Orbital Angular Momentum: Symmetry and Conservation (cont.)

Conservation of Orbital Angular Momentum (The momentum for a single particle in the
central force field)

The central force is the “conservative force”, and thus the potential energy can be defied.

Where the vector of the force is Fir) ,
av av’ a1’
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Fe=—3s0 Bv=—3, F:=—7% (12)

We can define a univalent scalar function V(7! (potential function, potential energy)

about a position vector . For the central force field, Virlis a function exclusively

related to the distance from the origin” = '™ | that is Vir)=Vir) At this moment,
Hamiltonian for a particle may be:
R,
H=—-—"%N" +V(r) (13)
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By using the relational functions (6a~b)(11a~b), we can establish the following for the
Hamiltonian (13):

(o, H) =0, [2H) =0 (a=x1y.2) (14)
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‘ais operated with a kinetic energy term in (11a~b), and in (6a~b), '«is

operated with a spherically symmetric potential term Vir},
From what we have established in (14), each component of the orbital angular

momentum operators "=~ ‘s> ': are operated with the Hamiltonian, hence we can

define an eigenfunction of the Hamiltonian as to match with the eigenfunction of the

orbital angular momentum operators or either one of '** """ "= This is the law of

conservation of orbital angular momentum from quantum mechanical point of view. As

we can find in (10), each component of the orbital angular momentum ‘+~ ‘s~ ‘- does
not operate with one another, if the energy eigenfunction is picked to match with the
certain eigenfunctions (“and!: simultaneously, there is no way that we can take the
eigenfunctions of ‘r or u.In general, the energy eigenfunction may be taken to match

with the eigenfunction of “and!-.

Figure.6-1(polar coordinates: abbr.)



Orbital Angular Momentum in Polar Coordinates
It is possible to further the discussion on the orbit angular momentum operator without

using any representations of .2 however, in this section, we write off only the results

represented with 7+ . The polar coordinates ™ % are defined as shown in the Fig.6.1.
In formula, we can write as:
r=rsnfeosd
iy = rsinfsin o (15}
= reos i
Or inversely,
r= /ol +yt 4+ 2,
cosfl = z/v/z? + ¢yt + 22,
(15")
tan ¢ = i/,
D=H#<7, 0=<o<2T

Based on these formulas, we can conduct polar coordinates transformation about (5):

{y = thisin d— + cot # cos a—1.
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We leave this calculation of the variable transformation up to the readers.

Eigenfunction of Orbital Angular Momentum Operators “and !

As a first step, we try to obtain the eigenfunction of {*. We define FiiT:¥:7) as,
harmonic function (we call harmonic polynomial) of the { degrees homogeneous

polynomial of ¥+ ¥- ¥, Harmonic function is the function that satisfies following:
A =0 (17)

In this occasion, ¥¢ can be expressed as:
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In polar coordinates, the formula can be reformed as:
welr, g, z) =il o) {19}
By conducting Laplacian operation, and taking into account that the expression (9’) and

7 are the harmonic functions, we can get:

""r—l J. Sy
Ape(z,y,2) = ——2dipp — —— oy =0 (20}
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Therefore, the harmonic polynomial function is considered to be the eigenfunction of *

with an eigenvalue i/ + 1},

Iﬁ";J (T .y, z)= h!f[-.f + 1hoelx,y, z). (21}
We emphasize again, that (* does not include ' afdr)
When f: holds the eigenfunction ¥ém with an eigenvalue " and given that
o= —th(d/d0] 45 stated in (16), we can write as:
I;.:'r-l'll.'["'l- ¥.2)= _'?-'I"J_ﬁ-l'u.'['i"- . z)= 'f"”‘!".-'-l'rrll: T, Y, 2) (22}
%

The differential equation (22) can be easily solved despite that it is the function of #, in

which Ffm ™ ¢

Ly

, with a reference to (19), we can obtain:

8 ]

P | T U, Z) =T -‘I"I'r||_-|!1-'I'|.l.-[':'::“"'-t"lnl (23}

The above applies only if Nim was a constant number, and Limicos#) wag an angle '#,
which being defined upon dependence of ¢ and m:. # is limited within the region
T =820 thus, there should be no confusion over the ways of expressing the angle #
or cost,

