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ͷର֯Խྻߦ

෺ཧͷ໰୊ʹ͋ΒΘΕΔྻߦԋࢉ

࿈ཱҰ࣍ํఔࣜɾྻߦٯ
! ภඍ෼ํఔࣜͷڥք஋໰୊
! ඇઢܗ࿈ཱํఔࣜʹର͢Δχϡʔτϯ๏

ର֯Խɾಛҟ஋෼ղ
! ਺ؔྻߦ༗஋໰୊ɾݻ
! ࣅখೋ৐ۙ࠷

ಘҙ͕ࢉԋྻߦ໛ن͸େػࢉܭ
! ௚઀๏: ∼ 104 ݩ࣍
! :ର͢Δ൓෮ղ๏ʹྻߦૄ ∼ 109 ݩ࣍

͸ϥΠϒϥϦ͕Α͘੔උ͞Ε͍ͯΔ͍ͯͭʹࢉԋྻߦ
! ͦΕͧΕͷݪཧͱͦͷಛ௃Λཧղͯ͠ਖ਼͘͜͠͏࢖ͱ͕ॏཁ
! ద੾ͳϥΠϒϥϦΛ͜͏࢖ͱͰ਺ेഒ͋Δ͍͸ͦΕҎ্଎͘ͳΔ͜
ͱ΋
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ಛҟ஋෼ղ

Ұൠͷඇਖ਼ํྻߦͷ৔߹

ಛҟ஋෼ղ (SVD: Singular Value Decomposition)

೚ҙͷm× n࣮ྻߦ A͸

A = UΛV T

ͷܗʹ (Ұҙʹ)෼ղͰ͖Δ (k = min(m,n))

U : (m× k)ྻߦ (ྻϕΫτϧ͸͍ޓʹਖ਼ن௚ަ)
V : (n× k)ྻߦ (ྻϕΫτϧ͸͍ޓʹਖ਼ن௚ަ)
Λ = diag(λ1,λ2, · · · ,λk) (λ1 ≥ λ2 ≥ · · · ≥ λk ≥ 0) ಛҟ஋

ϕΫτϧදࣔ ΛϥϯΫྻߦ) 1ͷྻߦͰ෼ղ)

A =
k∑

i=1

λiuiv
T
i
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ಛҟ஋෼ղ

ಛҟ஋෼ղͷྫ





1 2 3
6 4 5
8 9 7
10 11 12



 =





−0.14 −0.62 −0.05
−0.34 0.37 0.81
−0.55 0.54 −0.58
−0.75 −0.44 0.06





×




25.35 0 0
0 2.15 0
0 0 1.71








−0.56 −0.59 −0.59
0.68 0.09 −0.73
0.48 −0.81 0.35




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ಛҟ஋෼ղ

શಛҟ஋෼ղ׬ (full SVD)





1 2 3
6 4 5
8 9 7
10 11 12



 =





−0.14 −0.62 −0.05 −0.77
−0.34 0.37 0.81 −0.29
−0.55 0.54 −0.58 −0.29
−0.75 −0.44 0.06 0.48





×





25.35 0 0
0 2.15 0
0 0 1.71
0 0 0








−0.56 −0.59 −0.59
0.68 0.09 −0.73
0.48 −0.81 0.35





U , V ͕௚ަྻߦʹͳΔΑ͏ʹɺ଍Γͳ͍جఈϕΫτϧΛ௥Ճ

ͪ͜ΒΛʮSVDʯɺ΋ͱ΋ͱͷ෼ղΛʮthin SVDʯͱݺͿ͜ͱ΋͋Δ
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ಛҟ஋෼ղ

LAPACKʹΑΔಛҟ஋෼ղ

ഒਫ਼౓࣮ྻߦͷಛҟ஋෼ղ dgesvd http://www.netlib.org/
lapack/explore-html/d8/d2d/dgesvd_8f.html

FortranʹΑΔؔ਺એݴ

subroutine dgesvd(character JOBU , character JOBVT ,
integer M, integer N,
double precision , dimension(lda , *) A,
integer LDA , double precision , dimension (*) S,
double precision , dimension(ldu , *) U, integer LDU ,
double precision , dimension(ldvt , *) VT ,
integer LDVT ,
double precision , dimension (*) WORK , integer LWORK ,
integer INFO)

dgesvdͷ࢖༻ྫ: svd.c (SVD), full svd.c શ׬) SVD)
! ίϯύΠϧํ๏: cc -o svd svd.c -llapack -lblas -lm
! :๏ํߦ࣮ ./svd matrix2.dat
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ಛҟ஋෼ղ

