Three-dimensional Square Well Potential
Square Well Potential

A potential that takes 0 at outside the sphere of radius , and takes a constant value

~Vo(Vy > 0} inside the sphere:

Vir)=
0 :r>ana (1)

This is called a square well potential. Although it is an extraordinary case for the
potentials and seems quite inconvenient in dealing with the real world, it is extremely
practical and convenient in a way. In most books on quantum mechanics, a hydrogen

atom is adopted for the examples, with an electron treated inside the coulomb

2 fi Ao g
potential ~‘ (dmegr) that is protracted in sequence, and has divergence in the

position of atomic nucleus. The problems concerning with the coulomb potential may be
accurately solved in analytical sense, yet there exists many unique aspects as well.
Given the three-dimensional potentials as (1), the time-independent Schrodinger’s

equation of an electron may be:
G vt .
L—E$+T- (ri(r) = Ev(r) @

This is the problem involving the spherical symmetry potential, in which the section

depending on the anglular part of wavefunction (T} ig given as spherical function
Yim(#, ¢ !, and the entirety may be written in a form of separation of variables:

() = Be(r)Yeu (6. 0) (3)
The process of applying the separation of variables to the equation (2) will yield the

differential equation that obeys the radial wavefunction{Te( 7 ):

1 d ,dRyr), 2m o (f4+1) o Ay
S — (P ——)+ {—(E—V(r}) - —5—}Relr} =0 (4
ri dr dr £ e

The last term —HE+1)/r% the equation above represents the centrifugal force
potential, which occurs by having the angular momentum operator to act on the
function. For the equation (4), we need to divide in two different situations: the plus and

minus of E for the further verification.

Where E < U the conditions for E should be restricted to — Vo < £ < U Tf the

wavefunction vanishes from the potential center!’ — *};-j’ the effect given by the

centrifugal force potential and the contribution by the terms in first order differentials
can be ignored, thus (4) may be written in approximation:
42 2m

Ry — —|E|R, =10
dr? £ hg' | £




The behaviors of the wavefunction in a distance may be considered to follow the
equation above. To solve the equation:

[ 2m|E| |
—_.||".|.

Ry ~ exp(—1/

(r — co)
h (5a)

This shows when the wavefunction steps outside the region of potential, the function
exponentially decays. As we observe in later on, we should be aware of the fact that
there may be no solution for £ < (I while Vo =0

In the case where £ > (0 we can treat the wavefunction in the same way, however, the
function does not decay rapidly in the far distance away but rather decays slowly as it

oscillates.

2 E

Ry ~ —exp(4 ."1."‘—.,1-] 1 (r — oo)
r R (5b)
When E = 0 the solution takes arbitrary values of £, hence the continuous values for

the eigenenergy are allowed (continuous eigenvalue problems).
In rewriting the differential equation (4) with careful observation of the behaviors in

wavefunction (6a~d), we can determine a general equation (6):

- <E<0, r<a: a= \/EH.I[E+T.]I',-’FH. p=ar (Ga)
WM< E<0, r>a: B=./-2mE/K®, p=tidr (6b)

f " .
E=0 r<a: k= \]_I/Ear;'[E—k Vol/R=, p=kir (Be)

E=0 r>a: k, = U‘ZmEJ.-"hg. p=k,r (6d)
2 9 i \
< p+29p +pn-2tY i Uik, =0
dp? g dp i ®)

Here - /*.ki.ko are defined as positive real number. An independent variable -

remains positive real number except for the case in (6b) where— Vo < E < 0.r > a the
variable takes the pure imaginary number. The differential equation (6) is commonly
known to be the differential equations for spherical Bessel function, and which has been
very well examined.

