ

113The Dirac equation

i~
∂Ψ
∂t

= c(−i~∂i − eAi)αiΨ + (βmc2 + eϕ)Ψ

whose Hermitian conjugate gives

−i~
∂Ψ†

∂t
= c(i~∂i − eAi)Ψ†αi + Ψ†(βmc2 + eϕ)
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Thus, the equation of continuity

∂ρ

∂t
+ div j⃗ = 0

can be written.

In the covariant form we have Ψ̄ = Ψ†γ0 ; the following relation for the conser-

vation of current can be obtained: 114115

∂µj
µ = 0

jµ = Ψ̄γµΨ

Thus,

i~
∂

∂t
(Ψ†Ψ) = i~(Ψ̇†Ψ + Ψ†Ψ̇)

= −ic~
{

(∂iΨ†αi)Ψ + Ψ†αi(∂iΨ)
}

= −ic~∂i(Ψ†αiΨ)

and

ρ = Ψ†Ψ
j⃗ = cΨ†α⃗Ψ

Hence

∂ρ

∂t
+ div j⃗ = 0

114Given

i~γµ(∂µΨ) − eγµAµΨ − mcΨ = 0

the Hermitian conjugate may yield

−i~(∂µΨ†)γµ† − eΨ†γµ†Aµ − mcΨ† = 0

Let us have Ψ̄ = Ψ†γ0 and write

−i~(∂µΨ̄)γµ − eΨ̄γµAµ − mcΨ̄ = 0

Therefore the following relation of the conservation of current can be given

∂µjµ = 0
jµ = Ψ̄γµΨ

115In order to show the Lorentz invariance we must first show that the current jµ is the invariant
vector. Vice versa, we can say that the Lorentz invariance is being retained by experimentally
identifying this conservation.
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Conservation of Total Angular Momentum for Free Particles

Here we consider the free particles A⃗ = 0⃗, ϕ = 0 in Dirac representation 116

H = cα⃗ · p⃗ + βmc2 = cρ1 ⊗ σipi + ρ3mc2

where we have

L⃗ = r⃗ × p⃗

Li = ϵijkrjpk

we may write

[
~
2
σ⃗ + L⃗,H] = 0

Thus,

[H, J⃗ ] = 0

J⃗ = L⃗ + S⃗

S⃗ =
~
2
σ⃗

116For

H = cα⃗ · p⃗ + βmc2 = cρ1 ⊗ σipi + ρ3mc2

in which

L⃗ = r⃗ × p⃗

Li = ϵijkrjpk

we may write

[Li,H] = cρ1 ⊗ σℓ[ϵijkrjpk, pℓ] = i~cρ1 ⊗ σℓϵijkδjℓpk

= i~cρ1 ⊗ ϵijkσjpk = i~cρ1 ⊗ (σ⃗ × p⃗)i

[AB,C] = ABC − CAB

A[B,C] + [A,C]B = ABC − ACB + (ACB − CAB)

while we write

[σi,H] = cρ1 ⊗ [σi, σℓ]pℓ

= 2icρ1 ⊗ ϵiℓkσkpℓ

= −2icρ1 ⊗ (σ⃗ × p⃗)i

Thus,

[
~
2
σ⃗ + L⃗,H] = 0



— Quantum Mechanics 3: Relativistic Quantum Mechanics — 2005 Winter Session, Hatsugai88

where we call S⃗ the spin, and therefore the total angular momentum J⃗ becomes

the conserved quantity.

Conservation of Energy and Momentum for Free Particles

For the free particles Aµ = 0, we can write

HD =cρ1 ⊗ σipi + ρ3mc2

[HD, HD] =0

[HD, p⃗] =0⃗

5.2.1 The Lorentz Invariance

The Lorentz transformation

x′µ = Ωµ
νx

ν

x′µΩµ
κ = xκ

gives Dµ, which is transforming as the covariance vector thus, 117 (Dµ = D′
νΩ

ν
µ)

