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Sekigahara Kassen Byōbu, Collection of The City of Gifu Museum of History（from Wikimedia Commons）
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In battles in old days, warriors showed their families 
by flags with family crests

We can distinguish their identities by the figures
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The oak leaves in the 
center is the symbol 
of Daiichi Kôtôgakkou
which moved to 
Komaba in 1935.
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Is there some 
reason that family 
crests usually have 
symmetry ?

In the sense of 
sight, the human 
brain seems to be 
programmed to 
recognize 
symmetry.
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１．What is symmetry ?

Line symmetry: Point symmetry: Rotational symmetry
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In the explanation of regular polyhedra in Lecture 1 by 
Prof Kanai appeared the figure ‘Stoicheia’.
These are the figures learned first in elementary 
school.

‘Stoicheia’ means ‘elements’, ‘atoms’, …
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Question: Make figures from many copies of the    

Stoicheia of the same size by 

attaching  along edges around a point

(the origin O).  How many such figures exist ?

Answer: 2.
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Question: Make figures from many copies of the    

Stoicheia of the same size by 

attaching  along edges around a point

(the origin O).  How many such figures exist ?

Answer: 6.

Answer: 2.
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Question: Make figures from many copies of the    

Stoicheia of the same size by 

attaching  along edges around a point

(the origin O).  How many such figures exist ?

Answer: 2.

Answer: 6.
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Question: Make figures from many copies of  the   

Stoicheia of the same size by 

attaching  along edges around a point 

(the origin O). How many such figures exist ?

Answer:  ???????
There are two 
regular polygons, 
there is a diamond, 
and more …
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Exercise: Fold a A4 paper to make a regular triangle.
Then cut the A4 paper by scissors and make  12
Stoicheia of the same size.

Exercise: By attaching them along the edges around 
a point and make figures without symmetries
(not line symmetric nor point symmetric nor 
rotationally symmetric).

Exercise: Enumerate the figures made from the 
Stoicheia by attaching along edges around
a point ?
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Enumeration by using an ordering 
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Enumeration of figures 
with shortest edge from 
O. The regular hexagon is 
not in the list. There are 
congruent figures by 
rotations or reflections.
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There are 15 figures 
in total (including 
regular hexagon). 
6 figures are not 
symmetric.
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As for the symmetries of planar figures, why they are point 
symmetric, line symmetric or rotationally symmetric ?

To consider this question, we need terminology 
to describe symmetry.

Definition: Two figures F , F’are congruent if 
one can be moved exactly onto the other.

This definition relies on the word ‘move’to
define the congruence.
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２．Moves in the Euclidean space
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The ｐroof of the proposition is easy.
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Conversely, any move of the Euclidean space can be written 
in this form.

Let us carry out an experiment for the Euclidean plane.

For the Euclidean plane, any orientation preserving move is 
either a parallel translation or a rotation around a point.

Please make a small move of the transparency on the paper.

Can you see some pattern ?
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The proposition in the 2-dimensional case implies that any orientation 
preserving move is either a parallel translation or a rotation around a 
point. If the move reverses the orientation, it is a composition of a 
reflection with respect to a line and a translation in the direction of the 
line.
This answers the question “why they are point symmetric, line symmetric or 
rotationally symmetric ? “

A move in the 3-dimensional Euclidean space is one of the followings.
• a parallel translation
• the composition of a rotation around a line and a translation in the direction 

of the line.
• the composition of a reflection with respect to a plane and a rotation around 

a line perpendicular to the plane or a translation in a direction in the plane.
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The last assertion is the principle of survey in geography.

Take your time to think about the way to show it.

This principle is valid not only in the Euclidean space but in 
the space of constant negative curvature (the hyperbolic 
space) as well as in the space of constant positive curvature 
(the sphere).

It can be shown by solving the algebraic equation and it can 
also be shown geometrically by an induction on the 
dimension using the facts that two points determine a line, 
three points determine a plane, the intersection of two 
spheres is a circle, ...
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3. Representation of the symmetry by the isometry group

Consider the set I(F) of moves of a figure F to F itself.

(A 'move' is also called an 'isometry' or an 'isometric 
transformation'.) 

UTokyo Online Education, GFK Series 2016 TSUBOI, Takashi CC BY-NC-ND

http://creativecommons.org/licenses/by-nc-nd/4.0/


UTokyo Online Education, GFK Series 2016 TSUBOI, Takashi CC BY-NC-ND

http://creativecommons.org/licenses/by-nc-nd/4.0/


C3 , D6                   C4 , D8                   C5 , D10                   C6 , D12 
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We show that the isometry group of a bounded planar figure 
is isomorphic to a subgroup of the orthogonal group.
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The uniqueness of the closed disk D of the minimum radius 
follows from the fact that the intersection of two disks of 
the same radius is contained in a disk of a smaller radius.
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In order to show

we have shown

Now it is necessary to show

When the group contains rotations, this can be shown by 
looking at the minimum of the positive rotation angles of 
elements of the group.
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