Let us now consider the linear ordinary differential equation below:
y" +plely' +q¢lz)y =0 (7)

In most cases, the differential equations adopted in physics appears to be in the similar

forms because the differential equations are written in the second order linear



differential equations in dynamical systems as well as in electric circuit. If we can have

Taylor expansion of P+ Jand @{2} at around * = L0 in other words, if we can obtain

the following equations:

piz) = Z anlz —x20)", glx)= Z ba(x — xo)”

=1 =1

The elementary solutions for both in (7) may be obtained as following:

ylz) =) enlz —zo)"

=1

I

Here * = 0 iscalled a regular point.

x

Whereas P/ and 907} contain the singular points in * — *? and written at most:

-

r— g plx) = Z a,(x —xy ), (x— 2y g(z) = Z bl —xg )"

n=i te=01

Then ¥ =40 is called the regular singular point for the differential equations.

Moreover, one of the two elementary solutions should be obtained in series in this case.

e . . . {2
yle) = E epld — 2p )"

=1
Based on the definition, the differential equations (6) takes #=1Y as the regular
singular point. Now, before we generalize the case, let’s consider for the situation where

=0, E <0 Wedefine Bo(p) = ulp :'J"f'r"', and then following can be established:

d*u i 0
= U =
dp (82)
We easily gain the general solution:
Ry(p) = ASRP | poose
Iy P (8b)

Invariablesd. B are determined by the boundary conditions, and apparently ¥ takes
either the positive real number or the pure imaginary number. For the equations

corresponding to (6a,b), we can write the followings:
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Ry(r) = A; + B, W< E<0 r<a (9a)
or ar
sine v cost/r e~ BT _ AT e=FT | ofr
Byir) = A,— B,— =4 + B, —
ne Y et i a4y D
Vo< E <0, r>a
190

Notice in (9b), variables in trigonometric function become the pure imaginary number

and the following relations are used:
siniz = (1% _ ¢ "[“']j_,."jr' =(e * —e") 2,

1

coniz = (€0%) + 7)) 3 — (¢ 4 %) 2

Now, take a close look at the behaviors of © = () at extremely close " 7 U, Power
expansion the (9a) for " 2 U in terms of ", then obtain the followings:

; 3 4 2 " v
[evr ) {cer) . 1 {oer) [ exr )
o)+ B —(1 — -

«a )
3! 5! or 2! 4! !

Ry(r) = 4;(1 -

At first sight, this seems to be treated possibly as a solution because there is no terms

A2, 21
that has divergence at the vicinity » =1U in terms of the integral 'r Ry(r )= d",
however, (1/r) takes following against Laplacian:
1 .
A(=) = —4mé'H(r)
\ W (10

cosar/ar does not satisfy the solutions of Schrodinger’s equation at " = U, and

therefore, should be discarded. In correspondence to (9a):
Bi=0 (9a)

(92) is the result gained from boundary condition at = (). At this point, we examine
(10). We apply the Green’s theorem of three dimensions:

[ (uAv — vAw)d e = [[i‘.’i — e'ﬂ]d&'

Jv ' Jg an 1
While we treat ¥ = 1/, w(r) of dufOr otc as finite functions at origin vicinity. On
the one hand, the left side integrals deals with inside the small sphere with radius @
and the origin " = U, on the other hand, the right side integrals deals with the surface
of the sphere. Moreover, Au fn represents the derivative Qu /O ", which directed
perpendicularly outward on the surface of a sphere with radius @ of the function .

Accordingly, the equation above can be reformed and written as: (given
df) = sin Bdtdo)



ar r or

Here we draw the radius @ near to 0, both the left side and the right side second terms

11, ., IR
/ (UA(Z) — ZAu)drdQ = [{u T 29y ade.
Jrda r r :

turns O:

=l -

1 1.,
lim N — _‘.Ir"rhn’ﬂ =lim [ ula,d, ¢)——ja"d}
Jrea i -[:l‘ i~

= — lim l ula,d, ¢)d = —4ru(0)

L -|.|L

This fact clearly indicates (10).