γ̂µ = Ωµ
νγ

ν

giving 118

(i~γ̂νD′
ν − mc)Ψ(x) = 0

117

∂′
µ =

∂xν

∂x′µ ∂ν = Ωµ
ν∂ν

∂µ =
∂

∂xµ
=

∂x′ν

∂xµ

∂

∂x′ν = Ων
µ∂′

ν = ∂′
νΩν

µ

while the covariance of Aµ gives

A′
µ(x′) = Ωµ

νAν(x)
A′

µ(x′)Ωµ
κ = Ωµ

νAν(x)Ωµ
κ = gµρΩρνAν(x)gµτΩτ κ = δρ

τΩρνAν(x)Ωτ κ

= ΩρνAν(x)Ωρκ = δν
κAν(x) = Aκ(x)

118

0 = (i~γµDµ − mc)Ψ(x) = (i~γµD′
νΩν

µ − mc)Ψ(x)

=
(
i~(Ων

µγµ)D′
νΩν

µ − mc
)
Ψ(x)

= (i~γ̂νD′
ν − mc)Ψ(x)
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Now let us have 119

{γ̂µ, γ̂ν} = 2gµν

which indicates the existence of the regular matrix Λ, and for all µ we know that

there is Λ that satisfies

γ̂µ = Λ−1γµΛ

For the in depth explanation, which is covered in our later discussion, and given

the fact, the Dirac equation forms the Lorentz covariance as described in the

following: 120

(i~γµD′
µ − mc)Ψ′(x′) = 0

Thus,

Ψ′(x′) = ΛΨ(x)

so, we can write

x′ = Lx, x′µ = Ωµ
νx

ν

Therefore,

Ψ′(x′) = (LΨ)(x′) = (LΨ)(Lx) = ΛΨ(x)

A specific structure of the transformation matrix Here we elaborate on Λ used

in our discussion for a specific construction. First, consider the infinitesimal

Lorentz transformation

Ωµ
ν =gµ

ν + δΩµ
ν

119

{γ̂µ, γ̂ν} = Ωµ
κΩν

ρ{γκ, γρ} = 2Ωµ
κΩν

ρg
κρ

= 2Ωµ
κΩνκ = 2gµτΩτ κΩνκ = 2gµτδτ

ν = 2gµν

120

(i~Λ−1γµΛD′
µ − mc)Ψ = 0

(i~γµΛD′
µ − mcΛ)Ψ ≡ (i~γµD′

µ − mc)Ψ′(x′) = 0
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Given that we have up to the degree of first-order Ωµ
νΩµ

λ = gλ
ν for the infinitesimal

quantity, 121 we can write

δΩλν = − δΩνλ

Now, let us rewrite Λ−1γµΛ = Ωµ
νγ

ν . To do so, we begin by writing down

Ωµ
ν =gµ

ν + δΩµ
ν

Ωµ
νγ

ν =γµ + δΩµ
νγ

ν

Λ =I + δΛ Towhich, wemaywrite

(I − δΛ)γµ(I + δΛ) =γµ − [δΛ, γµ]

Therefore,

δΩµ
νγ

ν = − [δΛ, γµ]

δΩµνγ
ν = − [δΛ, γµ]

and

δΛ = − i

4
σκνδΩκν

Given the antisymmetric property of δΩµν we suppose

σµν = − σνµ

without losing the generality, and being aware of the antisymmetric property, we

can write

δΩµνγ
ν =

i

4
[σκν , γµ]δΩκν

[σκν , γµ] = − 2i(gκ
µγν − gν

µγ
κ)

121

gλ
ν =(gµ

ν + δΩµ
ν)(gµ

λ + δΩµ
λ)

=gλ
ν + δΩλ

ν + δΩν
λ

0 =δΩλ
ν + δΩν

λ

0 =δΩλν + δΩνλ
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We can show that the following relation for σµν being satisfied: 122

σµν =
i

2
[γµ, γν ]

By integrating the above we obtain 123

Ω =eω,

ω̃ = − ω

For the above equations we may write down (ω: real antisymmetric)
124

122

σµν =
i

2
[γµ, γν ]

∵ [γκγν , γµ] =γκγνγµ − γµγκγν

=γκ(−γµγν + 2gµν) − γµγκγν

= − γκγµγν + 2γκgµν − γµγκγν

= − 2gκµγν + 2γκgµν

[[γκ, γν ], γµ] = − 2gκµγν + 2γκgµν − (−2gνµγκ + 2γνgµκ)
= − 4gκµγν + 4γκgµν

[[γκ, γν ], γµ] = − 4gκ
µγν + 4γκgν

µ

[
i

2
[γκ, γν ], γµ] = − 2i(gκ

µγν − γκgν
µ)