܎༗஋෼ղͱͷؔݻ

൒ਖ਼ఆ஋࣮ରশྻߦͷ৔߹
ʮݻ༗஋෼ղʯͱʮಛҟ஋෼ղʯ͸౳Ձ
Ұൠͷ (ඇਖ਼ํ)࣮ྻߦ Aͷ৔߹
! શ׬ SVD A = UΛV T Λ͑ߟΔͱ
! B = ATA = V ΛUTUΛV T = V Λ2V T ͸࣮ରশྻߦ
༗஋:λ2ݻ

iɺݻ༗ϕΫτϧ V
! C = AAT = UΛV TV ΛUT = UΛ2UT ΋࣮ରশྻߦ
༗஋:λ2ݻ

iɺݻ༗ϕΫτϧ U
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ಛҟ஋෼ղ

ಛҟ஋෼ղ͕໾ʹཱͭྫ

࿈ཱҰ࣍ํఔࣜͷ࠷খೋ৐ղ

ࣅͷ௿ϥϯΫۙྻߦ

ը૾ѹॖ
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ಛҟ஋෼ղ

ಛҟͳ (ಛҟʹ͍ۙ)࿈ཱҰ࣍ํఔࣜ

ϥϯΫ rͷm× nྻߦ Aͷ full SVDΛ͑ߟΔ

A =
(
U1U2

)(Λ1 0
0 0

)(
V1V2

)T
= U1Λ1V

T
1

U1: m× r, U2: m× (m− r), Λ1: r × r, V1: n× r, V2: n× (n− r)

r $= nͷͱ͖ɺํఔࣜAx = b͸ແݸݶͷղΛ΋ͭɺ͋Δ͍͸ղͳ͠

ແݸݶͷղΛ΋ͭ৔߹ (U1UT
1 b = b)ͷҰൠղ

x = V1Λ
−1
1 UT

1 b+ V2z

z͸ (n− r)࣍ݩͷ೚ҙͷϕΫτϧ
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ಛҟ஋෼ղ

ҰൠԽྻߦٯͱ࠷খೋ৐ղ

V1ͱ V2ͷྻϕΫτϧ͸શͯ௚ަ͢ΔɻҰൠղͷ͏ͪϊϧϜ |x|2͕
খͱͳΔͷ͸࠷ z = 0ͷͱ͖

x = A†b A† = V

(
Λ−1 0
0 0

)
UT

A†: Moore-PenroseͷҰൠԽྻߦٯ (1/0Λ 0ͱ͓͘͜ͱʹ૬౰)

Ax = b͕ղΛ࣋ͨͳ͍৔߹ʹ΋ྑ࠷ղΛ༩͑Δ

ྵʹඇৗʹ͍ۙಛҟ஋͕͋Δ৔߹΋ɺͦΕΒΛྵͱΈͳ͢͜ͱͰ਺
஋తʹ҆ఆͨ͠ղ͕͑ΒΕΔ
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ಛҟ஋෼ղ

ࣅͷ௿ϥϯΫۙྻߦ

ϥϯΫ r (r < k)ͷྻߦͷ͏ͪɺྻߦ AΛʮ࠷΋ྑۙ͘ࣅʯ͢Δ Ã
ΛબͿ

ʮ࠷΋ྑۙ͘ࣅʯ= ϑϩϕχ΢εϊϧϜ ||A− Ã||F Λ࠷খԽ

||X||2F ≡
∑

ij

x2
ij

ಛҟ஋ͷ͏ͪେ͖ͳ΋ͷ͔Β rݸͱΓɺ࢒ΓΛྵͱͨ͠

Λ̃ = diag(λ1, · · · ,λr, 0, · · · , 0)

Λ͍࢖
Ã = U Λ̃V T

Λ࡞Ε͹ྑ͍ (Eckart-Youngͷఆཧ)
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ಛҟ஋෼ղ

ͷྫࣅͷ௿ϥϯΫۙྻߦ





−0.14 −0.62 −0.05
−0.34 0.37 0.81
−0.55 0.54 −0.58
−0.75 −0.44 0.06








25.35 0 0
0 2.15 0
0 0 0





×




−0.56 −0.59 −0.59
0.68 0.09 −0.73
0.48 −0.81 0.35



 =





1.04 1.93 3.03
5.33 5.12 4.52
8.47 8.21 7.34
9.95 11.1 12.0





ͦΕͳΓʹѱ͘ͳ͍͕ۙࣅಘΒΕΔ

ࠩޡ (ϑϩϕχ΢εϊϧϜ) = 1.71 (ແͨ͠ࢹಛҟ஋ͷೋ৐࿨ͷฏ
ํࠜ)
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ಛҟ஋෼ղ