Now, let’s consider over the polynomial function “¢m!T:¥:2) The zero degree

polynomial function is apparently:

—

wol T, Y, 2} = —— (24)
For the first-degree homogeneous expression, there exists the following three:
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Ap=0

which are the solutions for the Laplace’s equation , also they are what should be

obtained for ' =1l. As for '¥1:, it is consisted of the eigenfunction that satisfies

fim =10 for I. and satisfies the following condition:
'!:.: Flz = 0

On the other hand, *'*and ~'* may be stated as:

(T NP

That are not consisted of the eigenfunction of ' =, yet the two expressions above when

combined together would be:
|r:I:I_:'|__|. + |'1_',‘|u] = I:+,ri-]|:}_;|| + i A]l.'l

Indicating that each and every value of “may be consisting the eigenfunction with

eigenvalue +7 of '= In this way:

1 _ [3 3
Fll——ﬁl#u—-’ﬂ; __I'I,"IS l.r+-'-!,'-——-||r.'—.' sin fe'*
F1n = —',lr_l—'—\”—run [257)
L } IE [ | fete
I —lipe — i) = T—iy) = rosin e 70
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Each value of ¢ is the eigenfunction that takes eigenvalues! = 1. m = +1.1L =1 Tn
defining *!!, there is not much of significance in the meanings for making a negative

multiplication to the equation for now.

Although, when! = 2, the homogeneous polynomials in the second degree are found to
e . .

be * - ¥ .. UE S TY a]] of them Would not necessarily turn out to be the solution for

the Laplace’s equation. Given = +u° +:° = among the six of the second-degree

polynomials, five linear combinations of those can be the independent eigenfunction of

£ =2 In most of the times, the following five linear combinations are chosen:



—
Fager_p? = .-'Ill;—r'ﬁ]:"’ —ri) = I%J HBeo=td —1),
fTEf , F__ »
Fa gt = A FI'I -y = ll'i"l *sin” # cos 24,
N LI [ B cos 6 sin ¢ (26)
B9y I|||II4TH“ 1|'| _: = i eosd s,
B3 2y = 'II’EJ = '“—d:u sin # oz # cos g,
i S o
'T IS
— |||' = |||' rosmn” #=1n 2,

These are the solutions for the Laplace’s equation, and it is easy to notice the

eigenfunction of ‘-’"2, which correspond with { =2 . Although, they are not the

eigenfunction of !:, as it was for { = 1, we can still obtain the eigenfunctions for

m = +2 and m = +1 respectively by establishing the linear combination of
ety Prry¥ia: and 727, In rewriting the eigenfunction in the actual form of ::

1 vl
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war = —=[P2 r2_y? + 12 sy ) = ——r" sin” B,
V2 427
1 ) ] 15 P 9ei®
wa = ——=(P2,:x +ipry:})=— r* sin @ cos fe
N 227
T R PO r’{3cos’ # — 1} (26°)
2 dar
L b= Y12 2 Gn8casfemio,
wo—1 = —=[2,:x — P2 4z —— = sin & eos Be
A 2427
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Based on the results showing above, where = !.1.2 the eigenfunction of the angular

momentum #{ exists as many as 2{+1, and each one of them corresponds
m={f—1-.-.—f+1 - Which indicates that it is also established at any !. To

derive ! Z ™|  we take the following steps:

Using the Hermitian of the following that are equally established, so we can derive:

[{ fr.-n'r:*-*“”} sin Bdids = f{ |-!;.r,;{,.,,|2} sin@dfidas = 0

[{ﬁ;:‘m[f‘! — 2 )o4m } sin Bd8d o

= (i +1)—m*)h* /L,:;m * sin Adfide = 0

HeE+1) 2 "”2, and assume 1t to be the integer then:



tZ2mz—f (2T)

For the appropriate selection of the constant numbers that are shown at the top of
(25)~(26), and New of (24), it is common and advantageous to normalize the
wavefunctions of square-integrable measurable functions to be 1:

fr
[|§.’mi x,y, z}|" sin 8dBdg = Nj, " [ sin 86| Py, (cos 8)]? = v

SO
[28)
Spherical Functions (Abbrev. in lectures)
Through (25)~(26"), we have deepen our understanding over the angular momentum
operator Fz, as well as the eigenfunction *#im of ‘-:.r. To consider them in more
generalized terms, it is possible to take (21) as differential equations in terms of .
Moreover, the expression for * given in (16) and (23) clarifies the conditions for