As we take the next step, now consider the behavior where ™ — 2¢, Where E <0 the

(s

term £ /! diverges infinitely, hence this is not allowed in the case. So, the boundary

condition where I —+ 2C for (9b) is determined as:

A, —Bua=10 (9b)
To put in order, (9a)~(9b) are reformed and written as following:
R,;(r) = A.;Hm ar-. W <E<0, r<a
ar (11a)
F dr
Rylr) = C, W< E<0, r>a
ot Br ‘ P (11b)

So far, we have considered the solutions in the regions of " = @ and " = @ then
investigated the behaviors at r = 0, also at r — o¢ to find the conditions that can be
physically allowed. In the next step, the solutions for each region should be connected

on the boundary line r = . Intrinsically, the differential equations contain the second

order differentials, thus tacitly requires the continuity of the function Ro(r] and its

first order differential coefficient. This is the third boundary condition for = = a:
R(:.[fl'—[.]::':}?(:.{ﬂ—”] (123)
o

if
—FRya+0}=—HRyla—10)
dr

dr (12b)

J

The two equations above define the relationship between the value Ai/Cs and « X,
[ i
when £ < U the relationship between the value"lr'*'fc-? and ki, k: when £ > 0. The

[ Fal
absolute values for 1i/Co and A/C, are determined by the conditions for

normalization and incident waves. If there is the only necessity for determining the
energy eigenvalue with no concern for the coefficient such as i, we should consider the
following equation:

d fy
dr

(}H.;]

JlIIIR“:J'—-I g0 = _ RU]?'—!’J 1]

[ ey

(13)



Using (11a~b), we can write the following:

acotaea=—7F: -V, <E <0 (14a)

First, in the case where -V < E < [J, let’s examine the eigenenergy that depends on
(14a). aand” are not considered as independent invariables but rather considered as

the following as we can see in (6a~b):

o’ + 3 = 2mVy /1’ (15)
From (14a) and (15), eliminate /*:

(wa) cosec®na = 2mVya® /1 (16)

From (14a), assume to be an arbitrary positive integer or 0, and then with g > U, the

condition can be described as:

i l ¥ "
n 4+ ;J?r <oa < (nd1l)w

a7
With (17), (16) should write over again to have:
! : 1
aa = 1/ 2mVpa? [h* cos(aa — (n + =)7)
v 2 (18)
Thus, we obtain the following simultaneous equations:
; 1 . T
m..r=*,—m-|—3}?r (0 < = < ?}
[ r a Y
aa =4/ 2mVya? fh* cos A (19)

Although, the equations cannot be solved analytically, it is possible to obtain the

solutions using graph. In Fig.7.1, shows the two equations drawn by the transverse

axis!! 0<7y<3) and the vertical axis ™ . By reading the values at the intersection

& the values for the eigenenergy should be determined. It is also studied that the

(E < 0) Ve,

numbers of the bound state are invariable in the value

1 M o o ie2 1
(n— —)m <4/ 2mVpa?/h* < (n+ )m
2 v 2 (20)

There are " intersections that can define the bound state, and we find the * bound

roa
states in accordance. As the value ¥0% increases and deeper the potentials, the energy

S
\/Enﬂ-hajf.?."’ =(n+1/2)x

for the bound state decreases. When there will be a new

ro
bound state added at £ =0, With the value Voa too small, there will be no bound



states:

R
- E 2
\/_?:rﬂ-naﬂﬂ?' <

R

(21)
Fig.1-----
Eigenstate of {0
Let’s study the solution for (6) in terms of *:
1
Re(p) = —=ulp)
VP (22)
Change the variable then (6) becomes:
d*u ldu (£ +1)°
-— + -5 +(1— —Ju=10
dp?  pdp i (23)
In terms of arbitrary number ¥
2 . 2
i u;..-)r,a iﬂru.,y -|_|"l_ I wy=u
dp? o dp ol (24)

This differential equation (24) is commonly known as Bessel differential equations.
There are two elemental solutions, in which one of the two solutions is called Bessel

function and that represents the width series near # = 0,

- 1) ‘}"j.'i'
Jja'rf.:"'lzfﬂj"z | l I-l“,u'lll—_,l

bl I i N
27 L~ e +n 4 1) 25)
Iiz} s the gamma function, and is defined as following when zis the integer or half
odd integer:
1 {2n)!
in+1)=n!, Tin+t+=)=—= J’Iﬁ; (r=0,1,2---)
2 .0k 1
For the other independent solution is given by following with “/»{ /)
Nulp) = = [cosvmJu(p) — J-u(p)],
sin v :
AT p) ad_.ip)
1”{.{}."_ _[ Jr I:'—l:llrr—!l”]rf—-'?'-
T v ' v (26)