Eckart-Youngͷఆཧͷূ໌

AΛۙ͢ࣅΔྻߦX (ϥϯΫ ≤ r)Λ͑ߟΔͱ

||A−X||2F =
∑

ij

(aij − xij)
2 = tr[(A−X)(A−X)T ]

Λ࠷খԽ͢Ε͹Α͍ɻ׬શ SVDʹ͍ͭͯ UUT = Em, V V T = En

ΑΓ

||A−X||2F = tr[UUT (A−X)V V T (A−X)T ]

= tr[(Λ−G)(Λ−G)T ] (G ≡ UTXV )

=
k∑

i

(λi − gii)
2 +

∑

i

∑

j "=i

g2ij

ϥϯΫ kҎԼͰɺ||A−X||2F Λ࠷খԽ͢Δʹ͸ɺgii = λi

(i = 1 · · · r)ɺͦΕҎ֎͸શͯྵͱ͢Ε͹Α͍
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ݧ࣮ػࢉܭ I (ୈ 8 ճ)

ಛҟ஋෼ղ

ಛҟ஋෼ղʹΑΔը૾ѹॖ

ಛҟ஋ͷ෼෍ͱϥϯΫ rۙࣅ (1614× 2178άϨΠεέʔϧࣸਅ)

r = 1 r = 2 r = 3 r = 4
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ݧ࣮ػࢉܭ I (ୈ 8 ճ)

෼ੳؼখೋ৐๏ʹΑΔճ࠷

খೋ৐๏ʹΑΔϑΟοςΟϯά࠷

આ໌ม਺ (ྫ: ిѹ): x1, x2, x3, · · · , xn

ଌ஋؍ (ྫ: ిྲྀ): y1, y2, y3, · · · , yn
୯ճؼϞσϧ: y = a+ bx+ ε (ε: ϊΠζ)

ະ஌฼਺: a, b

:খೋ৐๏࠷ ࠩ࢒ R(a, b) =
n∑

i

(yi − (a+ bxi))
2 Λ࠷খԽ

∂R

∂a
= −2

n∑

i

(yi − (a+ bxi)) = 0

∂R

∂b
= −2

n∑

i

(yi − (a+ bxi))xi = 0
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ݧ࣮ػࢉܭ I (ୈ 8 ճ)

෼ੳؼখೋ৐๏ʹΑΔճ࠷

ճؼ෼ੳͷҰൠԽ

:ఈؔ਺ج φj(x) (j = 1 · · ·m)

Ϟσϧ: y(x) =
m∑

j

φj(x)wj + ε

:ࠩ࢒ R(w) =
n∑

i

[
yi −

m∑

j

φj(xi)wj

]2

∂R

∂wk
= −2

n∑

i

[
yi −

m∑

j

φj(xi)wj

]
φk(xi) = 0 (k = 1 · · ·m)

ྻߦըܭ (design matrix) Φij = φj(xi)Λಋೖ͢Δͱ

R(w) = |y − Φw|2

:খೋ৐ղ࠷ ΦtΦw = Φty ⇒ w = (ΦtΦ)−1Φty
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ݧ࣮ػࢉܭ I (ୈ 8 ճ)

෼ੳؼখೋ৐๏ʹΑΔճ࠷

Ϧοδճؼ (Ridge Regression)

ಠཱͰͳ͍ܗఈؔ਺͕ઢج (ྫ: φ1(x) = 1, φ2(x) = x,
φ3(x) = 1 + x)ͱɺGramྻߦ (ΦtΦ)͕ಛҟʹͳΔ

ఈؔ਺ͷ਺ج (ྫ: ଟ߲ࣜͷ࣍਺)Λ૿΍͗͢͠Δͱաֶश
(over-fitting)ʯ͕ੜ͡Δ

ਖ਼ଇԽ࠷খೋ৐๏ (λ͸ඇෛͷఆ਺)

R(w) =
n∑

i

[
yi −

m∑

j

φj(xi)wj

]2
+ λ

m∑

j

w2
j

= |y − Φw|2 + λwtw

খೋ৐ղ࠷

(ΦtΦ+ λ I)w = Φty ⇒ w = (ΦtΦ+ λ I)−1Φty
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