123

Ω =eω

ΩΩ̃ =Igives

ω̃ = − ω

To express the components, given

(Ω̃)µ
ν =Ων

µ

which yields

(ΩΩ̃)µ
ν =Ωµ

κΩν
κ = δµ

ν

(Ω−1)
κ

ν =Ων
κ

(ω̃)µ
ν =ων

µ = −ωµ
ν

(eω)µ
κ(eω)ν

κ =(eω)µ
κ

˜(eω)
κ

ν = (eω)µ
κ(eω̃)

κ

ν = δµ
ν

124First we begin with writing down

γ̂κ =(etω)κ
λγλ

∣∣∣∣
t=1
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Λ =e
− i

4
σµνωµν

While 125

Λ† =γ0Λ−1γ0

and

Λ(t) =e
− it

4
σµνωµν

= e
− it

4
σµ

νωµ
ν

to give

Γκ(t) =Λ(t)−1γκΛ(t) = e
+

it

4
σµ

νωµ
ν
γκe

− it

4
σµ

νωµ
ν

∂Γκ

∂t
=

i

4
Λ−1[σµ

ν , γκ]Λωµ
ν =

1
2
Λ−1(gκ

µγν − gκνγµ)Λωµ
ν

=
1
2
(gκ

µΓν − gκνΓµ)ωµ
ν =

1
2
(Γνωκ

ν − Γµωµκ) =
1
2
(Γνωκ

ν − Γµωµ
κ)

=
1
2
(Γνωκ

ν + Γµωκ
µ) = ωκ

µΓµ

Where t = 0, note for Γµ(0) = γµ, the solution of the simultaneous differential equation is given

Γµ =(etω)µ
νγν

While t = 1 , the solution is given

Γµ(1) =γ̂µ

125

σµν† =
(

i

2
[γµ, γν ]

)†

= − i

2
[γν†, γµ†]

=
i

2
[γµ†, γν†] = γ0 i

2
[γµ, γν ]γ0

=γ0σµνγ0

Λ† =e

i

4
(σµν)†ωµν

=γ0e

i

4
(σµν)ωµν

γ0

=γ0Λ−1γ0
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For this Lorentz transformation, we can write the current

Ψ =Λ−1Ψ′ = γ0Λ†γ0Ψ′

jµ =Ψ̄γµΨ

=Ψ†γ0γµΨ

=Ψ′†γ0Λγ0(γ0γµ)Λ−1Ψ

=Ψ′†γ0ΛγµΛ−1Ψ′

=Ψ̄′ΛγµΛ−1Ψ′

Recall our discussion in the previous section, we can express

Ωµ
νγ

ν =Λ−1γµΛ

Ωµ
νΛγνΛ−1 =γµ

Ωµ
κΩµ

νΛγνΛ−1 =gκ
ν ΛγνΛ−1 = ΛγκΛ−1 =

=Ωµ
κγµ = γµΩµ

κ

Thus, 126

j′
κ

=Ωκ
µj

µ

j′
µ

=Ψ̄′γµΨ′

This implies that the current is capable of transforming itself into the invariant

vector such that the conservation ∂µj
µ = 0 can be regarded as the Lorentz invari-

ant.

5.3 The Plane-wave Solutions for the Free Dirac Equation

In this section, we consider the solutions for Dirac equation where Aµ = 0 . Let

us write the Dirac Hamiltonian

H =cα⃗ · ∇⃗
i

+ βmc2 = cρ1 ⊗ σ⃗ · p⃗ + ρ3mc2

such that the Dirac equation can be written

i~c∂0Ψ =HΨ

126

jµ =j′
νΩν

µ

Ωκ
µjµ =Ωκ

µΩν
µj′

ν = gκ
ν j′

ν = j′
κ
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Rewrite the above and give

Ψ(+)(x) =e−ikµxµ

u(k)

Ψ(−)(x) =e+ikµxµ

v(k)

−kµxµ = − k0x0 + kixi = k⃗ · r⃗ − ωt

(kx, ky, kz) =(k1, k2, k3) = (−k1,−k2,−k3)

k0 =k0 =
ω

c

Thus,

H2 =(c2p⃗ 2 + m2c4)14

Note the above, and obtain the following relation for the solutions of the plane

waves:127

p⃗Ψ(±) = ± ~k⃗Ψ(±)

