December 3 Lecture Schedule

Integration of multivariable function

O Definition

O Consecutive integration

O Application (area, volume, center of gravity, and etc.)

O Change of variables formula

Algorithm: I. Consecutive integration ([Takahashi, Kato] p.150 Theorem
6, [Kaneko| II p.76 Theorem 7.4, [Kodaira] II p.323 Theorem 7.3)

| spasdy = [ b ( / df(sc,y>dy) i | d ( / bf(a:,y>dx) ay. (1)

[Proof] We show the first equal sign. If we let F'(x f f(x,y)dy then the
right hand side of the equation can be written as fa F(z)dz.

The partition of D = {(z,y)]la < x < b,c <y § d} can be given by
a=a<a <- <an_bc—co<clg - < ¢, = d so, we can write
a1 <xz; < a; and thereby, F f f(ziy dy = Z Cij_l f(zi,y)dy

The mean value theorem gives ¢;_1 < y;; < ¢; that satlsﬁes fcj?;l fziy)dy =

f(xi,vi5)(¢; — ¢j—1), and from which F(x;) = Z;n:l f(xi,vi5)(¢; — ¢j—1) can
be given.

Thus, fab F(z)dx represents the limit of > 3" | F'(w;)(ai—ai—1) = >, D00 (@i, yi5)(ai—

a;—1)(c; — ¢j—1) whose partition is subdivided. The limit of the right hand
side is given by [, f(z,y)dzdy.
The right hand sides of the equation (??) are also expressed by fab dx fcd f(z,y)dy,

and fcd dy fab f(x,y)dz respectively.
Geometrical meaning: the volume is determined by integrating the area.
If D is defined by a < z < b,and ¢(x) <y < d(z),

b d(z)
f(x,y)dfcdyz/ dx/() [z, y)dy

Example: volume of the unit sphere

/agzﬁb,c(ac)gyﬁd(ac)

Vi—z2

/ \/1—x2—yda:dy—/ dx/ 2\/1—x2—y2dy
2+y2<1

_ /_1 w1 - afde = afe - 2, = 2



Example: [Takahashi, Kato] p.155 Problem 7 (2)

/ ycos(x — y)dxdy = / dy/ ycos(z — y)dx = / ylsin(z — y)]7dy
0<y<z<m 0 Yy 0

= /ysinydy:[—ycosy]g—/ —cosydy = .
0

0
g

= /0 dx /OwyCOS(y —r)dy = /0 (lysin(y — z)J5 — /Ow sin(y — z)dy)dz

= /(/ Sinydy)dx:/ [—cosy]gdx:/ 1 — cosxdx = .
o Jo 0 0



