June 4 Lecture Schedule
The radius of convergence calculation ([1] p.192, [2] II p.133, )
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If lim,, o0 il | _ (or lim,, .o |an|% = [) exists then r = 7 (I #0)0

and r = oo, (I = 0) can be given.
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[Proof] If let |z| < 1/1 we can write lim,, Ini1? < 1. from which
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lim,, o |————| > 1 must be provided if a,2™ — 0(n — o), and x > 1/I
A, "

therefore |a,z"| — oco(n — 00) is obtained.
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Differential and integral calculus of the power series Z apxz™ ([1] p.193,

n=0

[2] 11 p.134-136, [3] p.233-242.)
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Theorem [ Let r be the radius of convergence of the power series Z apx".
n=0
In such a case, the following statements can be held:
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10 The power series E na,x™ ' and E ﬁx"“ have radii of conver-
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gence 1.

20 If we define the function f(z) as f(z) = Zanx” for —r < x <r,
n=0
f(z) is differentiable on —r < z < r so that we can write as
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log(1+x) = /0 lixd:r - /0 (Z(—l)nx”) du = Z(_m—l%“
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[Proof] 10 Let 7’ be the radius of convergence of Z na,z" 10

n=1

(1) na,a™* — 0(n — oo) stands when |z| < r
(2) apx™ — 0(n — oo) stands when |z| < 7’/

Showing these two may suffice for the proof. Let us begin by showing (2).
We have a,z" — 0(n — oo) if |z| < r’ so that a,z"! — 0(n — o0) can be
given. Now, we show (1). There is existing N which satisfies |a,t"| < 1 if
n > N at |z| <t < r, which gives
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Ina,z" | < n( ; )"t — 0 (n — o0)

20 We let f,(z) = > p_, ara®.

Continyuation. Let |z|,|a] < s <t < r. We take N for which to satisfy
la,|t" <1atn > N. So,if n > N we can write
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Likewise, we may express the case x = a. Thus,

[f(2) = fla)] < |f(2) = fal@)| + | fu(z) = fula)| + [f(a) = fula)l
< [fal) = fu(a)] + 225
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such that,
lim |f(x) — f(a)] <2, -0 (n— o0).

Here, note that the inequality

|f($> - fn(m)l <ép

can be given independent ofz. In such a case, the functional sequence f,(x)
is known to be uniformly convergent to f(x).

[Another proof of the power series differential and integral calculus theo-
rem 2|

@) = f@)] = | an(e” —a")| <Y lalla™ —a"|

|z — al Z lan| |2t + 2" 20 + - + a7
n

IA

|z — al z:n|an|t"_1 -0 (z—a)
n

This is differentiable. We let g(z) = Z na,z"* and |z|,|a| <t <71
n=1

I =10 _ oy 2 5 0 (E ey
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= Z an((z" P —a" )+ (2" Pa —a" ) + - (a2 = a™ )

— (x—a)Zan((:c”’2+-~~+a”’2)—|—(:c”’g’a—l—~~-+a”’2)—|—---—i—a"’2)

Thus,

‘f(lz‘:g(a) _g(a)
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