HΨ(±) = ± EΨ(±)

Hu = + Eu

Hv = − Ev

E =c~k0 = c~k0 = ~ω

~k0 =

√
~k⃗ 2 + m2c2

kµk
µ =

(mc

~
)2

127

H2 =c2ρ2 ⊗ (σ⃗ · p⃗)2 + ρ2
3m

2c4 + 2mc2(ρ1ρ3 + ρ3ρ1)σ⃗ · p⃗
=(c2p⃗ 2 + m2c4)14

or

H =γ0(−i~cγ⃗ · ∇⃗ + mc2)

H2 =γ0(−i~cγ⃗ · ∇⃗ + mc2)γ0(−i~cγ⃗ · ∇⃗ + mc)

= − ~2c2γ0γiγ0γj(∇⃗)i(∇⃗)j + m2c4 − i~mc2(γiγ0 + γiγ0)(∇⃗)i

= − ~2c2(−γi)γj(∇⃗)i(∇⃗)j + m2c4

= − ~2c2∇⃗2 + m2c4 = c2p⃗ 2 + m2c4

p⃗Ψ(±) =
~
i
∇⃗Ψ(±) =

~
i
(∓i)(k1, k2, k3)Ψ(±) = ±~(k1, k2, k3)Ψ(±) = ±~k⃗Ψ(±)
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While we let (i~γµ∂mu−mc)Ψ(±) = 0 given by the Dirac equation k/ = kµγ
µ such

that 128

(~k/ − mc)u =0

(~k/ + mc)v =0

5.3.1 In the Case of m ̸= 0

If we take the inertial system v⃗ = 0, kµ = (mc
~ , 0, 0, 0) which stays stationary,

the complete system uα
rest, v

α
rest,α = 1, 2 can be given 129

u1
rest =


1

0

0

0

 , u2
rest =


0

1

0

0

 , v1
rest =


0

0

1

0

 , v2
rest =


0

0

0

1


ūαuβ =δαβ, v̄αvβ = −δαβ, ūαvβ = v̄αuβ = 0

uα
rest =

(
ψα

rest

0

)
, vα

rest =

(
0

χα
rest

)

From which we determine the general solutions for the plane waves via Lorentz

128

(±~k/ − mc)Ψ(±)(x) =0, k/ = kµγµ

(~k/ − mc)u =0
(~k/ + mc)v =0

129

mc(γ0 − 1)urest =mc


0

0
−2

−2

 urest = 0

mc(γ0 + 1)vrest =mc


2

2
0

0

 vrest = 0
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transformation. We begin by the equations 130

a/b/ = − iaµbνσ
µν + aµb

ν

k/k/ =kµk
µ = k2

which gives

uα =
1

mc
(~k/ + mc)uα

rest

=
1

mc

(
(~k0 + mc)ψα

rest

γi~kiψα
rest

)
=

1

mc

(
(E

c
+ mc)ψα

rest

(σ⃗ · p⃗)ψα
rest

)

5.4 The Non-relativistic Limit

The four components spinor can be written by the two components spinor ψ

and χ:

Ψ(x) =

(
ψ(x)

χ(x)

)

Let us write the Dirac equation in the forms

i~
∂

∂t

(
ψ

χ

)
=

(
mc2 + eϕ cP

cP −mc2 + eϕ

)(
ψ

χ

)
P = α⃗ · π⃗ = σ⃗ · (p⃗ − eA⃗)

In steady states, we obtain

ψ(x) = e−iEt/~ψ(r⃗)

χ(x) = e−iEt/~χ(r⃗)

yielding

(mc2 + eϕ)ψ + cPχ = Eψ

cPψ + (−mc2 + eϕ)χ = Eχ
130

a/b/ =aµγµbνγν =
1
2
(aµbνγµγν + aνbµγνγµ) =

1
2
(
aµbνγµγν + aνbµ(−γµγν + 2gµν)

)
=

1
2
(aµbν − aνbµ)γµγν + aµbν =

1
2
aµbν [γµ, γν ] + aµbν

= − iaµbνσµν + aµbν

σµν =
i

2
[γµ, γν ]
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To consider the non-relativistic limit

eϕ << mc2,
P 2

2m
<< mc2, E ≈ mc2

we transform the Dirac equation into a much more convenient form

W = E − mc2

Thus, given the second equation we can write down

χ =
c

2M ′c2
Pψ =

1

2M ′c
Pψ

2M ′c2 = E + mc2 − eϕ = 2mc2 + W − eϕ

M ′ = m +
1

2c2
(W − eϕ)