Pem(cos8) to satisfy the following differential equations:

1 d . Hﬂ'f’;..,l't‘n:*ﬁ'] e

—( sn Ve + 1) - J 1P ieosdt)y =0, [(29)
sin # df ié sinc @ =9)
To conduct the variable transformation with « = co=# we can also write as:
1 g APyt e .
I'_llj-_'\-ﬂ-:'-lfl!—ll'i'l.r':'r"'J-]_ - r.lﬁn'l'll:""."l:l_[. I.Egr:'
i i 11—t

The differential equation showing above is well scrutinized over a period of time that it

is called the associated Legendre’s differential equations, and its solution Prwm(wlig
called an associated Legendre function. As we have analyzed in (27), * takes either 0 or

the positive integer, and 7t takes either 0 or positive and negative integer within the

. - =
region ! = m = —I

In (29°), where " = 0 , the differential equation can be:
i o AP i)
-2 L e+ 1)PHw) =0 (30)
dw dw

The differential equation showing above is called Legendre’s differential equations, and
its solution is called Legendre function. Pilw) takes ! -degree polynomials about w,
where ' is the integer or 0, so we can write as:

;o 1 df coa ¥
Pr|_*|——2rlr[—dﬂ|d, — 1] _—E*r! _.f.iL-_ﬁl'

._l.r Il-r )
Sy SN 2 (31)

To make specific for the formations when  =0.1.2.3



Pylwy=1

Pilw)=w

Polw)y=(1/2)3w?* - 1)

Pylwr=1(1/2) B — %)
The coefficients '~ (2t are arbitrarily decided.

Generally, the associated Legendre function Prlw) g expressed by using Legendre

function {#«) when m # 0:

| me |
D™ p) (32)

ﬂur['\-‘l-:'] ={1l— u;.'! ] m|f2 |.
di |

The constant Vem can be defined by the general expression of Py :

(20 41 (6 — |m|}!
Nim =4/ : ' (33
Lme 1||II 9 ':{+ "”l]! [33.‘
For = 0,1.2 it is not as difficult to prove the given equations (25)~(26) satisfies the

equations (31)~(33). In order to show this in generalization, we can apply the Leibniz

rule over and over. (see. Tetsuro Inui “Tokushu-kansu” Iwanami zensho)

To put in order, we can say that the eigenfunction of orbital angular momentum “and
L. are:
l}JarlH-’j:l = (—}““[H:I'I?m|o:l_ (3da)
g . . r-|+.|rl| EI' —_ ]_ I:Il —_ |i‘H |j 142 ’ . : \
@ =({=11" 2 | T _|m |1| 2P cos8) (34h)
1 T
P = —=¢ [3de)
v 2T
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is called spherical function or spherical surface harmonics, and the operation

of 1“1 can give the results:

Y = B2 E + 11V, (35a)

F:E'}r,, = hmYi, (35h)

ri=k|rmn

(—1) in (34b) is usually taken, and the reason why we need this

The factor

particular factor will be found in later on, but for now, think of it as an idiomatic
expression. In (24)~(25"), what is written in terms of 7" can be expressed in spherical

function:

f‘frJr[r'-H-o:' = IJE:’ru['-t"l- @)



};’._.,.[H. )

Spherical function is considered as the eigenfunction, which includes

Hermitian operator'r:and '-with the eigenvalue R+ 1) and ", Commonly, it is
known that the eigenfunctions of Hermitian operators with different eigenvalues are
orthogonal to one another; hence there is an orthonormality relationship to be
established. It is of course possible to make a proof by using the specific formations of
the spherical function, though it may take a tremendous time and effort to complete.
Spatial Images of Spherical Function

To have an ability to picture the images of the wavefunctions can be a very essential
matter henceforward. To provide an assistance to improve the skill, we will show the
behaviors of the spherical functions in a space (Fig.6.2). In the figure, also seen in (24),
(25), (26), the value ! represents the number of the nodal surface for the wavefunction
on the spherical surface. (Momentum/™*) corresponds to the number of nodes for the unit
length of the plane waves, in the same way, (angular momentum/™) corresponds to the

number of nodal surface for the oscillating body on spherical surface. The value ||

characterizes the form of the wavefunction when rotated about the z-axis. Therefore,
i

¢ !
the parity of !:! —1) may give a sign changing in wavefunction toward a space inversion

r— —71_ Although, there is no reason for Hamiltonian and a space to have a special

attention to z-axis, thus it may seem quite strange for the wavefunction and ‘= of their

eigenvalues to hold a special meaning; it is simply a matter of how the base is selected

but nothing else.