Where ¥ :a"éinteger for the first equation, and = integer " for the second equation.
Noiph. Nap)
e Ju- IV

are called the second kind Bessel function or Neumann function. If we

# for (22), then the two independent solutions for (6) are written as:

v—J{ llPJ = Ji(p)
Re(p) =

\/—1\{ 1(p) = nglp)
26 @7)



Jes g are called the first kind spherical Bessel function and the second kind

spherical Bessel function respectively. The second kind spherical Bessel function is
often called spherical Neumann function as well. By using trigonometric function,

these functions may be written as:

ey ; 1 d ,sinp
delp) = (—1)'pt (=) =L
pdp”  p
1 d ,ecosp
ne(p) = (1) pt(——)f !
Pap L (28)

Now, let’s express the behavior of /1 "¢ in the Fig.2 to picture a specific shape for
f=0,1:

Tlpl=p 1gin I Jilpl=p 3{:—cill.JrJ — prospl,
nolpl=—p teosp, milp)=—p (cosp+ psinp).

Alternatively, conduct series expansion near & = U to write out from the most

essential terms:

£ [ ¢ n
. 7 . {2 — 1!
ip)~—m———, nglpl~————
When ¥ — =
. 1 (£ L+ 1)m, PR 1, (£ 4+ 1) ; \
Jelp) ~ — cosl p — l'—rj. Figlp) ~ — sl p — l'—'rl {29h)
i 2 7 2

The important point for the spherical Bessel function I is, to remain regular at

origin, while the spherical Neumann function ¢ should have its origin taking the
pole of the order of ¢+ 1 and to have both functions slowly decay as they oscillate.
The general solution for the equation (6) can be given by the linear combination of

Je(p) gng nelp)

Where —Vo < E < l,r >a , the variable turns to become the pure imaginary
number in the spherical Bessel functions, and therefore should be carefully

examined. Although, we can use the same indication method of (28)~(29b), it is
easier to see when we conduct linear combination:

(1 Y . P
hy ]':P:'Z.ML.HJ + gl p) (30a)
e (p) = delp) — inel p) (30b)
These are called the first kind and the second kind Hankel functions. The behaviors

of spherical Hankel functions for e I:‘]and Pl = 2 can be obtained by



substituting (29a~b) into (30a~b):

1), - A28 — 1) o A28 — 1) . _ Ny )
|'1'.IE ]Uj_l o~ —rT .hl:, ]fjfjl'll o~ rT. |I|_|r,'| i ﬂj |.|j]_(”
f
And:
( ) ip : . ; e=tP ) . .
fr}ll[p]w{—.rjf-]f_J. h:rﬂ“;;.-‘”{-] - (|o| — oc) (31b)
Given £ = 131 for I —+ <
i o f e ] A e o I
(11.. —1 [2 2} .. . 1 i . - .
Jr‘”} (i8r) ~ L -J -i'i'Er IIl-*fi",l'v_—— e —oc) (3le)
' ' 1/ r 1 r :

G | e . .
e AT diverges infinitely, thus this cannot be accepted as a solution for (6). In

ie+41) pla=0

the same way, elP) pehaves likewise at | , and which cannot be

accepted as solution for the Schrodinger’s equations. We have already investigated
y ) {1202 o
for the reason when ! = 0 , yet when t# U, the integrals JR"‘” redi

diverges at the integrals nearby " = ' The solutions are determined as following:

Vo < E<0, r<a:Ryr)=A4%(ar) (322)

Vo< E <0, r>a:Rer)=CPOn"(igr) (321)

Now that the boundary conditions are scrutinized to define the forms of solutions for

pl = 0 and 1P| = 2 tobe (32a)~(32b), we need to obtain the wavefunctions that

can smoothly connected at " = &, as we did for L=0,
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