From these equations the Dirac equation can be accurately rewritten in the form
131

(P
1

2M ′P + eϕ)ψ = Wψ

The Lowest Order Approximation

For the lowest order approximation we suppose

M ′ = m

This gives (Schroedinger approximation)

Hshψ = Wψ

Hsh =
1

2m
P 2 + eϕ

Here note that 132

P 2 = π⃗2 − e~σ⃗ · B⃗, B⃗ = rot A
131

(mc2 + eϕ)ψ + P
1

2M ′Pψ = Eψ

(P
1

2M ′P + eϕ)ψ = Wψ

132

P 2 = (σ⃗ · π⃗)2 = (σiπ
i)(σjπ

j) = π⃗2 +
1
2
(σiσj − σjσi)πiπj

= π⃗2 + iϵijkσiπjπk = π⃗2 + iϵijkσi(pj − eAj)(pk − eAk)

= π⃗2 − ieϵijkσi(pjAk) = π⃗2 − ieϵijkσi
~
i
(∂jAk)

= π⃗2 − e~σ⃗ · B⃗, B⃗ = rotA
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Thus,

Hsh =
(p⃗ − eA⃗)2

2m
+ eϕ + µ⃗ · B⃗

µ⃗ = − e~
2m

σ⃗

= −gµBS⃗/~, (S⃗ =
~
2
σ)

WhereBorhmagnetonis µB =
e~
2m

, andsocall g factoris g = 2

.

The Approximation to v2

c2

In our next step, we raise the order of approximation 133 to

1

M ′ ≈ 1

m
− 1

2m2c2
(W − eϕ)

Here we make an estimate of W − eϕ ≈ mv2, where we take the value up to v2

c2

such that we can write

P
1

2M ′P =
P 2

2m
− 1

4m2c2
WP 2 +

e

4m2c2
PϕP

and which gives(
P 2

2m
+ eϕ +

e

4m2c2
PϕP

)
ψ = W (1 +

1

4m2c2
P 2)ψ

Now we consider the normalization condition such that

χ =
1

2mc
Pψ

For this we can write

1 =

∫
d3r Ψ†Ψ =

∫
d3r (ψ†ψ + χ†χ)

=

∫
d3r ψ†(1 +

1

4m2c2
P 2)ψ

133

1
M ′ =

1
m

(1 +
1

2mc2
(W − eϕ))−1

=
1
m

− 1
2m2c2

(W − eϕ) + o(
v2

c2
)

≈ 1
m

− 1
2m2c2

(W − eϕ)
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Therefore if we let the normalized wavefunction ψN in two components to be

ψN = Ωψ

1 =

∫
d3r ψ†

NψN

then we may also have

Ω = 1 +
1

8m2c2
P 2

The equation for ψN can be given 134 135(
P 2

2m
+ eϕ − P 4

8m3c2
− e

8m2c2
[P, [P, ϕ]]

)
ψN = WψN

When we look into the degree of order, the below indicates that there are the

values up to v2

c2
:

e

8m2c2
[P, [P, ϕ]] ≈ mv2(mv)2

m2c2
=

1

2
mv2 ·

(
v2

c2

)
1

8m3c2
P 4 ≈ (mv)4

m3c2
=

1

2
mv2 ·

(
v2

c2

)

134Given {A2, B}−2ABA = A2B−BA2−2ABA, [A, [A,B]] = A(AB−BA)− (AB−BA)A =
A2B − 2ABA + BA2 we may use {A2, B} − 2ABA = [A, [A,B]]

135 (
P 2

2m
+ eϕ +

e

4m2c2
PϕP

)
Ω−1ψN = WΩψN

Ω−1

(
P 2

2m
+ eϕ +

e

4m2c2
PϕP

)
Ω−1ψN = WψN(

P 2

2m
+ eϕ − P 4

8m3c2
− e

8m2c2
{ϕ, P 2} +

e

4m2c2
PϕP

)
ψN + o(

v2

c2
) = WψN(

P 2

2m
+ eϕ − P 4

8m3c2
− e

8m2c2
[P, [P, ϕ]]