Step-up Operator and Step-down Operator (abbrev. in lecture)

Let’s take a closer look at the associated Legendre differential equations P ) We

define " = ' and differentiate (32) in terms of ‘« then multiply by V! —="to obtain:
ll I\.n.r.
Y l - -'-"._I f_‘iDl'rll — _”—_,FI'H.- + -Fr!.l.'.+| ': :3I_|'-| :I
] W1 — Wt
We can reform the associated Legendre differential equations (29):
— {4+ 1)w ; — i s
{ll"fl_"’l_i' _:.I}{I'HJJ._\J:__+:—.I}P{"|
st Wl — e i w1l —we
F+ (0 + 1) — i+ 1)1 P, =10
Take (37a) for the first clause, and define ™ +1 — 7
v 1 —U-_:”I;—Jﬂ . %f’r.,, — i +mil —m+ 1P, (3T
i) v" N

e = 1

Keep in mind that in (37b). Reconstitute the variable from w: to ¥, by

w = cos 8



i s il cosd) dlew:
Each equation (37a~b) then, be reformed as:

o Py

mo= 0 = mcot @, — P, {37a")
it
i Py
m=1: f;,l = —moeot @, +1{+miil —m+ 11— (37TH)
i

In the next step, rewrite the equation of P by the terms of ®im using (34b):

=] m !
m > 0 r,i'—f:i' = meot 88, + i f—miif+m+ 1)1,
i
o r|l{:"J‘I'r.l.' f !
e B 2 = —meot 88, — (- mif —m + 18,4
Given @11 = =9¢-1 e can obtain the second equation by defining ™ = 0 for the first

equation. In this way, we can consider the limit of the second equation ™ = lagm =0,

{::Il|rl.- = {—1)"ey —|m

Now, we substitute into the first equation to obtain:

{F(‘}.’_ T ] : >
Tll = |m|cot 88, + (1) VI — [m|) [+ |m| + 118041
Where itis ™ < 0 then |[m|=—m, |m[+1=—-m+1=—(m—1}

fre—1

{_}f|.'r||+l = E'I'—[ru—]l = [_J_:,rll—][:.._}

Therefore, the first equation can be finally reformed as:

vl'uil{'}f m
dé

= —micot #8,, — \.,-“f[-.f +miif —m+ 1191, (< )

Which indicates that the second equation is valid under the condition of " < U and in
the same way, through the second equation, we can derive the validity of the first
equation under the condition of ' < ! | In general, without any concerns over the sings

of ™ | the recurrence formula can be determined:

19,1 8) - . .
S A 4 et 86, (#) L+ ‘.f'f[l.' —m )il 4+ m 4+ 110 #)
i (33)

= —m cot 868, [#) — \f[i +mif —m+ 11— #)

We define new angular momentum operators “+: ‘~‘as follows:
N . N a
fo =f, +if, = he™[—= +icotf—],
Lad il
Fir] (39)

-I'j'l‘.'.r

X 9
f_=£, —ify = .'Ii'l.f_m[—ﬁ-l-.'('(ﬂﬁl
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In considering Fattm = thm] im the two equations from (38) represent the operation

of the spherical function to bt



{aYiml8.0) = /(T Fm)l £ m+ L) Yina(0. ) (40)

That is to say, the new operator'+ has an ability to change the eigenstate of the angular

momentum 7] tobe %7+ 1} and the reason why we picked a certain sign for the
equations (25)~(26") was to avoid the change in the signs of the equation at (40).

f+.f— are often called step-up operator and step-down operator respectively. The

commutation relation of '+ can be determined with definition equation (39) and (10) to

be written as:

({4 0_] = 2hi., {41a)

[{x.f:) = Fhix. (41d)

As an appendix, we write out the equation of " yeformed in terms of '* as well as in

= (i )+ =0 4 —hi.=0_0 + 0+ R (dle)
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