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We studied the figures on the real line with periodicity and symmetry.
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1. How are two dimensional figures with periodicity and 
symmetry ?

Image removed due to copyright 
restrictions.

Maurits Cornelis Escher（Devil）

Image removed due to copyright 
restrictions.

Maurits Cornelis Escher（Butterflies）

Image removed due to copyright 
restrictions.

Maurits Cornelis Escher （Horseman）
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1. How are two dimensional figures with periodicity and 
symmetry ?

Image removed due to copyright 
restrictions.

Maurits Cornelis Escher 
（Starfish and Clams）

Image removed due to copyright 
restrictions.

Maurits Cornelis Escher 
（Fish and Devil）

Image removed due to copyright 
restrictions.

Maurits Cornelis Escher 
（Crab）
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1. How are two dimensional figures with periodicity and 
symmetry ?

Image removed due to copyright 
restrictions.

Maurits Cornelis Escher 
（Fish）

Image removed due to copyright 
restrictions.

Maurits Cornelis Escher 
（Fish-Watercolor）

Image removed due to copyright 
restrictions.

Maurits Cornelis Escher 
（Birds）
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Let us understand the designs by Esher (1896-1972) 
as repetitions of designs on a smallest polygons (as 
simple as possible).

Please find the smallest unit of the designs 
distributed by using rulers.

First find a parallelogram which represents the 
periodicity and examine it whether it can be divided 
into smaller pieces.
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Let us not distinguish the colors of butterflies.

Image removed due to copyright restrictions.

Maurits Cornelis Escher（Devil）

Image removed due to copyright restrictions.

Maurits Cornelis Escher（Butterflies）
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Let us not distinguish colors

Image removed due to copyright restrictions.

Maurits Cornelis Escher （Horseman）

Image removed due to copyright restrictions.

Maurits Cornelis Escher 
（Starfish and Clams）
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Let us not distinguish colors of crabs

Image removed due to copyright restrictions.

Maurits Cornelis Escher 
（Fish and Devil)

Image removed due to copyright restrictions.

Maurits Cornelis Escher 
（Crab）
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Let us not distinguish colors of fish

Image removed due to copyright restrictions.

Maurits Cornelis Escher 
（Fish）

Image removed due to copyright restrictions.

Maurits Cornelis Escher 
（Fish-Watercolor）
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Image removed due to copyright restrictions.

Maurits Cornelis Escher 
（Birds）
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When we look for the unit pattern of the figures with 
periodicity and symmetry, we often find “stoicheia”.

It is easy to see that we obtain figures with periodicity and 
symmetry from copies of “stoicheia” by attaching along their 
edges.

It is only a sufficient condition, and this does not explain the 
necessity of the appearance of “stoicheia”.
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Definition of the periodicity and lattices

Definition of the figures with periodicity. A figure on the plane 
with periodicity is a figure such that its isometry group 
(congruence group) contains two independent translations.

Problem. Classify the isometry groups (congruence groups) 
of the figures on the plane with periodicity and symmetry.

It is know that there are 17 types of the groups of isometry of 
such figures.
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2. Lattices
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2. Lattices
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We see that the Euler number of 
the torus is 0 by dividing it into 
polygons.

The Euler number of a compact 
surface is defined to be

v – e + f ,
where v , e and f are numbers of 
vertices, of edges and of faces, 
respectively, of its cell subdivision.
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3. Lattices with symmetry
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4. Orbit spaces
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5. Flat orbifolds of dimension 2
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 For a flat orbifold of dimension 2 with boundary edges 
(and the vertices of sectors), we can construct its 
double by attaching two copies along the edges and the 
double is a flat orbifold of dimension 2 without 
boundary edges (but possibly with vertices of cones).

 First we classify  flat orbifolds of dimension 2 without 
boundary edges (but possibly with vertices of cones).

 Then by finding an axis of symmetry and by taking the 
half, we can classify flat orbifold of dimension 2 with 
boundary edges.
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6. Euler numbers and branched coverings
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Proof of the classification of flat orbifolds
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Regular coverings between 
compact flat orbifolds
of dimension 2
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The fact that there are 17 types of compact flat orbifolds of dimension 2 is 
equivalent to that there are 17 types of figures on the plane with periodicity 
and symmetry. 

To understand these 17 types of figures better, you can use the software 
"KaleidoPaint" by Jeff Weeks:
http://www.geometrygames.org/KaleidoPaint/index.html

You can also visit the following web page:
http://faculty.ms.u-tokyo.ac.jp/users/urabe/urabe/index.html

As a reference which also contains some part of the next lecture, we 
recommend to look at 「結晶群」(Christallographic Groups) （共立講座数学探
検７）in Japanese by Professor Toshitake Kohno, who will give the last 3 
lectures of this series.

You can also find a short text at:
http://tambara.ms.u-tokyo.ac.jp/2011/201109v2ni.pdf
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