)
ψN = WψN
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136

P 4 = [π⃗2 − e~(σ⃗ · B⃗)]2

[P, ϕ] = [σj(pj − eAj), ϕ] = σj(pjϕ) = −i~σj∂jϕ

In the stationary electric fields, which is given by E⃗ = −∇⃗ϕ , we can write

[P, [P, ϕ]] = ~2div E⃗ + 2~σ⃗ · E⃗ × π⃗

The approximation (Pauli approximation) can be made to the degree of order

we obtained in the above so that we write

HpauliψN = WψN

Hpauli = Hsh + Hc

Hsh =
1

2m
(π⃗2 − e~σ⃗ · B⃗)2 + eϕ =

1

2m
π⃗2 + eϕ − e~

2m
σ⃗ · B⃗

Hc = −(π⃗2 − e~σ · B⃗)2

8m3c2
− e~2

8m2c2
div E⃗ − e~

4m2c2
σ⃗ · E⃗ × π⃗

Now we consider the non-relativistic limit for the classical Hamiltonian, we can

write

Hcl = c
√

π⃗2 + m2c2 + eϕ = mc2

√
1 +

π⃗2

m2c2
+ eϕ

≈ eϕ + mc2(1 +
1

2

π2

m2c2
− 1

8

π4

m4c4
)

= eϕ + mc2 +
π⃗2

2m
− π⃗4

2m3c4

where we define π⃗2 → π⃗2 − e~σ⃗ · B⃗, which includes the effects by the spin, the

first term of Hc can be regarded as the correction term for the relativistic kinetic

energy. The second term of the equation is called the Darwin term.
136

P 4 = [π⃗2 − e~(σ⃗ · B⃗)]2

[P, ϕ] = [σj(pj − eAj), ϕ] = σj(pjϕ) = −i~σj∂jϕ

[P, [P, ϕ]] = −i~[σi(pi − eAi), σj∂jϕ]
= −~2[σi∂i, σj∂jϕ] + ie~[σiAi, σj∂jϕ]
= −~2σiσj∂i∂jϕ − ~2σiσj(∂jϕ)∂i + ~2σjσi(∂jϕ)∂i + ie~[σi, σj ]Ai∂jϕ

= −~2∆ϕ − ~2[σi, σj ](∂jϕ)∂i − 2e~ϵijkσkAi(∂jϕ)
= −~2∆ϕ − 2i~2ϵijkσk(∂jϕ)∂i − 2e~ϵijkσkAi(∂jϕ)

= ~2div E⃗ − 2i~2σ⃗ · E⃗ × ∇⃗ + 2e~σ · A⃗ × E⃗

= ~2div E⃗ + 2~σ⃗ · E⃗ × (p⃗ − eA⃗)

= ~2div E⃗ + 2~σ⃗ · E⃗ × π⃗
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For the last term of the equation, when we consider the central force field,
137

eϕ(r⃗) = V (r), A⃗ = 0⃗

HLS ≡ − e~
4m2c2

σ⃗ · E⃗ × π⃗ =
~

4m2c2

1

r

∂V

∂r
σ⃗ · (r⃗ × p⃗)

=

(
1

2m2c2

1

r

∂V

∂r

)
s⃗ · ℓ⃗

s⃗ =
~
2
σ⃗

ℓ⃗ = r⃗ × p⃗

and is called the spin-orbit interaction.

The Time-dependent Case (The Lowest Order)

Given

Ψ = e−imc2t/~

(
ψ

χ

)
Recall our discussion for the steady states, and we direct our attention to the slow

mode in energy mc2 periphery:

mc2ψ + i~∂tψ = (mc2 + eϕ)ψ + cPχ

mc2χ + i~∂tχ = cPψ + (−mc2 + eϕ)χ

which gives

i~∂tψ = eϕψ + cPχ

i~∂tχ = cPψ + (−2mc2 + eϕ)χ

We define mv2 << mc2, eϕ << mc2 , the second equation may give

χ =
cP

2mc2
ψ

Thus, we can derive the Schr?dinger equation

i~
∂ψ

∂t
= Hshψ

Hsh =
P 2

2m
=

(p⃗ − eA⃗)2

2m
+ eϕ + µ⃗ · B⃗

137

E⃗ = −∂V

∂r
r̂ = −1

r

∂V

∂r
r⃗




